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• Manifestations and impact of electron-phonon interactions

• Heuristic approach to the electron-phonon interaction

• Rayleigh-Schrödinger perturbation theory

• The electron-phonon matrix element

• Wannier interpolation

• Other topics in this school

Lecture summary
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A microscopic phenomenon with macroscopic consequences

Frontera supercomputer with liquid-immersion cooling in GRC ICEraQ, TACC

TACC visit Thu

Manifestations of electron-phonon interactions
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Electron mobility of silicon (Sze, “Semiconductor Devices”)

Lec Wed.1 Poncé

Manifestations of electron-phonon interactions

Feliciano Giustino 04 of 36



A microscopic phenomenon with macroscopic consequences

1:50 scale model of the ITER experiment (www.iter.org)

Manifestations of electron-phonon interactions
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Resistance of Nb3Sn and superconducting transition

Akimitsu group, in “Superconductors: New Developments”, 2015

Lec Wed.2 Margine

Manifestations of electron-phonon interactions
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A microscopic phenomenon with macroscopic consequences

Webberville Solar Farm, Austin TX (35 MW)

Manifestations of electron-phonon interactions
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Optical absorption coefficient of silicon, 300K

Data from Green et al, Prog. Photovolt. Res. Appl. 3, 189 (1995)

Lec Wed.3 Kioupakis

Lec Sat.3 Tiwari

Manifestations of electron-phonon interactions
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1928: First theoretical modelElectron-phonon physics (nearly) 100 years ago
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1928: First theoretical model

ψ(r) = eik·ru(r) with u(r+R) = u(r)

Bloch theorem

lattice points R
unit cell

Electron-phonon physics (nearly) 100 years ago
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1928: First theoretical model

ψ(r) = eik·ru(r) with u(r+R) = u(r)

Bloch theorem

lattice points R
unit cell

ρ =
c1
T

(
kBT

ℏC

)6∫ ℏCqD/kBT

0

x5 dx

(ex − 1) (1− e−x)

Bloch-Grüneisen formula for electrical resistivity

Electron-phonon physics (nearly) 100 years ago
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Where do electron-phonon interactions come from?
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How far do atoms move? What is the oscillation frequency?

Can oscillations promote electronic transitions? What about finite-q modes?

Heuristic notion of electron-phonon interactions
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Lec. Mon.2 Giannozzi

− ℏ2

2me

∇2 ψn + VSCF ψn = εn ψn

Ionic degrees of freedom in the Kohn-Sham equations
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Lec. Mon.2 Giannozzi

− ℏ2

2me

∇2 ψn + VSCF ψn = εn ψn

n(r) =
∑
n∈occ

|ψn(r)|2

VSCF(r) = − e2

4πϵ0

[∑
κ

Zκ

|r− τ κ|
−

∫
n(r′)dr′

|r− r′|

]
+ Vxc[n(r)]

Atom κ at position τκ

Ionic degrees of freedom in the Kohn-Sham equations
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The SCF potential depends parametrically on the atomic coordinates

VSCF = VSCF(r; τ 1,τ 2,τ 3 · · · )

Heuristic approach to electron-phonon interactions
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The SCF potential depends parametrically on the atomic coordinates

VSCF = VSCF(r; τ 1,τ 2,τ 3 · · · )

• Consider only one atom and one Cartesian direction

• Displace atom from equilibrium site, τ = τ0 + u

VSCF(r; τ) = VSCF(r; τ0) +
∂VSCF

∂τ
u+

1

2

∂2VSCF

∂τ 2
u2 + · · ·
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The SCF potential depends parametrically on the atomic coordinates

VSCF = VSCF(r; τ 1,τ 2,τ 3 · · · )

• Consider only one atom and one Cartesian direction

• Displace atom from equilibrium site, τ = τ0 + u

Perturbation Hamiltonian leading to EPIs

VSCF(r; τ) = VSCF(r; τ0) +
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All atoms at equilibrium

VSCF(r; τ0)

Perturbation Hamiltonian leading to EPIs
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All atoms at equilibrium

VSCF(r; τ0)

One atom displaced

VSCF(r; τ0 + u)

Perturbation Hamiltonian leading to EPIs
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All atoms at equilibrium

VSCF(r; τ0)

One atom displaced

VSCF(r; τ0 + u)

Perturbation of the SCF potential

VSCF(r; τ0 + u)− VSCF(r; τ0)

Perturbation Hamiltonian leading to EPIs
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Rayleigh-Schrödinger perturbation theory
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Energy ∆En = ⟨n| ∂VSCF

∂τ
u |n⟩

Rayleigh-Schrödinger perturbation theory
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Energy ∆En = ⟨n| ∂VSCF
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Energy ∆En = ⟨n| ∂VSCF

∂τ
u |n⟩

Wavefunction ∆ψn =
∑
m ̸=n

⟨m| ∂VSCF

∂τ
u |n⟩

En − Em
ψm

Transition rate Γn→m =
2π

ℏ
|⟨m| ∂VSCF

∂τ
u |n⟩|2 δ(Em−En−ℏω)

Temperature-dependent band structures

Phonon-assisted optical processes and polarons

Ultrafast relaxation and phonon-limited transport

Rayleigh-Schrödinger perturbation theory
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What is the atomic displacement u in the perturbation Hamiltonian?

Displacement amplitudes
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What is the atomic displacement u in the perturbation Hamiltonian?

equilibrium out of equilibrium

e.g.: driven systemse.g.: fixed temperature

Displacement amplitudes
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Mean square displacements at given temperature
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u

M

C =Mω2

Mean square displacements at given temperature
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⟨u2⟩T =
kBT

Mω2classical

Mean square displacements at given temperature
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u

M
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⟨u2⟩T =
kBT

Mω2

⟨u2⟩T =
ℏ

2Mω

[
2n

(
ℏω
kBT

)
+ 1

]

Bose-Einstein

quantum classical

Mean square displacements at given temperature
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Allen-Heine theory

∆En = ⟨n|∂VSCF

∂τ
|n⟩u

+
∑
m ̸=n
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2
⟨n|∂
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∂τ 2
|n⟩u2

Temperature-dependent band structures
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∑
m ̸=c

|· · · |2

Ec − Em
< 0

∑
m̸=v

|· · · |2

Ev − Em
> 0

Temperature-dependent band structures: Basic trends
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DFT gap at T = 0

Expt. gap for T → 0
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Temperature-dependent band structures: Basic trends
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Lec Fri.1 Zacharias
Lec Sat.2 Lihm

Left figure: Zacharias et al, PRR 2, 013357 (2020); Right figure: Lihm et al, PRX 11, 041053 (2021)

Example: Temperature-dependent bands of silicon
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∆ψn(r) =
∑
m ̸=n

⟨m| ∂VSCF

∂τ
u |n⟩

En − Em
ψm(r)

Phonon-assisted optical absorption
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ϵ2(ω) =
const

ω2

∑
cv

|⟨c| p̂ |v⟩|2 δ(Ec − Ev − ℏω)

∆ψn(r) =
∑
m ̸=n

⟨m| ∂VSCF

∂τ
u |n⟩

En − Em
ψm(r)

Phonon-assisted optical absorption

Feliciano Giustino 21 of 36



ϵ2(ω) =
const

ω2

∑
cv

|⟨c| p̂ |v⟩|2 δ(Ec − Ev − ℏω)

⟨c+∆c | | v +∆v⟩

∆ψn(r) =
∑
m ̸=n

⟨m| ∂VSCF

∂τ
u |n⟩

En − Em
ψm(r)

Phonon-assisted optical absorption

Feliciano Giustino 21 of 36



ϵ2(ω) =
const

ω2

∑
cv

|⟨c| p̂ |v⟩|2 δ(Ec − Ev − ℏω)

⟨c+∆c | | v +∆v⟩

∆ψn(r) =
∑
m ̸=n

⟨m| ∂VSCF

∂τ
u |n⟩

En − Em
ψm(r)

∣∣∣∣∣∣∣
∑
m ̸=c

⟨c| ∂VSCF

∂τ
|m⟩⟨m| p̂ |v⟩

Ec − Em
+ · · ·

∣∣∣∣∣∣∣
2

u2

Phonon-assisted optical absorption

Feliciano Giustino 21 of 36



ϵ2(ω) =
const

ω2

∑
cv

|⟨c| p̂ |v⟩|2 δ(Ec − Ev − ℏω)

⟨c+∆c | | v +∆v⟩

∆ψn(r) =
∑
m ̸=n

⟨m| ∂VSCF

∂τ
u |n⟩

En − Em
ψm(r)

∣∣∣∣∣∣∣
∑
m ̸=c

⟨c| ∂VSCF

∂τ
|m⟩⟨m| p̂ |v⟩

Ec − Em
+ · · ·

∣∣∣∣∣∣∣
2

u2

wavevector

en
er
gy

Phonon-assisted optical absorption

Feliciano Giustino 21 of 36



Lec Wed.3 Kioupakis & Lec Sat.3 Tiwari
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Figure from Tiwari et al, PRB 109, 195127 (2024)

Example: Absorption spectrum of silicon
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Figure from Tiwari et al, PRB 109, 195127 (2024)

Lec Sat.3 Tiwari

Example: Luminescence spectrum of germanium
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Example: Luminescence spectrum of germanium
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Lec. Wed.1 Poncé
Carrier relaxation time
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Phonon-limited carrier mobilities
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Tut. Wed.1 Poncé
Tut. Wed.2 Ha

Figure from Leveillee et al, PRB 107, 125207 (2023)

Example: Mobility of silicon
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How difficult is to perform these calculations?

Feliciano Giustino 26 of 36



⟨ψm|
∂VSCF

∂τ
|ψn⟩

Lec. Mon.2 Giannozzi

The electron-phonon matrix element
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⟨ψm|
∂VSCF

∂τ
|ψn⟩ gmnν(k,q) = ⟨umk+q|∆qνvSCF

|unk⟩uc

Lattice-periodic part of the wavefunction

Lattice-periodic variation
of the self-consistent potential

∆qνvSCF
=
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καp
e−iq·(r−Rp)

√
ℏ

2Mκωqν

eκα,ν(q)
∂ V

SCF
(r)

∂τκαp

Zero-point

amplitude

Phonon

polarization

Potential change

from ionic displacement

Incommensurate

modulation

Lec. Mon.2 Giannozzi

The electron-phonon matrix element
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Example: Electron lifetimes & relaxation rates

1

τnk
=

∑
mν

∫
BZ

dq [· · · ] |gnmν(k,q)|2δ(εnk − εmk+q ± ℏωqν)

The challenge of Brillouin Zone sampling
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Example: Electron lifetimes & relaxation rates
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τnk
=
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∫
BZ

dq [· · · ] |gnmν(k,q)|2δ(εnk − εmk+q ± ℏωqν)

kx ky

E

Coarse BZ sampling

4 x 4 grid
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Lec. Mon.3 Marzari Lec. Tue.1 Marrazzo Lec. Sat.1 Qiao

wmR(r) =
1

Np

∑
nk

e−ik·R Unmk ψnk(r)

Bloch Wannier

Review article: Marzari et al, Rev. Mod. Phys. 84, 1419 (2012)

Wannier functions
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Scheme from FG, Cohen, Louie, PRB 76, 165108 (2007)

Wannier interpolation of electron-phonon matrix elements
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Scheme from FG, Cohen, Louie, PRB 76, 165108 (2007)

gν(k,q) =

√
ℏ

2Mκωqν

∑
RR′

ei(k·R+q·R′) Uk+q g(R,R′) · eqν U†
k

Wannier interpolation of electron-phonon matrix elements
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Figure from FG et al, Phys. Rev. B 76, 165108 (2007)

Example: Electron-phonon matrix elements of diamond
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Figure from FG et al, Phys. Rev. B 76, 165108 (2007)

Example: Electron-phonon matrix elements of diamond
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Figure from Poncé et al, Phys. Rev. Res. 3, 043022 (2021)

Example: Electron-phonon matrix elements of some semiconductors
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Example: Electron lifetimes & relaxation rates

1

τnk
=

∑
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∫
BZ

dq [· · · ] |gnmν(k,q)|2δ(εnk − εmk+q ± ℏωqν)

DFT band structures often
not good enough

many-body GW calculations

Lec. Thu.1 Louie

DFT matrix elements sometimes
not good enough

GW perturbation theory

Lec. Thu.3 Li

KS eigenvalues depend
on temperature

Special displacement method

Lec. Fri.1 Zacharias

Wannier function
perturbation theory

Lec. Sat.2 Lihm
Why should we use this formula? → Many-body theory of EP couplings

Lec. Tue.2 Giustino
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Superconductivity

Lec. Wed.2 Margine

Polarons

Lec. Thu.2 Giustino

Excitons

Lec. Thu.1 Louie

Lec. Thu.4 Dai

Other school topics not covered in this intro

Feliciano Giustino 34 of 36



• We can understand the basics of electron-phonon physics

using elementary perturbation theory

• Calculations for electron-phonon physics usually require

a fine sampling of matrix elements across the Brillouin zone

• Wannier functions are very useful to address

the Brillouin zone sampling challenge

Take-home messages
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