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Transport of charge carriers

Charges particles (electrons or holes) will move as a result of:

e a density gradient — diffusion Fick's law (1855)
current density: J = ¢DVn

Wikipedia
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Transport of charge carriers

Charges particles (electrons or holes) will move as a result of:

e a density gradient — diffusion Seebeck effect (1821)
e a temperature gradient — thermoelectricity current density: J o< —oSVT
» Phonon-drag contribution - Gurevich (1945) S € [[100uV/ K, 1000uV/K]

heat source

J—

electric
field

heat sink heat sink
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Transport of charge carriers

Charges particles (electrons or holes) will move as a result of:
e a density gradient — diffusion Drude model (1900)
e a temperature gradient — thermoelectricity current density: J = ngukt
» Phonon-drag contribution - Gurevich (1945)
e an external electric field E — drift

» lattice/phonon scattering
» ionized impurity scattering E

> alloy scattering —
> defects scattering .o L.

Mobility p oc 2 [ dk fivk
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Quantum theory of mobility

Current density

—eh? <
lim (Vg—vl)G (I‘l,rz;tl,tl)

2m rao—ri

J(I‘l,t1) =

G<(r1,ro;t1,t2) = % <1/31T{(F27t2)1/3H(I‘1,t1)>
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Quantum theory of mobility

Current density

—eh? <
lim (Vg—vl)G (I‘l,rz;tl,tl)

2m rao—ri

J(ry,t1) =

G<(r1,ro;t1,t2) = % <1/3L(F27t2)1/3H(1‘1,t1)>

du(r,t) =T {e% fttodt/ﬂ(t')]Tﬁ(r)T{e%fttodt'fI(t/)}
< A\ =L [ 8t A .
O> :Etr [e v O] + thermodynamical average

Z =tr [e*ﬁf“t“)] < partition function

Samuel Poncé
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Quantum theory of mobility

Current density

J(r1,t1) = — lim (ngvl)G<(rl,r2;t1,t1)

m r2—ry

G<(r1,ro;t1,t2) = z <UL (r2~,t2)UJH(rlatl)>

Keldysh-Schwinger contour formalism

Glr1,r2;21,22) = iltx-{Tc e et <Z>[¢<r1>121[@(r2>122}}

h Z
to V-
D)
H(Z) - ﬁ[)"'[:[int"!‘]f[ext(z)s ~ T+ T
M
to—if
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Quantum theory of mobility

We can perform a perturbative expansion of the GF in powers of Hiy and I:Iext(z)

s —i/h n+m
G(r1,r2;21,22) = Golr1,r2321,22) + » %/dzi---/d%/dz/f---/d#z
LS v ¥ v ¥

n,m=1
1 i s (Hols rh ) o ) N,
> Etr [Tce 5 [, d= [Hol: [Hint]zi o [Hmt}zil Hext (21) ... Hext (21) [1/1(1'1)]21 [¢7(r2)] 22}

—i 1 =i da [fols .
Go(r1,r2;21,22) — %Z—Otr[Tce w2l ()] [ (r2)] |

Expressing the H in terms of ¥ we can use Wick's theorem to write the perturbation series of G in terms of
products of G and then solve the expansion with Feynman diagram to obtain Dyson’s equation

G(1,2) :60(1,2)+/ds/d4GO(1,3)2[G](3,4)G(4,2)
Y Yy

1 E(I‘l,zl)
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Kadanoff-Baym equation

Using Langreth rules, Ggl, explicit Hy and evaluating Dyson at equal time, we
obtain the Kadanoff-Baym equation for G=< in the limit t, — —oo:

KBE

iﬁ%G<(r1, rojt,t) =

e Unperturbed time-evolution of G= in static V (r)
o Local time self-energy

e Internal dynamical correlations (collisions, scattering)

Nonequilibrium Many-Body Theory of Quantum Systems, Cambridge Uni. Press (2013) SP et al., Rep. Prog. Phys. 83, 036501 (2020)
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Boltzmann transport equation

Approximation:

L4 Vch [G] ~ VHXC[GO]

E‘S(rl, ro;t) & —e¢ext(r1,t)6(3) (r1 —r2)

e E is spatially homogeneous

GPext(r1,t) — Pext(ra,t) = —E(t) - (r1 —r2)

~ eE(t) - (r1 — ra)G<(r1,r2;t,1)

Samuel Poncé

Q Viixe[G] = Vitxe[Go]
0 E is spatially homogeneous
Q Diagonal Bloch state projection

BTE (AC)

SP et al., Rep. Prog. Phys. 83, 036501 (2020)
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Boltzmann transport equation

We consider electrons in a solid and project the KBE in the
{pni(r)} basis.

Approximation:

e diagonal matrix elements of G and X (ok if no strong
band mixing)

By expanding the Bloch WF in plane waves and taking the
diagonal elements we have:

/d3r1 d3ro @l (r1)eE(t) - (r1 — r2)G<(r1,r2;t, t)pnk(r2)

where

i
:Fgfil,;< (tzt/) = /d3T1 /d37‘2 @;k(rl)G>,<(r17 r2;tatl)90nk(r2)

Samuel Poncé

Q Vitxe[G] = Vitke[Go)
0 E is spatially homogeneous
Q Diagonal Bloch state projection

BTE (AC)

SP et al., Rep. Prog. Phys. 83, 036501 (2020)
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Boltzmann transport equation

The quantum BTE is:

Ot (t,1) — = - 1)
ot 7 nk

where the collision rate is defined as:

t
DO = [t [Tt t) S50 0+£5(00) Tt 0)
— oo

- F:k(tvtl) fik(tlvt) - fik(t7t,) F:k(tlvt) ]

and

Fih T2 (8, 1) z/dsn /d3r2 @i ()87 (r1, ra; £, t ) pni (ra)

Samuel Poncé

O Viixe[G] = Viixe[Go
0 E is spatially homogeneous
Q Diagonal Bloch state projection

BTE (AC)

SP et al., Rep. Prog. Phys. 83, 036501 (2020)
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Boltzmann transport equation

For time-independent E (DC) we can do a FT:

0 fn w
~eB g o == [ SIS ~ AT w)]

h Ok

where the E-field dependent occupation number is

d
fukd = [ 5.

2

Approximations:
e Only scattering by lattice vibrations
e Neglect phonon-phonon interactions

e Frequency-independent el-ph matrix elements

e Phonon Green's function in the adiabatic approximation

o f><(w) is approximated at the level of Hy
[ sk(w) ~ 27rfnk5(w - Enk/h)]

Samuel Poncé

Q Vite[G] = Vitxe|Gol
0 E is spatially homogeneous
@ Diagonal Bloch state projection

BTE (AC)

0 DC transport

O Electron-one-phonon interaction

o Static electron-phonon interaction
0 Adiabatic phonons

Q § approximation in G < (w)

BTE

SP et al., Rep. Prog. Phys. 83, 036501 (2020)

10 of 40



Boltzmann transport equation

10fnk 2 / d3q 2
—eE- — = — g —_— k,
ok h “= ] Qpg |gmnw (k@)

X [,/vuk(sl' o ,/v///qu\)d(:mk — €mk+q + /Uf'(lr/)/’qu

O Vitke[G] & Virke[Go)

0 E is spatially homogeneous

Q Diagonal Bloch state projection
+ fnk(l - ,f‘?nk+q>(5(57z,k — Emk+4+q — /qu,/>(71,q,,+1) BTE (AC)

- (1 - fnk)fkarq‘S(Ekarq —€nk + hqu)an

- ]

DC transport
Electron-one-phonon interaction
Static electron-phonon interaction
Adiabatic phonons

§ approximation in G < (w)

BTE

fmk+q fmk+q

fnk Wqv ,/vwl( —av

,/'uk fnk

Jmk+q" 0 g fmk+q‘iw*q'/
SP et al., Rep. Prog. Phys. 83, 036501 (2020)
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Linearized Boltzmann transport equation

Macroscopic average of the current density is

—eh? 1 3 <
JM(E) = om V/d rrghani‘l(VQ —V1)G (I‘l,rz,t t; E)

—e

(E)

For weak E, we can use the linear response of the current
density to define the conductivity:
OJM,«
OuB = ———
P = 9B

—e

gkaEﬁ fnk
E=0 Vie

where 9g, frok = (3fnk/<9Eﬁ)|E:0-
The carrier drift mobility is

UQB - ene

Samuel Poncé

Q Vite[G] = Vitxe|Gol
0 E is spatially homogeneous
@ Diagonal Bloch state projection

BTE (AC)

0 DC transport

O Electron-one-phonon interaction

o Static electron-phonon interaction
0 Adiabatic phonons

Q § approximation in G < (w)

Linear response

Linearized BTE

SP et al,,

Rep. Prog. Phys. 83, 036501 (2020)
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Linearized Boltzmann transport equation

Macroscopic average of the current density is

—eh? 1 3 . <
Jm(E) = d®r lim (V2 —V1)G™(r1,r2;t, t; E)

om Vv ro—ry
—e d3k
= — Vv E
Vuc ;/ QBZ nkf’ﬂk( )
For weak E, we can use the linear response of the current

density to define the conductivity:

_ O0dM,a
OaB = 78E5

a3k
:V Z @UnkaEﬁfnk

E=0 u

where O, fox = (0fnk/0Es)|E=0.
The carrier drift mobility is

d =
UQB - ene

Samuel Poncé

Q Vite[G] = Vitxe|Gol
0 E is spatially homogeneous
@ Diagonal Bloch state projection

BTE (AC)

0 DC transport

O Electron-one-phonon interaction

o Static electron-phonon interaction
0 Adiabatic phonons

Q § approximation in G < (w)

Linear response

Linearized BTE

SP et al., Rep. Prog. Phys. 83, 036501 (2020)

12 of 40



Linearized Boltzmann transport equation

Side note

Q Vite[G] = Vitxe|Gol
0 E is spatially homogeneous
@ Diagonal Bloch state projection

BTE (AC)

Berryology [™™ Ivo Souzal:

o= = [ Fuf(@)
—e/k[\va/r (/M) Qs By + .. |lfo + reveBefy + ...

band anomalous

=C+oaBy+oapeEpEc + ...

0 DC transport

O Electron-one-phonon interaction

o Static electron-phonon interaction
0 Adiabatic phonons

Q § approximation in G < (w)

Linear response

. ' . e? . .
Oap = 792,~/k VaUp f — g/kgabfo Linear Ohmic + Hall Lincarized BTE

In system with TR symmetry: fk Qupfo=0

SP et al., Rep. Prog. Phys. 83, 036501 (2020)
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Linearized Boltzmann transport equation

Vaene Z/ QBZ -

Q Vitxe[G] = Vitke[Go)
0 E is spatially homogeneous
Q Diagonal Bloch state projection

BTE (AC)

0 DC transport

O Electron-one-phonon interaction

o Static electron-phonon interaction
0 Adiabatic phonons

Q § approximation in G < (w)

f,? 271- Tnk
- —evik den k Tnk Z 7|gmnu(k q)l

X [(”qv +1- fnk)é(snk — Emk+q T wgy)

Linear response

Linearized BTE

where

e = Z / St lgmns (. @)* [(nqw +1 = Fougr)
X 6(Enk — Emktq — hwqr) + (g + f?nk+q)5(5nk — Emktq T hwqy)]
SP et al., Rep. Prog. Phys. 83, 036501 (2020)
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Self-energy relaxation time approximation

O Vitke[G] & Virke[Go)
0 E is spatially homogeneous
Q Diagonal Bloch state projection

BTE (AC)

d, SERTA
- [ g
o8 Vaene Z Qpz Uk

DC transport
Electron-one-phonon interaction
Static electron-phonon interaction
Adiabatic phonons

§ approximation in G < (w)

where

i = -~ Z / |9 Ok, @I [(naw + 1 = fera)

Linear response

X 0(enk — Emk+q — hwqy) + (Rqv + f&k+q)5(5nk — Emk+q T hwqt/)]

Linearized BTE

No scattering back into |nk)

SERTA

SP et al., Rep. Prog. Phys. 83, 036501 (2020)
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Long range electrostatics

EPW relies on MLWF to interpolate electron-phonon matrix elements.

{ O P

Cra,wp(Q)

gmn,u(k7 q) Real space

MLWF

—>

Coarse k/q mesh

MLWF

>

Dense k/q mesh

SP et al., Comput. Phys. Commun. 209, 116 (2016)
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Long range electrostatics

EPW relies on MLWF to interpolate electron-phonon matrix elements.

gmm/(ka q) - grzr:mu(kv q)

g (K, Q)

MLWF

—

Coarse k/q mesh

Real space

MLWF

95y (k.q) + g5, (k. q)

>

Dense k/q mesh

SP et al., Comput. Phys. Commun. 209, 116 (2016)
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Dipoles & quadrupoles

G (K, Q) =050, (K, Q) + g0, (K, Q)

s ) /i) -+ RO -+ o7, k) + -

_|qu2

h 2 A4mece
gmnl/(k Q) Z |:2NM Wy q :| QZ&S’ q5€55/q6’

xe—wm[z- -ew ) (rtcr e’ [1+ RO V..

C. Verdi and F. Giustino, Phys. Rev. Lett. 119, 176401 (2015)
G. Brunin et al., Phys. Rev. Lett. 125, 136601 (2020)
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Dynamical quadrupoles: Si

Imnv (k7 q) :ggmu (kv q) + g'lfznl/(k’ q)

60
123
— 143
50 -
N 123 with Q
[) 143 with Q .
g 40 — 16° withQ f Onuwuu
T
s Cranp(q)
I 30
x G (K, Q) Real space
n
oi 20 MLWF MLWF
n
10
Coarse k/q mesh Dense k/q mesh
0
L r X UK r

G. Brunin et al.,, PRL 125, 136601 (2020)
V. A. Jhalani et al., PRL 125, 136602 (2020)
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Electronic velocities

-1 d3k
d
Hap Xn:/@ Unk OFg fnk

~ Vaene
Obtained from the commutator:
Vv = (i/h)[H, ¢
Vimk = (Ymild/me + (i/h) [V, 8]/ ¢ni),

where p = —ihd/Or is the momentum operator.
Peralnk) are the solution of the linear system:

[H - EnkS]PCrOC"‘pnk> = PcT [H - Enk57 rt)é”¢nk>v
where S is the overlap matrix and P. the projector over the empty states.

In the local approximation (neglecting VNL):

Vi (thmic el tbnic) = 5(k — ) (kaamn ~if dru;k,(r)vaunk(r))

J. Tébik and A. D. Corso, J. Chem. Phys. 120, 9934 (2004)
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Electronic velocities

a . -1 Bk pg 5
28 = Voone 2= oy B0
Wannier interpolated velocities:
1 7
Unmk/,« :ﬁHnmk’,a - %(amk’ - 6nk’) Amnk’,a
(W
mnk’ Z UT ’k/ /) n'k’ o Un’nk/

W)
Afnmk « =i Z wbba (u |umk+b> nm);

b are the vectors connecting k to its nearest neighbor and overlap matrices are:

W
< |u$‘n12+b> = Umm’k Mimni U"",k“’b’

n’m/’

Mypnk = (Unk|Umk+b) is the phase relation between neighboring Bloch orbitals.

X. Wang, J. R. Yates, |. Souza, and D. Vanderbilt, Phys. Rev. B 74, 195118 (2006)
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Temperature dependence mobility

Samuel Poncé

Diamond

Silicon
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SP et al., Phys. Rev. Research 3, 043022 (2021)
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Spectral decomposition: dominant scattering

-1
T334, 7/0W

-1
T334, 7/0W

— electron
— hole
c-BN Diamond Si 3C-sic
0.4 12 0.06 3 04 6 03 14 15
. 5 9 __q12
03¢/ 9 9% . o3 PR el PN
! f 2 4 02f 1.0
fpmmmmm—————ee - 1 / 8
0.2 91 % 6 003/ 0.2 3 / 6
| | 1
01 5 ] = 1 o1 2 01 :. 4 05
1
| 2
0.0 0 0.00 0 00 0 0.0 0 0.0
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| | {15 !
iq9 | 11150 9 15
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SP et al., Phys. Rev. Research 3, 043022 (2021)
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Spectral decomposition: dominant scattering

— electron
— hole Acoustic scattering dominates
Diamond
12 0.06 14
12
10 7
3 N
y o £
& 6 3
K . B
2
0'00 10 20 30 40.50 0
GaAs
2.0
. 1.5 =
[ I
= 1.0 '{
K S
0.5 ____2_1_“{0_ o [
0.0 A 5%
0 10 20
w (meV) w (meV) w (meV)

Optical scattering dominates

SP et al., Phys. Rev. Research 3, 043022 (2021)
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Experimental comparison

Experimental mobility (cm?/Vs)

Samuel Poncé
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SP et al., Phys. Rev. Research 3, 043022 (2021)
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Experimental comparison

Experimental mobility (cm?/Vs)

Samuel Poncé
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SP et al., Phys. Rev. Research 3, 043022 (2021)
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Hall mobility

Hall(B) —

raﬁ(ﬁ) =

Hap(By) =

Zﬂdrlft g (B)

[ ' pse(B -
. - nse(B) | udgt |
B—0 |B|

d3k
e | R - R

-1 Z d3k
= —
Sucne SBz nke -

Samuel Poncé

n

F. Macheda and N. Bonini, Phys. Rev. B 98, 201201R (2018)
SP et al.,, Rep. Prog. Phys. 83, 036501 (2020)
SP et al., Phys. Rev. Research 3, 043022 (2021)
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Hall mobility

0

e of,
1 ot 1) R - e 2

27r Topfte
2/7|9mnu(k a)? [(”qv +1— fh)d(enk — Emk+q + hwqr)

where the scattering rate is

_ 2
o = S [ g P [ 1 S
mv

X 5(€nk — €mk+q — h‘uql/) + (nqu + f'r?rlk+q)6(5nk — E€mk+4q + h’wa’)]

F. Macheda and N. Bonini, Phys. Rev. B 98, 201201R (2018)
SP et al., Rep. Prog. Phys. 83, 036501 (2020)
SP et al., Phys. Rev. Research 3, 043022 (2021)
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Experimental comparison

Experimental mobility (cm?/Vs)

Samuel Poncé
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Hall factor is not unity

Increase Flat above 250 K Decrease
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SP et al., Phys. Rev. Research 3, 043022 (2021)
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Resistivity in metals

Can be obtained from the solution of the BTE:

1
PaB = 944

—e B3k,
5= Va2 o o R

Further approximation:
e constant gmnuv (k, q) close to the Fermi level

Afpie

e - Oenk

~ §(eF — enk)

Lowest-order variational approximation (LOVA) / Ziman formula:
4me

o0
o(T) = wknT /o dw hw a2 F(w) n(w, T) [14 n(w,T)],

SP et al., Rep. Prog. Phys. 83, 036501 (2020)
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Resistivity in metals

Lowest-order variational approximation (LOVA) / Ziman formula:

4tme

o(T) = m/omdwm Q2F(W) n(w, T)[1 + n(w,T)],

Isotropic Eliashberg transport spectral function:
1 dq
2
oy F(w) = 2 EV /BZ (ngqu Atr,qu 6(w — wqv),
Mode-resolved transport coupling strength is defined by:

1 dk Unk * Umk
N = o 2 [ o (6 @S — <) (e — op) (1 - ),
N(er)war 47 JBz B2 [vnk]

SP et al., Rep. Prog. Phys. 83, 036501 (2020)
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Eliashberg spectral function
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Ziman's formula
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BTE resistivity
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Figure courtesy of Félix Goudreault
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Flavor of what lies beyond

Anharmonicities and non-adiabatic phonons

Transport with renormalized bandstructure / spectral functions

Coupled transport of phonons and carriers
N. H. Protik and D. A. Broido, Phys. Rev. B 101, 075202 (2020)

Electron-two-phonon scattering
N.-E. Lee, J.J. Zhou, H.-Y. Chen, and M. Bernardi, Nature Commun. 11, 1607 (2020)

High field / warm electrons
A. Y. Choi, P. S. Cheng, B. Hatanpii, and A. J. Minnich, Phys. Rev. Materials 5, 044603 (2021)

Electron-defect scattering
I.-T. Lu, J. Park, J.-J. Zhou, and M. Bernardi, npj Comput. Mater. 6, 17 (2020)
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Anharmonicities and non-adiabatic phonons
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Transport with renormalized bandstructure / spectral functions
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Coupled transport of phonons and carriers
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Electron-two-phonon scattering
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High field / warm electrons
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Electron-defect scattering

oFT oFT
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Conclusion

The Boltzmann transport equation can be obtained from a rigorous
many-body framework

Long-range electrostatics is important for accurate interpolation

The Hall factor is temperature dependent and can deviate from unity

e BTE mobilities overestimates experiment
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Strongest approximations

Samuel Poncé

* Local velocity approximation

* Neglect of quadrupoles
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