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PART I

Wannier functions
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 nk(r) = unk(r)e
ik·r
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defined on the whole 
unit cell and periodic  

over the cells

 k(r) = uk(r)e
ik·r
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If there is only one band (n=1):

And we can define the Wannier functions:

|Ri =
Z

BZ
 k(r)e

�ik·Rdk
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- One WF per lattice vector R:  N in total with Born-von Karman PBC  
with N total unit cells

- They are all identical, only shifted: if we have                   they are  
shifted by R2 - R1

|R1i , |R2i
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From Bloch Orbitals to Wannier Func:ons 

Multiband case, simplest thing to do:

Note: 
The shape of the  
WFs (in real space) 
will be different  
for every phase! 
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Orthogonal and unitary transforma:ons 
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Generalized Wannier Func:ons for Composite Bands 

Each	unitary	matrix	chooses	a	different	set	of	WFs.	We	would	like	to	
choose	the	“best”,	i.e.	the	“maximally-localized”



The Localiza:on Func:onal 

(Foster‐Boys) 

N. Marzari and D. Vanderbilt, Phys. Rev. B 56, 12847 (1997) 



Decomposi:on of the Localiza:on

 Func:onal 



Centers of Wannier func:ons: 

Blount iden::es 

Decomposi:on of the Localiza:on

 Func:onal 

WF center

definition

Bloch theorem

How to compute?
Blount identities
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matrices (these will
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inputs to Wannier90)



The Reciprocal Space Representa:on 

Blount iden::es 

Numerical approach: numerical derivatives on a uniform k grid in the BZ

The Reciprocal Space Representa:on 

We can express the  
relevant quantities as  
a function of the Mmn
matrices (these will
be one of the main  
inputs to Wannier90)

To compute the maximal localization,  
we do not need to know the wavefunctions, but only the 

overlaps Mmn matrices at neighbouring k-points

(after minimization, if we want to plot the Wannier functions in real 
space, we need instead to know the unk - in the code: files UNK)



Silicon, GaAs, Amorphous Silicon, Benzene 

M. Fornari, N. Marzari, M. Peressi, and A. Baldereschi, Comp. Mater. Science 20, 337 (2001) 



The localisation procedure

• Long-range decay: Wannier functions corresponding  
to isolated valence bands decay to zero  
exponentially with the distance from their center

• At the global minimum (maximally-localized WFs) 
the Wannier functions are real  
(the code prints the max. absolute ratio of 
imaginary and real part to check this)

• We might find a local minimum! Care is needed  

• If we expect (from physical/chemical considerations) 
the shape and position of Wannier functions, we can  
give an initial guess in the form of projections on  
localised orbitals



Real‐Space Projectors 



Band structure interpolation

|Rni =
Z

BZ

X

m

U (k)
mn mk(r)e

�ik·Rdk
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Maximally-localized Wannier functions 

Wannier functions are defined by:

Where the Umn are chosen by the minimisation procedure  
(one per every k-point in the ab-initio grid, typically relatively coarse, e.g. 6x6x6)
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Conversely, we can Fourier-interpolate the  
Hamiltonian at any k’ vector even outside the  
original coarse grid:

h0n|H|Rmi =
X

k

e�ik·R[U †(k)H(k)U(k)]
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where the Hamiltonian matrix elements are  
obtained from Fourier interpolation of the initial  
ab-initio Hamiltonian matrix, after rotating the basis 
set with the unitary U matrices.
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Conversely, we can Fourier-interpolate the  
Hamiltonian at any k’ vector even outside the  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where the Hamiltonian matrix elements are  
obtained from Fourier interpolation of the initial  
ab-initio Hamiltonian matrix, after rotating the basis 
set with the unitary U matrices.

The maximal localisation tries to make sure that the  
matrix elements of Wannier functions 
that are far away go quickly to zero.

In this way, the Fourier interpolation is very accurate
 

(choosing a 6x6x6 k-grid in the ab-initio calculation  
corresponds to cutting to zero matrix elements beyond a 

6x6x6 supercell in real space)



Disentanglement of Ahached Bands 

–  Maximally‐localized Wannier‐like func:ons for conduc:on subspace 

–  Extract differen:able manifold with op4mal smoothness 

I. Souza, N. Marzari and D. Vanderbilt, Phys. Rev. B 65, 035109 (2002) 

5 d orbitals



d Bands of Copper  



s Band of Copper 



Disentanglement 



Why Minimize ΩI ? 

Decomposi:on of the Localiza:on

 Func:onal 
Decomposi:on of the Localiza:on

 Func:onal 



Exact Constraints on the Inner Energy

 Window 



Silicon: Bonding and An:bonding

 Orbitals 

Disentanglement with a frozen window  
is also useful in an insulator/semiconductor

 
The case of conduction bands of silicon

With two independent  
Wannierizations 

(valence & conduction)

With a single  
Wannierization for 
valence+conduction



Disentanglement: Conduction Bands in (5,5) SWNT


