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The Special Displacement Method
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Lecture Summary

Nonperturbative approaches to electron-phonon and
anharmonicity

Phonons and normal coordinates transformation

From the stochastic framework to deterministic

Theory of the special displacement method (SDM)

Self-consistent anharmonic special displacements (A-SDM)

Applications
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Codes for perturbative and nonperturbative calculations

Calculation of electron-phonon properties using, e.g.:

9mnw(k,q) from DFPT
in the unit-cell

Displaced nuclei

=== in large supercells;

gmn,l/(ka Q) iS
not explicitly used
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Codes for perturbative and nonperturbative calculations

Calculation of anharmonic phonons using, e.g.:

z TDEP

W\

AlLANMUVWDVE

AL
w

SSCI—Lﬂ

Qt chastic Self-Co
nnnnnnn Approximation

Marios Zacharias

Self-consistent phonon
theory by displacing
nuclei in supercells;

n
Cpl’ o is or

is not explicitly used
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Phonons from first-principles (recap)
We rely first on the harmonic approximation and expand the PES

Ul = Up+= Z

Marios Zacharias

8Tpm 8Tp o

ATpnaATp’n’a’ .

P

I
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Phonons from first-principles (recap) ( )

1. Harmonic approximation for the PES 4. Diagonalize the dynamical matrix:
62U AT AT/ ‘ol
U{q—} _ UO + pPRO PR a
pKZa anﬁaan/H/a/ 2 Z Dna,n’a’ (q)em/a’7u(q) = wgyena,u(q)
p'r o’ Ko/
2. Evaluate the IFCs from finite {Wq. €ra ()} define the phonons.
differences or DFPT:
C B o*U _ OFpea 5. For polar materials include the
prap'K'a’ = OOy e - Ty e dipole-dipole interaction term:
3. Evaluate the dynamical matrix as: Dgi o (d—0) =
2 * *
Z COnap Ko i (R 70 —T) 4dre ZB qBZK,ﬁOé Zg/ Q6/Z,{r’5/a/
P K K o0
Ka“{a M,{MK//Q ZIBB/ Q5655/q§/
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Nuclei displacements

Born-Oppenheimer Molecular dynamics
AT,.q(t) from equation of motion:

ou

OTpra

Mm%pna(t) - - Fpna
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Nuclei displacements

Born-Oppenheimer Nonperturbative methods
ATpq from:

M\ 12
ATpmx = <ﬁ0> Zepna,u Ty

v
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Nuclei displacements

Born-Oppenheimer Nonperturbative methods
ATpq from:

1/2
ATppa = <%> Z o Ty
R v \

apply a smooth Berry connection
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Nuclei displacements

Born-Oppenheimer Nonperturbative methods
ATpq from:

ATy = (]\]\j:) Z S,/€p<xy

+1; need to be determined
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Nuclei displacements

Born-Oppenheimer Nonperturbative methods
ATpq from:

()

amount of displacement;
need to be determined
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Taylor expansion with respect to A7, and z,

au 1 a%u 1 a%u
U = Uy + AT + — ——— AT AT+ — ———————————————— AT AT g AT 11 11
; Tha 2 ; OTa T T3 § OTkadT 11 OT g TR
ra ’7/&//
KR«
Homework to use: Mg\ 1/2
Area = (VTS e
M, v
Ko :
o -~ (M,@)l/2 o a
ITra Mo re?
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Taylor expansion with respect to A7, and z,

auU 1 82U 1 83U
U = Uy + AT + — ——— AT AT+ — ———————————————— AT AT g AT 11 11
; OTra e 2 ; OTraOT, 1 o1 e Rl 3! g T OT 1 o1 OT 11 0,11 Tl rhe
K @ K
K//O//
Homework to use: Mg\ 1/2
Arga = (—) S er o
M, o
D CnavCpa,ul = 8y
Ko :
o (M,@)l/2 , 0
= —_— € . e
OTra Mo "9
ouU 1 82U 1 a3u
U:U0+Z Ty +727z,,z/ + — —_—— Ty T T
— Oz, 2 7 dwy Oz, v 3\ S 0wy 0w, 0 v
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Taylor expansion with respect to A7, and z,

au 1 a%u 1 a%u
U = Uy + AT + — ——— AT AT+ — ———————————————— AT AT g AT 11 11
gamn T ; OTa T T3 § OTkadT 11 OT g TR
K @ K
K”ON
Homework to use: Mg\ 1/2
Arga = (—) S er o
M, ”
Ko :
o (M,@)l/2 , 0
= —_— € . e
T Mg el
v U+Z€)U +1Z 82U +1 5 a3u
= 0 Ty - D E—— VR — D VR N R N
—~ Oz, 2 o Oz, 0z, v 3! T Oz 0x 1 0T 11 v

U can be replaced essentially with any observable O, for example,
eg, e2(w), o(w), -
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Effects on electronic structure: Slide from Giustino Mon. 1

=
L
>
po
diamond 2 I'-point optical mode
@ 0.015 A C-displacement
X T L
wavevector see tutorial exerciseC
My /2 Oe 1 0%e 1 0°¢
Ara = (F) o =94 S+ IO b Ot
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Nonperturbative Approaches - Literature |

Common goal is to evaluate a physical property O at temperature T":
1 Sum over nuclear states
1
(O)p =T [exp(—ﬁTH JO| = Tunpl@, )= - gexp(—zzm,/ksnrwﬁ(w)
" J
Partition function Boltzmann factor

Path Integral Molecular Dynamics (PIMD):

F. Della Sala, R. Rousseau, A. Gorling, D. Marx, Phys. Rev. Lett. 92, 183401 (2004)

R. Ramirez, P. C. Herrero, E. R. Herndndez, Phys. Rev. B 73, 245202 (2006)

M. Rossi, P. Gasparotto, M. Ceriotti Phys. Rev. Lett. 117, 115702 (2016)

A. Kundu, M. Govoni, H. Yang, M. Ceriotti, F. Gygi, G. Galli, Phys. Rev. Materials 5, L070801 (2021)

A. M. Alvertis, J. B. Haber, E. A. Engel, S. Sharifzadeh, J. B. Neaton, Phys. Rev. Lett. 130, 086401 (2023)

ab initio Molecular Dynamics (aiMD):

A. Franceschetti Phys. Rev. B 76, 161301(R) (2007)

R. Ramirez, P. C. Herrero, R. E. Herndndez, M. Cardona, Phys. Rev. B 77, 045210 (2008)
O. Hellman, I. A. Abrikosov, and S. |. Simak, Phys. Rev. B 84, 180301(R) (2011)

M. Zacharias, M. Scheffler, C. Carbogno, Phys. Rev. B 102, 045126 (2020)
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https://doi.org/10.1103/PhysRevLett.92.183401
https://doi.org/10.1103/PhysRevB.73.245202
https://doi.org/10.1103/PhysRevLett.117.115702
https://doi.org/10.1103/PhysRevMaterials.5.L070801
https://doi.org/10.1103/PhysRevLett.130.086401
https://doi.org/10.1103/PhysRevB.76.161301
https://doi.org/10.1103/PhysRevB.77.045210
https://doi.org/10.1103/PhysRevB.84.180301
https://doi.org/10.1103/PhysRevB.102.045126

Nonperturbative Approaches - Literature |

PI for nuclei with Quantum Monte Carlo (QMC) for electrons:

e C. Pierleoni, D. M. Ceperley, M. Holzmann, Phys. Rev. Lett. 93, 146402 (2004)
e V. Gorelov, D. M. Ceperley, M. Holzmann, C. Pierleoni, J. Chem. Phys. 153, 234117 (2020)

Importanse Sampling Monte Carlo (ISMC):

e C. E. Patrick, F. Giustino, Nat. Commun. 4, 2006 (2013)

B. Monserrat, R. J. Needs, and C. J. Pickard, J. Chem. Phys. 141, 134113 (2014)
I. Errea, M. Calandra, and F. Mauri, Phys. Rev. B 89, 064302 (2014)

M. Zacharias, C. E. Patrick, F. Giustino, Phys. Rev. Lett. 115, 177401 (2015)

A. van Roekeghem, J. Carrete, N. Mingo, Comp. Phys. Communic. (2021)

L. Monacelli, et al J. Phys.: Condens. Matter 33, 363001 (2021).

Special Displacement Method (SDM):

M. Zacharias, F. Giustino, Phys. Rev. B 94, 075125 (2016)

F. Karsai, M. Engel, E. Flage-Larsen, G. Kresse, New J. Phys. 20 123008 (2018)
M. Zacharias, F. Giustino, Phys. Rev. Research 2, 013357 (2020)

M. Zacharias, G. Volonakis, F. Giustino, J. Even Phys. Rev. B 108, 035155 (2023)

Other supercell approaches: Finite Differences (FD), Thermal Lines (TL):

e R. B. Capaz, C. D. Spataru, P. Tangney, M. L. Cohen, S. G. Louie, Phys. Rev. Lett. 94, 036801 (2005)
e G. Antonius, S. Poncé, P. Boulanger, M. Cété, X. Gonze, Phys. Rev. Lett. 112, 215501 (2014)
e B. Monserrat, J. Phys.: Condens. Matter 30, 083001 (2018)
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https://doi.org/10.1103/PhysRevLett.93.146402
https://doi.org/10.1063/5.0031843
https://doi.org/10.1038/ncomms3006
 https://doi.org/10.1063/1.4897261
https://doi.org/10.1103/PhysRevB.89.064302
https://doi.org/10.1103/PhysRevLett.115.177401
https://doi.org/10.17632/y4c922fwtf.1
https://iopscience.iop.org/article/10.1088/1361-648X/ac066b
https://doi.org/10.1103/PhysRevB.94.075125
https://doi.org/10.1088/1367-2630/aaf53f
https://doi.org/10.1103/PhysRevResearch.2.013357
https://doi.org/10.1103/PhysRevB.108.035155
https://doi.org/10.1103/PhysRevLett.94.036801
https://doi.org/10.1103/PhysRevLett.112.215501
https://doi.org/10.1088/1361-648x/aaa737

The special displacement method (SDM) in a snapshot ...

High-symmetry configuration ZG configuration
(static-equilibrium) (thermal equilibrium)

Marios Zacharias 11 of 48



Why useful ? (Compared to perturbative approaches)

Complex theory ? electron-phonon

matrix elements

Wannier interpolation ?

Implementation ? . :
Missing terms in PT ?

Anharmonic PES ? Electron-multiphonon ?

Marios Zacharias 12 of 48



Why useful ? (compared to MD or MC)

Equilibration stage (MD) ?

Configuration 10 ?

Configuration 100 ?

Quantum nuclei (MD) ?
Configuration 500 ?

i ?
Computational cost ? Configuration 1000 ?

Marios Zacharias 12 of 48



Why useful 7

Alexander the Great:
“What cannot be resolved, it is cut”

Marios Zacharias 12 of 48



Phonon-assisted optical spectra
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J. Noffsinger, E. Kioupakis, C. G. Van de Walle, S. G. Louie,

M. L. Cohen, Phys. Rev. Lett. 108, 167402 (2012)

10
ki 4 296 K
§ 10 \ p0® e
e 0250
5 00% 8¢
- 000
15 oo 78K
:-‘-:) 2 OOO
‘@ 10 3
§ gé’ o  Experiment
C
5 10 Lo Theory
e o]
g 10 o
<
10-1 Il \ 1111 ‘ 11 1 1 | L1 1 1 i 1111

1.0 15 2.0 2.5 3.0
Photon energy (eV)

Phonon-assisted transition rate in the Hall-Bardeen-Blat (HBB) theory:

Dyoe(w) o Z

174

n#c

Pvndnc,v

2
Gon,vPnc

En — Ep — hw

+2
n¢v5n

O(e. — €y £+ hw, — hw
— &y x Iy, (¢ )
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https://doi.org/10.1103/PhysRev.95.559
https://doi.org/10.1103/PhysRevLett.108.167402

Temperature-dependent band structures (s aio )

Temperature-dependence of the energy levels in

the Allen-Heine theory:

Aee(T) =3 |

n#c

|geny|?
+ hevw (2nu,T + 1)
Ec —En

Perturbative first-principles applications:

e A. Marini, PRL 101,

. Cannuccia et al.,

. Poncé et al, PRB

]
> 0o X mm

. P. Nery, et al, PR

e A. Miglio, et al, npj

106405 (2008)

. Giustino et al., PRL 105, 265501 (2010)

PRL 107, 255501 (2011)

. Gonze et al., Ann. Phys. 523, 168 (2011)
. Antonius, et al, PRL 112, 215501 (2014)

90, 214304 (2014)

. Molina-Sénchez, et al, PRB 93, 155435 (2016)

B 97, 115145 (2018)
CM 6, 167 (2020)

S. Poncé et al, J. Chem. Phys. 143, 102813 (2015)

1.0

Temperature: 0.0 KJ

0.6

'S

[

M. Zacharias, F. Giustino,
Phys. Rev. Research 2, 013357 (2020)

Energy [eV]

0.0F

-0.2

7[].41‘

e J.-M. Lihm and C.-H. Park, PRX 12, 039901 (2022)
e M. Engel, et al, PRB 106, 094316 (2022)
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https://iopscience.iop.org/article/10.1088/0022-3719/9/12/013/meta
https://doi.org/10.1103/PhysRevLett.101.106405
https://doi.org/10.1103/PhysRevLett.105.265501
https://doi.org/10.1103/PhysRevLett.107.255501
https://doi.org/10.1002/andp.201000100
https://doi.org/10.1103/PhysRevLett.112.215501
https://doi.org/10.1103/PhysRevB.90.214304
https://doi.org/10.1103/PhysRevB.93.155435
https://doi.org/10.1103/PhysRevB.97.115145
https://doi.org/10.1038/s41524-020-00434-z
https://doi.org/10.1103/PhysRevX.11.041053
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.106.094316
https://doi.org/10.1063/1.4927081
https://doi.org/10.1103/PhysRevResearch.2.013357

Williams-Lax Theory

1. Herzberg-Teller rate as the starting point:
2w
Panop(w) = Z f| (Xan| P(fﬁ |XﬂM> |25(Eﬂm = Ean — hw)

m
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https://www.worldcat.org/title/molecular-spectra-and-molecular-structure/oclc/1012446330
https://doi.org/10.1103/PhysRev.82.281.2
https://doi.org/10.1063/1.1700283

Williams-Lax Theory

1. Herzberg-Teller rate as the starting point:

2T
Fan%ﬁ(w) = Z f| (Xan| P(fﬁ |Xﬁm> |25(E[3m — Eopn — Tw)

m

2. Semiclassical approximation: replace Eg,, with the adiabatic potential energy surface Ej:

sC 2m
T s (@) = 5 (Xan| [P3s?8(E5 — B2 - hw) [Xan)

an—f3

N . )

N //FPﬁL‘%YL,
,j‘?\_/\/ﬁp?é,
/\PJ(S)
P
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https://www.worldcat.org/title/molecular-spectra-and-molecular-structure/oclc/1012446330
https://doi.org/10.1103/PhysRev.82.281.2
https://doi.org/10.1063/1.1700283

Williams-Lax Theory

1.

Herzberg-Teller rate as the starting point:
2w
Fan_ﬂi(W) = Z €| < an| ﬁ |Xﬂm> | 5(E[3m - Eom, - hw)

m
Semiclassical approximation: replace Eg,, with the adiabatic potential energy surface Ej:

sc 2m
P (@) = == (Xan| [P25[*6(E5 — B2 — hw) [Xan)

Thermal average, Harmonic approximation, and Mehler's formula:

sc exp(—/2 VT)
Féﬂl)ﬂ H/ r 2 |PO,8| 6(Eﬂ EO _m‘))

wtih o2 7 = (2,7 +1) 1.

F. E. Williams, Phys. Rev. 82, 281 (1951)

M. Lax, J. Chem. Phys. 20, 1752 (1952)

C. E. Patrick, F. Giustino, Nat. Commun. 4, 2006 (2013)

C. E. Patrick, F. Giustino, J. Phys. Condens. Matter 26, 365503 (2014)
M. Zacharias, DPhil Thesis , University of Oxford (2017)
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https://www.worldcat.org/title/molecular-spectra-and-molecular-structure/oclc/1012446330
https://doi.org/10.1103/PhysRev.82.281.2
https://doi.org/10.1063/1.1700283
https://doi.org/10.1038/ncomms3006
https://doi.org/10.1088/0953-8984/26/36/365503
https://ora.ox.ac.uk/objects/uuid:4fad686d-c675-44e6-85c7-2725e6598ca5
https://doi.org/10.1103/PhysRev.82.281.2
https://doi.org/10.1063/1.1700283

Williams-Lax Theory

4. We make contact with DFT and write for the potential energy surface:

lim Ef —ES =¢&% —&F
N. 00 B 0 c v

e M. Zacharias, C. E. Patrick, F. Giustino, Phys. Rev. Lett. 115, 177401 (2015)
e M. Zacharias, F. Giustino, Phys. Rev. B 94, 075125 (2016)
Marios Zacharias
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https://doi.org/10.1103/PhysRevLett.115.177401
https://doi.org/10.1103/PhysRevB.94.075125
https://doi.org/10.1103/PhysRev.82.281.2
https://doi.org/10.1063/1.1700283

Williams-Lax Theory

4. We make contact with DFT and write for the potential energy surface:

lim FEj— Ey =¢e; — ¢,

Ne—o0

5. Imaginary part of the dielectric function at finite 7'

exp(— V/20 )x
&5 (w; T H/ \/ﬁ — &)

1
— Dbk oel — &b — hw)

and in the indipendent-particle picture:

e M. Zacharias, C. E. Patrick, F. Giustino, Phys. Rev. Lett. 115, 177401 (2015)
e M. Zacharias, F. Giustino, Phys. Rev. B 94, 075125 (2016)
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https://doi.org/10.1103/PhysRevLett.115.177401
https://doi.org/10.1103/PhysRevB.94.075125
https://doi.org/10.1103/PhysRev.82.281.2
https://doi.org/10.1063/1.1700283

Williams-Lax Theory

4. We make contact with DFT and write for the potential energy surface:

lim E%— Ef =¢7 —&F
Ne—o0 B 0 ¢ v

5. Imaginary part of the dielectric function at finite 7'

exp(—a2 /202
SC(w; T) = H/dmyweg(w)
v \ /27r03’T
and in the indipendent-particle picture:

x 1 i x x
€2 (w) X E Z |pcv|25(6c —& h’w)

Interpretation: Monte Carlo integral, a weighted average
of the spectra for different nuclei configurations.

e M. Zacharias, C. E. Patrick, F. Giustino, Phys. Rev. Lett. 115, 177401 (2015)
e M. Zacharias, F. Giustino, Phys. Rev. B 94, 075125 (2016)
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https://doi.org/10.1103/PhysRevLett.115.177401
https://doi.org/10.1103/PhysRevB.94.075125
https://doi.org/10.1103/PhysRev.82.281.2
https://doi.org/10.1063/1.1700283

Silicon optical absorption in the Williams-Lax theory

DFT-LDA calculations with nuclei at equilibrium

Abs. coefficient k(w) (cm™1)

106
10°
10*
103
10?
10!
10°

1071

[ veeo® . '.“...'f
i experiment ,° .:"'
»° § theory,

i 300 K i direct b
! f
I. 1 5. 1
0.0 1.0 2.0 3.0 4.0 5.0

Photon Energy hw (eV)

M. Zacharias, C. E. Patrick, F. Giustino, Phys. Rev. Lett. 115, 177401 (2015)
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https://doi.org/10.1103/PhysRevLett.115.177401

Silicon optical absorption in the Williams-Lax theory
DFT-LDA calculations + quantum nuclear effects, Method: ISMC (8x8x8 supercell)

10¢ £
10°
10*
108 L
10%

10" E

Abs. coefficient #(w) (cm™1)

100 |

1071

0.0 1.0 2.0 3.0 4.0 5.0
Photon Energy hw (eV)
M. Zacharias, C. E. Patrick, F. Giustino, Phys. Rev. Lett. 115, 177401 (2015)
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https://doi.org/10.1103/PhysRevLett.115.177401

Convergence test with configurational sampling
DFT-LDA calculations + quantum nuclear effects, Method: ISMC (8x8x8 supercell)

T T T T T T T
102k ]

6 configurations

101 F

10°F

ez (w)

107
1072

1073k

10— 4 L . 8 4 \ \
0.0 1.0 2.0 3.0 4.0 5.0
Photon Energy hw (eV)

M. Zacharias, C. E. Patrick, F. Giustino, Phys. Rev. Lett. 115, 177401 (2015)
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Convergence test with configurational sampling
DFT-LDA calculations + quantum nuclear effects, Method: ISMC (8x8x8 supercell)

T T T T T T T
10%F ]

6 configurations

1 configuration !!! {

10—2}

1073k

104 0 .y
0.0 1.0 2.0 3.0 4.0 5.0

Photon Energy hw (eV)
M. Zacharias, C. E. Patrick, F. Giustino, Phys. Rev. Lett. 115, 177401 (2015)
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https://doi.org/10.1103/PhysRevLett.115.177401

The special displacement method (SDM) and ZG displacements
Original observation for Zacharias-Giustino (ZG) displacements A7%C
1. Exact Williams-Lax (WL) dielectric function

e L(w; T) = e(w) + P(w) 2

24 oz

VT+O( )

2. One configuration with z, = o, 7:

e%G(w; T) = er(w Z S Su )UV,TUH,T + (9(04)

Special set of signs: ‘{51/} ={+-+—-+—--} SV: (_1)v-1
3. We can prove:

lim 5% (w;T) = 3% (w;T) | if | ATES = (My/M,)2 ZS Cra,v Ov,T

Np—+o0

M. Zacharias, F. Giustino, Phys. Rev. B 94, 075125 (2016)
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The special displacement method (SDM) and ZG displacements
Original observation for Zacharias-Giustino (ZG) displacements A7%C
1. Exact Williams-Lax (WL) dielectric function:

exp V/2UV T) x
w; T H dx,
1/271'0 T

2. One configuration with z, = o, 7:

£6(w; T) = ep(w Z S S# 8:{71, am aV,TamT +0(c%)
Special set of signs: ’{S,,} ={+-+-+—--} SV= (-1)*
3. We can prove:
lim 5% (w;T) = % (w;T) | if | ATES = (My/M,)2 ZS €ra,w Ou,T
Np—o0

M. Zacharias, F. Giustino, Phys. Rev. B 94, 075125 (2016)
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The special displacement method (SDM) and ZG displacements
Original observation for Zacharias-Giustino (ZG) displacements A7%C
1. Exact Williams-Lax (WL) dielectric function

e L(w; T) = e(w) + P(w) 2

24 oz

VT+O( )

2. One configuration with z, = o, 7:

e%G(w; T) = er(w Z S Su )UV,TUH,T + (9(04)

Special set of signs: ‘{51/} ={+-+—-+—--} SV: (_1)v-1
3. We can prove:

lim 5% (w;T) = 3% (w;T) | if | ATES = (My/M,)2 ZS Cra,v Ov,T

Np—+o0

M. Zacharias, F. Giustino, Phys. Rev. B 94, 075125 (2016)
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Silicon and diamond absorption spectra with the SDM

DFT-LDA calculations + quantum nuclear effects, Method: SDM (8x8x8 supercell)

Abs. coefficient &(w) (cm™1)
S
w

experiment

F theory,
full

-1
10 0

M. Zacharias, F. Giustino, Phys. Rev. B 94, 075125 (2016)

Marios Zacharias

theory,

Si

1 1 1 1 1 1
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Photon Energy

hw (eV)

A 1 1 1
0 3.5 4.0 4.5 5.0

Abs. coefficient x(w) (cm™1)

107k 300 K
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(see tutorial exercise4)
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Temperature-dependent band gaps

Temperature dependent band gaps of Si (ZPR = 57 meV) and MoS; (ZPR = 65 meV).

Band Gap (eV)
o )
3] =]

-
o
o

1_05I|\\\I|

T T T T T T
O Clamped-ion

—O— Special displacement |
¥ ¥ Experiment

0

100

L L
200 300
Temperature (K)

400

500

1.92

-
(s
(o]

®

Band Gap (eV)

1.80

M. Zacharias, F. Giustino, Phys. Rev. Res. 2, 013357 (2020)
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https://doi.org/10.1103/PhysRevResearch.2.013357

Relations connecting the SDM and Perturbative methods

e Optical spectra (Hall-Bardeen-Blat (HBB) theory):

!
Z |:pcn Gnov + gcm/pm):|
Ey —En Ec—En

n

2
et 21

m — —
2 22
or2  Lw

Ccv

e Temperature-dependent band structures (Allen-Heine theory):

6233 2 ’ cny2
T | e,

ox?2 2 — €.~ €n

v

Nonperturbative methods:
1. miss 7w, in the denominator and 46() (ok if fiw, << g,)

aQn x . . .
8:526,?; thus electron-multi-phonon interactions

3. includes off-diagonal Debye-Waller contribution, no rigid-ion approx.
Marios Zacharias
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Reciprocal space formulation of the SDM

SDM: Gives the set of atomic displacements (ZG displacements) that best incorporate
the effect of electron-phonon coupling in ab-initio nonperturbative calculations:

NpMN qeB,v
where
o 00,1 = (2ngur + 1Dh/(2Mowg,) with ngyr = [exp(hwg, /ksT) — 171
® Wy, — phonon frequencies

e e, ,(q) — phonon polarization vectors

e Sq — signs of normal coordinates

This equation is implemented in the EPW/ZG module of Quantum Espresso.

M. Zacharias, F. Giustino, Phys. Rev. Research 2, 013357 (2020) and H. Lee, et al npj Comput. Mater. 9, 156 (2023)
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Compute and minimize the function E({Sq.},7T)

Find the best ZG displacements for a given supercell size and temperature by setting
compute_error = .true., error_thresh = 0.2 (see tutorial exercisel)
so that the function:

) Z §R [e:a,y (q) 6,40/7,/ (q)]aqV,TUqV’ ,TSqV Sql/

qeB
E S ) ’T _ v<v/
A Z > Rl (@@, .|

q€eB
14

is lower than error_thresh based on the choice of {Sg, }.

All quantities in E({Sq.}) can be computed from DFPT;
no extra DFT calculations are required to find the optimum ZG configuration.
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Reciprocal space formulation of the SDM

Key findings due to periodicity of solids:

e Linear order derivatives vanish in a supercell calculation:

901}
0zqu

=0ifqeB.

e All second order derivatives with q # q’ vanish in a supercell calculation:

9201}

=0 f g
8zq,,8zq/,,/ " 7& 4

This simplifies A LOT the procedure for minimizing the error coming from the cross-coupling terms.

Marios Zacharias
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Physical meaning of minimizing E({Sq.},T)

ZG displacements give the best collection of scatterers that best reproduce
phonon-induced inelastic scattering patterns: Black Phosphorus

Q=q1+qz+q3 I.-oo-uo e 8+ 08 + 8 |
” -

L - - ,{

L4 -

o F » .

1= Bk D - 4

ek = . -

- -

o h . . ol

Multi-phonon e« o e @ o e o . p
scattering @eee 00 o000 o - | oy 4

-5 0 5 -5 0 5
QA Q AY

M. Zacharias, H. Seiler, F. Caruso, D. Zahn, F. Giustino, P. Kelires, R. Ernstorfer, Phys. Rev. Lett. 127, 207401 (2021)
M. Zacharias, H. Seiler, F. Caruso, D. Zahn, F. Giustino, P. Kelires, R. Ernstorfer, Phys. Rev. B 104, 205109 (2021)
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Physical meaning of minimizing E({Sq.},T)

ZG displacements give the best collection of scatterers that best reproduce
phonon-induced inelastic scattering patterns: Black Phosphorus

Multi-phonon scattering

Q=q,+q,+q, e .« ||

- -

-
|
. [] - -
.

-
- |

Multi-phonon IAelastic’ScAttefing’ | * ) ’
scattering AN am—

-5 5 -5 5

0 0
Q,(AY Q,(AY

M. Zacharias, H. Seiler, F. Caruso, D. Zahn, F. Giustino, P. Kelires, R. Ernstorfer, Phys. Rev. Lett. 127, 207401 (2021)
M. Zacharias, H. Seiler, F. Caruso, D. Zahn, F. Giustino, P. Kelires, R. Ernstorfer, Phys. Rev. B 104, 205109 (2021)
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Physical meaning of minimizing E({Sq.},T)

ZG displacements give the best collection of scatterers that best reproduce
2
phonon-induced inelastic scattering patterns: 1,5(Q,T) = 'Zm £u(Q)e'@ [Rotretaril]

all-phonon ZG (all-phonon) Experiment
P e ool a0 T ao /0@ ¢+ o pcoelcon e 0w . v LA s ar
e o0 @& e e ® e e @ e 08 @ o 5000 *HoFe 0804r 279
P oMo aus ms oo oo el Moo p 00 ci0us - e - s
& ome e . o ame e | poele ofcie & oddege P
o o @he . o ol o o 8 o @he o .‘o#!-0'0.~' "...l.
o G o SN @ - G o« B e el e Be +le o
o o Whe o o« ollf o o o o Whe o .‘.4.......~ oo - 4
. e sme # * ewne * e o O.oo#‘.’c DO
P c@me s olm Se oW oo me s 0w ’000003. ;»...‘.,.‘\."....v-o-l
e e e ® o0 o e e .e @& e P2V BV R PR RN
P+ ® 8+ 8@ | ®® + 8 & ¢+ 00+ BOcOeB | SO 00 &2 2 8 ..‘./u

5 5 5 5 AI(S, t =50 ps)

0
QAY

0
QAY

Someone can calculate diffuse scattering maps using ZG.x and disca.x of QE (see tutorial exercise5).

0.1

Ansuajul Huaneos

M. Zacharias, H. Seiler, F. Caruso, D. Zahn, F. Giustino, P. Kelires, R. Ernstorfer, Phys. Rev. Lett. 127, 207401 (2021)
M. Zacharias, H. Seiler, F. Caruso, D. Zahn, F. Giustino. P. Kelires, R. Ernstorfer, Phys. Rev. B 104, 205109 (2021)
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Band structure unfolding

Temperature-dependent band structures
with the band structure unfolding technique 0 02 04 06 08 1
as implemented in bands_unfold.x of QE. [ N —

Si: 2 x 2 x 2 supercell

™ /

4.0
3.5¢
3.0F
2.5+
2.0r
1.5F
L0 ol

0.5F unfold
0.0+
-0.5F
-1.0F
-1.5F
-2.0r
-2.5F

-3.0
L

Energy (eV)

Energy (eV)

L r X/ X L r X
V. Popescu, A. Zunger, Phys. Rev. B 85, 085201 (2012) M. Zacharias, F. Giustino, Phys. Rev. Res. 2, 013357 (2020)
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Band structure unfolding

0 02 04 06 08 1
Temperature-dependent band structures (. — MoS,
with the band structure unfolding technique

Goal is to evaluate the electron spectral function:
A(&5T) =Y Pokce(T) e — ek (T)],
mK

where P,k k(') are temperature-dependent
spectral weights evaluated as:

Energy (eV)

Puxx(T) =) ik (g +k —K; 1),
g

This is implemented in bands_unfold.x
for NC, US, and PAW pseudopotentials.
(see tutorial exercise2)

V. Popescu, A. Zunger, Phys. Rev. B 85, 085201 (2012)

P. V. C. Medeiros, S. Stafstrom, J. Bjork, . -
Phys. Rev. B 80, 041407(R) (2014) M. Zacharias, F. Giustino, Phys. Rev. Res. 2, 013357 (2020)
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Anharmonicity

Exploring anharmonicity via the A-SDM.
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Accounting for anharmonicity in first-principles calculations
harmonic versus anharmonic potentials
\ harmonic Anharmonic PES:

Harmonic approaches fail to calculate
stable phonons.

a5

potential

weakly
anharmonic
S Current state-of-the-art methods:
anharmontc TDEP: O. Hellman et al.,
Phys. Rev. B 84, 180301(R) (2011)
strongly SSCHA: I. Errea et al.,

anharmonic

Phys. Rev. B 89, 064302 (2014)
PT: T. Tadano, S. Tsuneyuki,

Phys. Rev. B 92, 054301 (2015)

displacement
5

equilibrium - or upgrade the special displacement
C. Katan et al., Nature Materials, 17, 377-379 (2018) method (A—SDM)
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Anharmonicity within the Self-Consistent Phonon (SCP) theory

We introduce an effective harmonic Hamiltonian that drives nuclear vibrations:

and a perturbation to this Hamiltonian that accounts for anharmonicity with all higher-order terms:

au 1 820 1 1 83U
H = —x, + {7 — Ty X, — — M, w2az2} + = ——— X T Ty
zuzaxy Y 2;@;@8%, v ;2 Rl T WXV: O, 0, 0z, Y
Lo ot N
— [V R T
4! 8zy8:puzax,/u8xym vty v

vl p! oyttt

To first order in perturbation theory we have the correction:

dz, - 1« 9*H 1 1 o*H
My, v e A ot 5 1 2 2 s Lo 2 2
(a8 H/ " ’{22 023 7 2M0°J”"}+4!Zazgax2 T ¥
4 vy
( , including the loop (quartic) diagram which comes first in perturbation theory)
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Anharmonicity within the Self-Consistent Phonon (SCP) theory

1. Minimize the (trial) free energy of the system with respect to Cp. p/x/a’ (T) based on the GB inequality:

FT) = (U)p—Un(T)+ Fon(T)
_ Mo 2 2 hwqu
F(T) = (U)p— 5 > wiodr D — kpTIn[1 + ng, ]|, so that
qr qv

2. We can prove:
OF(T) _ 0WU)y  OUNT) | OFan(T)

ICpanar  OCkanar  0Ciqra  OCia ol

3. Compute temperature-dependent effective IFCs:

o2uiT}
C Lo A T = e — 3
pPrRa,p’ K’ ( ) <8Tpnaan/K/a/ T

iteratively until self-consistency is obtained.

M. Zacharias, G. Volonakis, F. Giustino, J. Even Phys. Rev. B 108, 035155 (2023)
D. Hooton, LI. A new treatment of anharmonicity in lattice thermodynamics: |, Philos. Mag. J. Sci. 46, 422 (1955)
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Schematic illustration of an effective potential

Harmonic Anharmonic
(double well)

=== Exact solution .
True potential Harmonic approx. (monomorphous)

— Effective potential =—— Harmonic approx. (polymorphous)
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Starting point: Ground-state locally disordered structure

Potential energy surface

2%2%0%0
High-symmetry

(Monomorphous)

AT,

Monomorphous, Polymorphous: X-G. Zhao, G. M. Dalpian, Z. Wang, A. Zunger Phys. Rev. B 101, 155137 (2020)
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SCPs with the A-SDM

Compute temperature-dependent effective IFCs

Corap'n'al (T) =

~ —
OTpraOTp o OTpraOTpwrar

< 92U} > 92U {7}
T

iteratively until self-consistent phonons are obtained. This involves:

1. Compute harmonic Cp.q prros Of the using finite
differences, enforce symmetries, and obtain initial

Stable phonons but no
temperature dependence
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SCPs with the A-SDM

Compute temperature-dependent effective IFCs

Cpm,p’n/a/ (T) =

OTpraOTy o/

< 92U} > 92U {7}
T

~—
OTpraOTy o

iteratively until self-consistent phonons are obtained. This involves:

1. Compute harmonic Cp.q prros Of the using finite
differences, enforce symmetries, and obtain initial

Harmonic

Monomorphous

80t Polymorphous-SYM —— 1 Stable phonons but no
temperature dependence

Phonon frequency (meV)

O ubic

SITiO3
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SCPs with the A-SDM

Compute temperature-dependent effective IFCs

Corap'n'al (T) =

~ —
OTpraOTp ol OTpraOTpwrar

< Grisata: > 92 {7}
T

iteratively until self-consistent phonons are obtained. This involves:

1. Compute harmonic Cp.q prras Of the using finite
differences, enforce symmetries, and obtain initial

Generate A7%6
Compute Cprapwiar(T') using finite differences

Enforce crystal symmetries to Cpa prrar (1)

A

Calculate T-dependent | {wqy /€40, (4) } A—sDM

6. Repeat steps 3-5 until self-consistency is achieved (with iterative mixing)
Marios Zacharias 39 of 48
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A-SDM convergence performance: CsPbBr;

Convergence performance of A-SDM

CsPbBr3, T=430K Polymorphous-SYM, 0K
20k - 40
N 35
Q
£ 15 _. 30
) g
c 5 25
[} ~
=10 3 20
2 3
- — o 15
g 5 Z
2 10
o
0 5
X R M r R
iter. -1 iter. 1 iter. 3 — iter. 5 —
iter. 0 — iter. 2 iter. 4 —

0

1 2 3 4 5
Iteration

AllCiall(ev/A?)

0O 1 2 3 4 5
Iteration

M. Zacharias, G. Volonakis, F. Giustino, J. Even Phys. Rev. B 108, 035155 (2023) see tutorial exerciseCsPbBr3
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A-SDM validation: Zr (compare with experiment)

A-SDM, 5x5x5 — Experiment O

Phonon frequency (meV)

see tutorial exercise3

M. Zacharias, G. Volonakis, F. Giustino, J. Even Phys. Rev. B 108, 035155 (2023)
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A-SDM validation: SrTiO3 (compare with other approaches)

Anharmonicity, A-SDM
1 1

30 1 1 _
o ]

<25 s .
3 ;302 @
5,20 “—__’.——"_"
c O
g TO1 —_ 9
ng & .
2 o9
S 10 9 A-SDM ]
S TDEP
< SCP-PT 1

5 SSCHA (TO1) 4

Experiment (TO1)
O 1 1 1 1
0 200 400 600 800 1000

Temperature (K)
: M. Zacharias, G. Volonakis, F. Giustino, J. Even Phys. Rev. B 108, 035155 (2023)

: T. Tadano, S. Tsuneyuki, PRB 92 (2015) : C. Verdi, et al, PRM 7 (2023)
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Application of the A-SDM: polymorphous perovskites

2
Allen — Heine theory : Aeo(T) = | > 1genv 4+ heww | 2n, 1 +1)

v n#c €c —é&n
T T EI i It T 1 T T T
< 00F i Xperimen - < 0.10F Experiment .
@, High-symmetry, A-SDM 0 @, High-symmetry, A-SDM  © .0
= D- @- . Disordered, A-SDM  © S 008k Disordered, ASDM © ..~ ]
® -03 i'°"~8£@-~.. . T
g ; S 0.06[ .
£ Q... .. £
[] ;< - RS o
-0.6F 0. O A
g 0° S.... & 0.04fF " CsPbBrg .
. = .
g SITiO; ® g -
o -09F 4 < 0.02f P J
S c B v
3 ] e
i) 0 VO
1 1 1 1 0.00[@ 1 1 1 1 '
0 200 400 600 800 1000 400 420 440 460 480 500
Temperature (K) Temperature (K)

Experiment SrTiOz: D. J. Kok, et al. Phys. Stat. Solidi 212, 1880, (2015) (see tutorial exerciseCsPbBr3)

Experiment CsPbBr3: G. Mannino, et al. J. Phys. Chem. Lett. 11, 2490 (2020)

Theory: M. Zacharias, G. Volonakis, F. Giustino, J. Even npj Comput. Mater. 9, 153 (2023)
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Application of the A-SDM: polymorphous CsPbBr3

Band gap (eV)

2.50

2.45F

2.40

2.35F

2.30
2.25
2.20
2.15
2.10
2.05
2.00

I 1 L]
tetragonal cubic

o080

Experiment
High-symmetry, A-SDM
Disordered, A-SDM

o @

1 1 L 1 1 L 1
360 380 400 420 440 460 480
Temperature (K)

Experiment CsPbBr3: G. Mannino, et al. J. Phys. Chem. Lett. 11, 2490 (2020)

Theory: M. Zacharias, G. Volonakis, F. Giustino, J. Even npj Comput. Mater. 9, 153 (2023)
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Applications of the SDM

Phonon-assisted photocurrent in large solar-cell devices

s S 3 3

Current density (mA/cm?)

2 3 0
Photon energy (eV)

o7 04 06 08
Intensity (sun)

M. Palsgaard, et al, PRA 10, 014026 (2018)

Band gap renormalization of nanostructures

Matrix-Embedded (ME)
Sias/a-Si02

[ siNcs

[-o Bulk Si (EPC)
® FS: Siz17H1s0,

50 100

® FS: Sip1707H136. d = 2 nm (EPC)
O FS,d=2.4nm (expt)

B ME: Sigs/a-Si0,, d = 2 nm (EPC)
[-@ ME: Siz15/a-Si0z, d = 2 nm (EPC+TE)

O ME,d=15-45nm (expt)

d=2nm (EPC)

150 200
Temperature (K)

250 300 3

M. Zacharias, et al, PRB 101, 245122 (2020)

Marios Zacharias

0

Zero-point renormalization

within GW and Hybrid functionals

e e nanaar-
5 G-
300 g
250/ i 1
= 200/ E|
2 o
= 150 - 1 v . H
£ P .
g P ] e Tt LI as,
3 . Un
L a®a
k] S
. L L , 3 O30 e eV a2 €3O
6 80 100 120 140 e S e e
< < <
Mean frequency (meV) @ e T TR AN

F. Karsai, et al, NJP 20 123008 (2018)

Indirect optical absorption in BaSnO3

s s
10 E," 5
- BasSnO, |
10°F WL rriethod ff
& 102 e
H | \Direct
109 ; /
H |
.
10% ——
25 3 35 4 4.5
Photon energy (eV)

Y. Kang, et al, APL 112 (2018)

H. Wang, et al, npj CM 8 237 (2022)

Phonon-assisted emission

spectrum of h-BN and AIN
Eix Ejx
— (h-BN) (AIN)
0
z | w0
g \ T0
8
-~ LA
) TA
o
< LN
) LA
5.7 5.8 5.9 6 6.1 6.2
Energy (eV)

D. A. Laleyan, W. Lee, et al APL Mater 11 (2023)
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Applications of the SDM

Optical conductivity in

Exciton-phonon coupling Exciton-phonon coupling

graphene (pristine and doped)
6 T T — T T

in 2D GeSe in h-BN
30 — ! ‘ ‘ I ! (a)
Equilibrium a i it —
Equilibrium b —— sios 55 r
K a oo )
00Ka - z w/ EPC — this work
20 2 4
= - :
o E = %
= = °f ¥
] 3 1
10 ] ® :
£ !
2 T=300K :
:
!
0 N2 TDoST | | L | El
1 192 194 196 198 200 202 204 2 !
Enersy (cV . , . . i ,
w(eV) nergy (¢V) % 1 2 3 4 5

T. A. Huang, et al, JPCL 12 (2021)

F. Karsai, et al, PRB 98, 235205 (2018)

https://www.vasp.at/wiki/ (see PHON_NSTRUCT flag)
D. Novko & M. Kralj, npj 2D mater. appl. 48 (2019)
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Take home messages ...

1. The SDM is a very simple and efficient methodology for capturing
anharmonicity and electron-phonon coupling effects in ab initio calculations.
Tutorials and input flags available in https://docs.epw-code.org/doc/.

2. The SDM is not simply a numerical trick, but encloses important physics.

3. SDM potential for other temperature-dependent observables, e.g.
conductivity, tunnelling spectra, exciton spectra, etc ...

4. The A-SDM compares well with TDEP, SSCHA, or ALAMODE results for
the evaluation of second-order effective IFCs (all rely on the SCP theory).

5. Temperature-dependent (anharmonic) IFCs with EPW are within reach.
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Nonperturbative Approaches - Literature |ll

All nonperturbative approaches can be upgraded
to evaluate any property written as a Fermi-Golden Rule, e.g.:
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P. Chen et al. Nat. Commun. 6, 8943 (2015) , pveducation.org , T. Gunst et al. Phys. Rev. B 96, 161404(R) (2017)
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Appendix: Flowchart for ab-initio calculations with the SDM

pw.X ph.x
SCF on the Dyn. Mat. on

q2r.x

unit-cell coarse grid IFC file

Not required
’ but useful

L e LLLL LY LN E LY "
-

matdyn.x

Finite T § PACKY o

properties 2G-scf file

dispersion H

. - H -
..................... o "sasssssmsssssmEssnzam

This can be at various levels:
DFT / RPA / GW / BSE
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Appendix: Flowchart for ZG.x

as in matdyn.x

H Fourier H
HInterpolation®
H of Dyn. Mat. B

Error <
threshold ?

Print
2.G-scf file

Ref. [1]: M. Zacharias, F. Giustino, Phys.

Marios Zacharias

Compute Allocate new
Eqg. (54) of permutation
Ref. [1] of signs

Print
2G-scf file

Rev. Research 2, 013357 (2020)

Align
eigenvectors?

Yes/No

Compute
error?

Allocate 1!
permutation
of signs

03 of 21


https://doi.org/10.1103/PhysRevResearch.2.013357

Appendix: Flowchart for the A-SDM in ZG.x

T-dependent

poly

IFCs
COMPUTE GENERATE yes
[ g <

poly structure ZG-relax.in
APPLY finite APPLY —

differences symmetries

COMPUTE ’ READ

IFCs IFCs

M. Zacharias, G. Volonakis, F. Giustino, J. Even Phys. Rev. B 108, 035155 (2023)
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Flowchart for ab-initio calculations with the SDM

Perform an SCF calculation in

the ground state

structure (pw. x)

Calculate

the IFCs

from DFPT (ph.x and g2r.x)

at temperati

Generate ZG displacements, A7%5,

we T' (ZG. x)

Caleculate O(T)
(desired

~ O{TU‘FATZG}
QE code)

|

I End

Tutorials and description of input flags

Marios Zacharias

AR

7 A ’

available in
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https://docs.epw-code.org/doc/TutorialZG.html
https://docs.epw-code.org/doc/InputsZG.html

Appendix: Input file for ZG.x (similar structure to matdyn.x)

&input
flfrc=’si.444 .fc’,
asr=’simple’, amass(1)=28.0855, atm_zg(1) = ’Si’,

flscf = ’si.scf.in’
T = 0.00,
diml = 5, dim2 = 5, dim3 = 5
compute_error = .true., synch = .true., error_thresh = 0.2
incl_gA = .false.
/

Tutorials and description of the input flags are available online in
https://docs.epw-code.org/doc/.
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https://docs.epw-code.org/doc/InputsZG.html

Appendix: Things to have in mind when applying the SDM via
2G.x:

e Make sure that the phonon dispersion is correct. For anharmonicity one can
upgrade the IFC file using the A-SDM.

e ¢-grid for phonons should not be necessarily the same with the supercell
size. Use a coarse g-grid and generate any size of ZG configurations.

e Achive convergence of the T-dependent observable with the supercell size.
e Set error_thresh (< 0.4).

e Check the anisotropic displacement tensor data at the end of the output
ZG_XXX.out (as in exercisel).

e Pointless to minimize the error function for systems with many atoms
( > 15) in the unit-cell (set compute_error = .false.).
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9Ix9x1 g-grid

® gc A, O qebB,

8x8x1 g-grid

Partitioning of q into sets A, I3, and C
® gc A, O qeB

® qel

OO OO0 00 ® Q] & B
OO OO0 00 ® Q] & B
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Smooth gauge of e, ,(q) along a path in reciprocal space

Apply a smooth gauge by setting:

8x8x1 q-grid

®@gcA O qeB, ®qeC
® @ ®

® ® ®

® @ ®
F—oo—0806—9Ph @ ® ®
o006k ® ® ®
o086 ® ® ®

Marios Zacharias

Im[ea,v (Q)]

synch = .true.

We apply the transformation:

€raw(@+ Aq)

!

= Z Uuu/ena,u’ (q + Aq)7

so that exa,v(q) and exa,. (g + AQ) are as similar as possible.

T T T T T T T T T T
before |

V= 8222222 ki s ]

i “‘44/,4/// % % /://y/f/‘/,/;/ /]

R T e o L |
Lv=3 4
Lv=2 .z e - ’ ’t i

,,,,,,,,,,,,, Givslyr lisar My

Co= s %W//}{?/‘W:/?‘/}f/?‘//‘

Im[ea,v (Q)]

v=6 o
T raaaertadtdAAAAARAATAAAAAAAAAA -
Lv=5 4
[ERVER S PSPPI IV IV IV I VI P IV Y VI
Lv=3 4
L VS 2 sseessssmnsarrrrrces srrrrirrsfttrets |
L -
Lv=1 777 4
C 1 1 1 [ I |

Relexa,v (a)]

Relexa,v (a)]
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Physical meaning of minimizing E({Sq.},T)

Gives the correct quantum mechanical probability distribution of nuclei displacements and
the anisotropic displacement tensor / thermal ellipsoids. Silicon

-0.3-0.2-0.1 0.0 0.1 0.2 0.3
ATpix (A

P(Tpka)

-0.2 -0.1 0 0.1 0.2
ATpka A

M. Zacharias, F. Giustino, Phys. Rev. Research 2, 013357 (2020)
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https://doi.org/10.1103/PhysRevResearch.2.013357

Physical meaning of minimizing E({Sq.},T)

Gives the correct quantum mechanical probability distribution of nuclei displacements and

the anisotropic displacement tensor / thermal ellipsoids. MoS,
07—

. S
MoS,
06C —O- Exact - DFPT b
—0— ZG - Mo in-plane out-of-plane
05 —0—ZG-S 7]
W ¥ Experiment
041 2
0.3

0.2

Mean-square displacement (A?)

0.1

1 1 1 1 1 1
0075 100 200 300 400 500
Temperature (K)

Thermal Ellipsoids of MoS,

M. Zacharias, F. Giustino, Phys. Rev. Research 2, 013357 (2020)
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Nonperturbative vs Perturbative: Divergence in optical spectra

Nonperturbative (2G) Perturbative (EPW) Differences
lO"—SéOKI AR ‘r‘Sil_ 105§|]|II||VIVIIII|||VI| T T T El
; if C 296 K L Perturbative ]
T_ 10° . LE> 10 E \Dr\D goo
i 100 experiment ; 1 ; E Ooo 5 o0 b 300 K 1
= i £ 100 00 C
3 H 5 E 060 78K
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£ 10 E E % 3E O: L . .
el g 19 E oP°¢—empirical shift 7§ £ ;s ]
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— P 1 L 1
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Nonperturbative vs Perturbative: Divergence in optical spectra

Nonperturbahve (2G) Perturbative (EPW) Differences

107} 300 K HBB: Energy denominators tend to zero at the direct gap energy 1
=100 b g
Ié 10° = 2
5 0 2 : z : Pen nov Yenv Pnv E
\2/ 10 F K/HBB (wa 2 |: + ]
% 10°% ;hlel,(yry, w oo - —&n Ec—E&n ._.’_-__

0 X 0(ec—epy—Hw)(2nyr +1) ]

10' b
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Nonperturbative vs Perturbative: Divergence in optical spectra

Nonperturbative (2G) Perturbative (EPW) Differences
107} 300 K HBB: Energy denominators tend to zero at the direct gap energy 1
: - 2
HBB DPen Gnov Genv Pnv E
: ko2 (w;T) i g E [ + ]
g 0% B “ cov | n ~&n €c—én v 0 °
i —
0% X 0(ec—epy—hw)(2n, 7+ 1) ]
4 10" |
Z
10 j I
ot A E 10° 102k . ‘ .
0.0 05 1.0 1.5 2.0 2.5 3.0 3.5 4.0 45 5.0 1.0 15 20 25 3.0 6.3 6.6 6.9 7.2 7.5
Photon Energy hw (eV) Photon energy (eV) Photon Energy hw (eV)

o 7G gives the full spectrum — all terms in perturbation theory: J
KZG (w; T) = kBB (w; T') 4 direct absorp. + higher ph. assisted processes 4+ mix terms + band gap renorm.

e Straightforward to implement on top of any electronic structure code.
e ZG requires supercells — EPW elegance of unit-cell calculations. x
e ZG misses non-adiabatic (e.g. ph. frequencies in the denominators) and dynamical effects. x
e Divergence is solved with Quasi-Degenerate Perturbation Theory (QDPT) — Sat.6.Tawari \/
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Applications of the SDM (Zero-point renormalization - ZPR)

Temperature dependent band gaps of Si (ZPR =57 meV) and M052 (ZPR = 65 meV).

-
N
o

Band Gap (eV)
)
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—O— Special displacement :
¥ ¥ Experiment
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o
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P R
100
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200 300 400 500
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M. Zacharias, F. Giustino, Phys. Rev. Res. 2, 013357 (2020)
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Phonon dispersion of silicon
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A-SDM phonon dispersion of SrTiO3 (incl epsil = .true.)
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Systems with local disorder (

0.5
[ eme—— ]

0
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40 &
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phonon unfolding as in
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exercised)

1

20 25 30
Interatomic distance (A)

Marios Zacharias

PDF (A?)

30 35 40 45 50 55
Interatomic distance (A)

16 of 21



The SDM for nanostructures

M. Zacharias, P. C. Kelires,

Marios Zacharias

300

C, /BN

T T T
FS-GQD ———
GQDM-BN ——

ZPRec1/L 1

100+

Zero-point-renormalization (meV)
o
S
=
T

10.60 ev
QC + ZPM

K M
J. Phys. Chem. Lett. 12, 9940 (2021)
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https://pubs.acs.org/doi/10.1021/acs.jpclett.1c02899?ref=pdf

Remark: Energy level degeneracies in the SDM calculations.

e For periodic systems degeneracies should be preserved at finite temperatures
(consequence of the harmonic approximation).
Treatment: if degeneracy splitting exist due to numerical artefacts, take the average of the energy levels.
e For non-periodic systems (molecules, clusters, etc ..) degeneracies are not
preserved at finite temperatures.
(either in the harmonic approximation or beyond).

New linear term added to AH from degenerate perturb. theory:

Our ' 1gerswl? 2
ciciv — Yeacov = —+hcu v.T"
Z<g11 922)\/%—}_;:{561—65 w | Oy

M. Zacharias, P. C. Kelires, J. Phys. Chem. Lett. 12, 9940 (2021)

+=
Ascl = +

v
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https://pubs.acs.org/doi/10.1021/acs.jpclett.1c02899?ref=pdf

Remark: Energy level degeneracies of GQDs in the SDM.
M. Zacharias, P. C. Kelires, J. Phys. Chem. Lett. 12, 9940 (2021)
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A-SDM for hydrides: BaSiHg, T = 0 K, 2x2x2 supercells

Anharmonic quantum ionic effects with A-SDM: minimize free energy w.r.t internal nuclei coordinates

SSCHA calculations: Lucrezi R. et al, Commun
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update_equil = .true.

T2(T) = ToualT) + G o DEL
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https://www.nature.com/articles/s42005-023-01413-8

A-SDM for hydrides: BaSiHg, T = 0 K, 2x2x2 supercells

Anharmonic effects form third order IFCs (static bubble diagram).
SSCHA calculations: Lucrezi R. et al, Commun. Phys. 6, 298 (2023).
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