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Lecture Summary

Limitations of Rayleigh-Schrodinger perturbation theory

Many-body Hamiltonian

Green's function and the spectral function

Electron-phonon self-energy

e Mass enhancement and electron lifetimes
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Limitations of Rayleigh-Schrodinger perturbation theory

Kohn-Sham equations again

h2
2me

VQ ¢n(r> + VSCF(I‘; T1,T2, " ) 77Z}n(r) =E&n ¢n(r)
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Limitations of Rayleigh-Schrodinger perturbation theory

Kohn-Sham equations again

h2

2me v2 ¢n(r> + VSCF(I‘; T, T2, " ) 77Z}n(r) =E&n ¢n(r)

e Adiabatic Born-Oppenheimer approximation
e Nuclei described as classical particles

e Electron-phonon interactions depend on the XC functional
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Breakdown of Rayleigh-Schrodinger perturbation theory

Polaron liquid at the SrTiO3(001) surface
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Figure from Wang et al, Nature Mater. 15, 835 (2016)
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Breakdown of Rayleigh-Schrodinger perturbation theory

Scanning tunneling spectra of 2H-NbS,

Normalized conductance

Bias voltage (mV)
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Figures from Guillamdn et al, Phys. Rev. Lett. 101, 166407 (2008)
and Heil et al, Phys. Rev. Lett. 119, 087003 (2017)
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Many-body Schrodinger equation

h? h?
BT DA DAL

+Zm/ Z Z,o0(Toe, Tt ) + Zm o(r;, ;)| U = By ©
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Many-body Schrodinger equation

h? h?
BT DA DAL

+Zm/ Z Z,o0(Toe, Tt ) + Zm o(r;, ;)| U = By ©

e Electrons and vibrations must be described on the same footing
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Many-body Schrodinger equation

h? ) K2 )
 2m. Vi T QMHZHVK - Zm Z(ri, Tx)

+Zm/ Z Z,o0(Toe, Tt ) + Zm o(r;, ;)| U = By ©

e Electrons and vibrations must be described on the same footing

e The many-body Schrddinger equation is impractical for calculations or EPIs

Feliciano Giustino, UT Austin 06 of 28



Field operators
Many-electron wavefunction as a linear combination of Slater determinants

W(xp,Xe, ) = D A 6h6nlOks) + > Bunpg €hhépCqlOxs) + -

mn mnpq
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Field operators

Many-electron wavefunction as a linear combination of Slater determinants

U(x1,Xg, ) = Z Amn éjnén‘oKS> + Z Brnpg éInéLépéq’OKS> +

mn mnpq
Operators in second quantization
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Field operators

Many-electron wavefunction as a linear combination of Slater determinants

U(x1,Xg, ) = Z Amn éjnén‘OKS> + Z Brnpg é;rnéjlépéq’OKQ +

mn mnpq
Operators in second quantization
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Field operators

Many-electron wavefunction as a linear combination of Slater determinants

U(x1,Xg, ) = Z Amn éjnén‘OKS> + Z Brnpg é;rnéjlépéq’OKQ +

mn mnpq
Operators in second quantization

ZiV(Xi) - Zmn anéjnén
SV =Y [ xi 0V 00 ) e = [ )V x)00

Field operators

() = (x)
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Many-body Hamiltonian in second quantization

Non-relativistic Hamiltonian of coupled electrons and nuclei

]f]:Te‘i‘Tn‘f'Uen'i'Uee"'Unn
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Many-body Hamiltonian in second quantization
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Many-body Hamiltonian in second quantization

Non-relativistic Hamiltonian of coupled electrons and nuclei
ﬁ:Te+Tn+Uen+Uee+Unn
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Electron kinetic energy Te =5 /dx l/AJT(X) V2 @(X)
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Many-body Hamiltonian in second quantization

Non-relativistic Hamiltonian of coupled electrons and nuclei

ﬁ:Te+Tn+Uen+ﬁee+Unn

ﬁQ

Electron kinetic energy T, =—

x) V2 4 (x)

Electron-nucleus interaction U,y /drdr Ao () fin (t )0 (r, 1) fle(r) = Z Of (%) (x)

Electron-electron interaction U, = 2/dr dr' e (r) [Ae(r") — 6(r — /)] v(r, 1)
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Time evolution of field operators

Ground state of N-electron system H|N) = Ey|N)
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Time evolution of field operators

Ground state of N-electron system H|N) = Ey|N)
s-th excited state of N +1-electron system H|N +1,5) = Ex11.4|N 4+ 1,5)
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Time evolution of field operators

Ground state of N-electron system

s-th excited state of N+ 1-electron system

H|N) = En|N)

HIN +1,s) = Exy1.4N +1,5)

Excitation energy
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Time evolution of field operators

Ground state of N-electron system H|N) = Ey|N)
s-th excited state of N +1-electron system H|N +1,5) = Ex11.4|N 4+ 1,5)

Excitation energy €s = Eny1,s — En
Heisenberg time evolution

D(x,t) = eim/n@(x) e tHt/M ih%z/}(x,t) = [z/?(x, t),]ﬂ
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Time evolution of field operators
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Heisenberg time evolution
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Time evolution of field operators

Ground state of N-electron system H|N) = Ey|N)

s-th excited state of N +1-electron system H|N +1,5) = Ex11.4|N 4+ 1,5)

Excitation energy

s =FEny1,s — BN

Heisenberg time evolution

Exercise:  (N]i(x,t)|N + 1, s)
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Time evolution of field operators

Ground state of N-electron system H|N) = Ey|N)
s-th excited state of N +1-electron system H|N +1,5) = Ex11.4|N 4+ 1,5)

Excitation energy €s = Eny1,s — En

Heisenberg time evolution

D 0) = G I D t) = [, t), ]
Exercise:  (N|(x,t)|N +1,5) = (N[e/m(x)e /RN 41, 5)

= (N[P¥(x) e PN RIN 41 s)
= (N[$X)|N +1,s)e /"

[« J

fs(x) Dyson orbital
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The Green's function at zero temperature

Time-ordered Wick's time-ordering operator
Green's function . 17 g op
G(Xt, X/t,) — _1<N‘ T @E(Xt) Q;T(X/t,) ‘N>

h
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The Green's function at zero temperature

Time-ordered Wick's time-ordering operator
Green's function . 17 g op
G(xt,x't") = —1<N\ T@E(xt) W(X’t’)\M

h

‘ electron in x’ at time ¢/ >
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The Green's function at zero temperature

Time-ordered Wick's time-ordering operator
Green's function ' 17 g op
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The Green's function at zero temperature

Time-ordered Wick's time-ordering operator
Green's function ' 17 g op
G(xt, x’t’) — —1<N\ T&(xt) W(X’t’)\M

h

< electron in x at time ¢ ‘ electron in x’ at time ¢/ >

Xt ®

\/_\

o x't!
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The Green's function at zero temperature

Consider ¢t > t’ (electron added to ground state)

GlxtXY) =~ {N|d(xt) 91 (1) )
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The Green's function at zero temperature

Consider ¢t > t’ (electron added to ground state)

Glxt, x't!) = —%(Nw(xt) O )|V
_ —%(N| eiﬁt/h &(X> e—z‘Ht/h ezflt’/ﬁ Z&T(X,) e—iﬁt’/h|N>
= __<N’¢( )e —i(H—En)(t—t")/h wT( ’)|N>
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The Green's function

Consider t > t' (electron

G(xt,x't") =

Feliciano Giustino, UT Austin

at zero temperature

added to ground state)
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The Green's function at zero temperature

Consider ¢t > t’ (electron added to ground state)

Glxt,xt) — —%(Nw(xt) O )|V
_ —%(N| eiﬁt/h %@(X) e—iflt/h eiﬁt’/h Z@T(X') e—iﬁt’/h|N>
= __<N’¢( ) —i(H—EN)(t—t')/h wT( ’)|N>

/.

Z |N+1 s)(N +1, s\

_ __Z fs —ias(t—t /R
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The spectral function

After carrying out the same operation for ¢ < t’ and Fourier transform

fs(x)f5 ()

G ! =
(3, ', w) s hw —es F 10T

F occ/unocc
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The spectral function

After carrying out the same operation for ¢ < t’ and Fourier transform

fs(x)f5 ()

Iy —
Glx, x',w) = hw—55$20+

F occ/unocc

The poles of the Green's function represent the electron

’___________
|-

addition /removal energies of the interacting many-body system
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The spectral function

After carrying out the same operation for ¢ < t’ and Fourier transform

fs(x)f5 ()

G ! =
(3, ', w) s hw —es F 10T

F occ/unocc

The poles of the Green's function represent the electron

’___________
|-

addition /removal energies of the interacting many-body system

From the Green's function we can obtain the spectral (density) function

AGew) = - Glxx W) = 32 1f6I (o — <)

! The spectral function is the many-body (local) density of states |

Usually presented as momentum-resolved A(k,w)
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The spectral function: Broadening

Example: a single complex pole ¢4 =¢ — I

~iTe
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The spectral function: Broadening

Example: a single complex pole ¢4 =¢ — I
€

~iTe

G(x,x,t—1) = —% | fo(x)|? et/ Tt/
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The spectral function: Broadening

Example: a single complex pole ¢4 =¢ — I

G(x,x,t—1) = —% | fo(x)|? et/ Tt/

1 r
7 (hw —€)? + 12

A(X,X,w) = |fS(X)|2

Feliciano Giustino, UT Austin
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The spectral function: Broadening

Example: a single complex pole ¢4 =¢ — I
€

~iTe

G(x,x,t—t) = _% | fo(x)[? et =T E—t)/h .
1 r )
A == :
(%, w) = — (PESESE | fo(x))|
v
k

g4
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The spectral function: Coherent and incoherent structures

Alk,w) = = [Im Gk, )|
T
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The spectral function: Coherent and incoherent structures

Alk,w) = = [Im Gk, )|
T

DFT density of states

IN

energy
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The spectral function:

Feliciano Giustino, UT Austin

Ak, w)

Coherent and incoherent structures

1
=—|I k
— [Im G(k,w)

DFT density of states

many-body DOS

I

N

energy
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The spectral function: Coherent and incoherent structures

Alk,w) = = [Im Gk, )|
T

DFT density of states
IN
I — quasiparticle shift

quasiparticle broadening

many-body DOS

energy

Feliciano Giustino, UT Austin 14 of 28



The spectral function:

Feliciano Giustino, UT Austin

Ak, w)

Coherent and incoherent structures

1
=—|I k
— [Im G(k,w)

DFT density of states

boson energy

many-body DOS

I

—

N

I — quasiparticle shift

—

quasiparticle broadening

energy
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How to calculate the Green's function

Equation of motion for field operators

ih%w(xt) - [&(x, 0, H}
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How to calculate the Green's function

Equation of motion for field operators

ih%w(xt) - [@(x, t),ﬁ} - {_2

h2e V2 4 /dr’v(r, r') ﬁ(r’t)} h(xt)

m

total charge, electrons & nuclei
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How to calculate the Green's function

Equation of motion for field operators

inZ dxt) = [@(x, t),ﬁ} - {_2

hi V2 4 /dr’v(r, r') ﬁ(r’t)} h(xt)

m

total charge, electrons & nuclei

Equation of motion for Green's function

[iha(zl + 27:719 vf} G(12) + %/d?)v(l?)) (Tn(3) (1) ¢h(2)) =6(12)
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How to calculate the Green's function

Equation of motion for field operators

inZ dxt) = [@(x, t),ﬁ} - {_2

hi V2 4 /dr’v(r, r') ﬁ(r’t)} h(xt)

m

total charge, electrons & nuclei

Equation of motion for Green's function

0 h?
atl 2me

vf} G(12) + %/d?)v(l?)) (T h(3) (1) ¥t (2)) = 6(12)

4 field operators

Hartree+Fock-+2-particle Green's function

Feliciano Giustino, UT Austin
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How to calculate the Green's function

th— +

0 h?
8t1 2me

V2 - Vtot(l)] G(12) — /dS »(13) G(32) = §(12)

T

Viot (1) = /d2 v(12)(n(2)) rewrite 2-particle Green's
function using self-energy X
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How to calculate the Green's function

5

[ha‘z +5- v2 Vtot(l)] G(12) —/d3 »(13) G(32) = §(12)
e T

Viot (1 /d2v (12)( rewrite 2-particle Green's
function using self-energy X

Express the Green's function in terms of Dyson’s orbitals

V2 + Vvtot( ):| fS(X) + /dx' E(X, legs/h) fs(Xl) = gsfs(X)

2me
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How to calculate the Green's function

i
! 8t1 + 2me

{ 0 I vf—vtot(l)] G(12)—/d32(13)G(32) =0(12)

T

Viot (1) = /d2 v(12)(n(2)) rewrite 2-particle Green's
function using self-energy X

Express the Green's function in terms of Dyson’s orbitals

2
|:_ Q?Tle v2 + Vvtot(r):| fS(X) + /dxl E(X, X/,Es/h) fs(xl) = Est(x)

Sources of electron-phonon interaction
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How to calculate the electron-phonon self-energy

Electron self-energy from Hedin-Baym's equations
$(12) = ih/d(34) G(13)T(324)W (41)

Green's function W
Vertex

Screened Coulomb interaction
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How to calculate the electron-phonon self-energy

Electron self-energy from Hedin-Baym's equations
$(12) = ih/d(34) G(13)T(324)W (41)

Green's function W
Vertex

Screened Coulomb interaction

W =W, + Wy

I

W (12) :/d3 e; 1 (13)v(32)

Reduces to the standard GW method + screening from nuclei

Feliciano Giustino, UT Austin
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Diagrammatic representation of the self-energy

________

I3 Standard GW self-energy

— (we will ignore this from now on)

Figure from
FG, Rev. Mod. Phys. 89, 015003 (2017)
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Diagrammatic representation of the self-energy

W,
i > Standard GW self-energy
= a (we will ignore this from now on)
D
g
+ Fan-Migdal self-energy
g G

Figure from
FG, Rev. Mod. Phys. 89, 015003 (2017)
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Diagrammatic representation of the self-energy

W,
i > Standard GW self-energy
= (we will ignore this from now on)
G
D
g
+ Fan-Migdal self-energy
g G
D Debye-Waller self-energy
) Improper self-energy: comes form
Figure from + Viot(1) = [d2v(12)(R(2)) term
FG, Rev. Mod. Phys. 89, 015003 (2017) g2PW
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Diagrammatic representation of the self-energy

W,
i > Standard GW self-energy
= (we will ignore this from now on)
G
D
g
+ Fan-Migdal self-energy
g G
D Debye-Waller self-energy
) Improper self-energy: comes form
Figure from + Viot(1) = [d2v(12)(R(2)) term
FG, Rev. Mod. Phys. 89, 015003 (2017) g2PW
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Fan-Migdal self-energy

Fan-Migdal self-energy using Kohn-Sham states and DFPT phonons

% - fmk+q + Nqu fmk+q + Nqu
w—emk+q/h — Way T W—Epmkiq/P+ wWqy + i1
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Example: Interaction with dispersionless phonon
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Example: Interaction with dispersionless phonon
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Wavevector

20 of 28

Feliciano Giustino, UT Austin



Example: Interaction with dispersionless phonon

Energy

Wavevector

20 of 28

Feliciano Giustino, UT Austin



Example: Interaction with dispersionless phonon

Energy

Wavevector

20 of 28

Feliciano Giustino, UT Austin



Example: Interaction with dispersionless phonon

Energy

Wavevector

20 of 28

Feliciano Giustino, UT Austin



Example: Interaction with dispersionless phonon

change of velocity/mass

broadening

Energy

Wavevector

20 of 28
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Example from experiments: Velocity renormalization in MgB,

v =vp/2.4
IIIIIIIIIII II|IIII|I
0.00F — — — — <
-0.05F
>t
o X
> -0.10F
o E
Q C
-0.15F
w C  high
-0.20f E
- low : =
-0.25 :

30 01 02 03_ 04
Momentum (A )

Right figure from Mou et al, Phys. Rev. B 91, 140502(R) (2015)
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Quasiparticle shift and broadening

Spectral function from the self-energy

1 1
A(k =——1
( ’W) T mzn: hw—snk—an(w)
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Quasiparticle shift and broadening

Spectral function from the self-energy

1 1
A(k =——1
( ’W) T mzn: hw—snk—an(w)

Quasiparticle approximation: assume simple poles in the complex plane

1 (’9Rean

> =2,
k(W) k(Z)Jrh R

(o — 2) + - -
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Quasiparticle shift and broadening

Replace the Taylor expansion inside the spectral function and rearrange:

5 1 Fnk ) :
P Ak = Lk — i
i (k,) Zn: K7 (hw—FE)? + 2
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Quasiparticle shift and broadening

Replace the Taylor expansion inside the spectral function and rearrange:

5 1 Fnk :
P Ak = Lk — i
i (k,) Zn: K7 (hw— By )? + 12, |

Enx = ek + Re Xk (Erk/R) quasiparticle energy
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Quasiparticle shift and broadening

Replace the Taylor expansion inside the spectral function and rearrange:

5 1 Fnk :
P Ak = Lk — i
i (k,) Zn: K7 (hw— By )? + 12, |

Enx = ek + Re Xk (Erk/R) quasiparticle energy

Lok = Zoe Im X, (B /1) quasiparticle broadening

Feliciano Giustino, UT Austin
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Quasiparticle shift and broadening

Replace the Taylor expansion inside the spectral function and rearrange:

Fnk

u B 1
Alk,w) = ;Z"k%(m—

Enk =¢Enk t+ Re 2nk(Enk/h)

Ik = Zyi Im Znk(lgnk/iw

1
o =
K - 1 OReXx(w)
h ow

w:Enk/h

Feliciano Giustino, UT Austin
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The mass enhancement parameter

Take k-derivatives of the quasiparticle energy F,x
to find velocity and mass renormalization

Unk

Vige = — %
8 1+)\nk

ke = (14 Ank) My

(valid only for simple metals)
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The mass enhancement parameter

Take k-derivatives of the quasiparticle energy F,x
to find velocity and mass renormalization

Unk

Vige = — %
8 1+)\nk

ke = (14 Ank) My

(valid only for simple metals)

Ank is the mass enhancement parameter

1 1 OReXu(w)
an h Ow

w:Enk/h
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Electron lifetimes

_h h
e 2| Zudm S (B /)|

Tnk
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Electron lifetimes

_h h
e 2| Zudm S (B /)|

Tnk

Common approximation: replace E,x by €,k and set 7, =1
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Electron lifetimes

_h h
e 2| Zudm S (B /)|

Tnk

Common approximation: replace E,x by €,k and set 7, =1

Tnk

1 2T dq
- = = = |Ynmv k7 2
b 2 gy i)
X [(1 = fiktq + Nqw)0(Enk — Mgy —€mx+q)  phonon emission
+ (frk+q + Ngw)0(enk + gy —Emktq)] phonon absorption

Standard Fermi Golden rule expression for lifetimes
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Example: Mass enhancement and lifetimes in MAPbI;

Ak () 20 / ~_ N
(mev-1) o - -
10-1 15 W + k 20fs o o
% 10 *
E/ o' - X
~ 5ler-vy 1) 1
-2 ol -7 1K
10 0
~100 50 —é10 0 0 éro 50 100
e —ev (meV) e —ec (meV)
10~3 7T
0 0.6 - . B
L “ Rayleigh-Schroedinger
04p -7 4
10~% ~ Brillouin-Wigner
0.2 /
0 I I I
0 0.02 0.04 0 50 100 150 200 250 300
k(1/A) T (K)

Figure adapted from Schlipf et al, Phys. Rev. Lett. 121, 086402 (2018)
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Take-home messages

e Field theory provides a rigorous basis for studying electron-phonon physics

e The electron-phonon self-energy yields the mass enhancement and the
lifetimes resulting from EPIs

e Many-body expressions are similar but not identical to elementary
perturbation theory
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