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Superconductivity

A macroscopic quantum-mechanical phenomenon occurring in certain
materials below a characteristic critical temperature
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Superconductivity Timeline
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BCS Theory

electron Cooper
pairs in a lattice
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BCS Theory
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electron Cooper exchange of virtual phonons produces an
pairs in a lattice attraction for electrons close to Fermi level
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BCS Theory
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BCS Theory

_ tanh mk+q Vnk,mk+quk+q
Bk = QBz 2kpT 2FEmk+q

Enx = \/(Enk - EF)Q + ‘AnkP
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BCS Theory

superconducting gap

l

Vikmk+qQmk+
_ tanh mk+q nk,mk+q~—=mk+q
Ak = Z/QBZ o < 2kgT 2EmKkiq

Enx =/ (enk — r)? + | A2
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BCS Theory

superconducﬂng gap paring potential
|
tanh mk+q Vnk,mk+quk+q
Bk = QBz 2kpT 2FEmk+q

Enk = \/(Enk - EF)Q + ‘AnkP
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BCS Theory

superconducting gap paring potential
|
tanh mk+q Vnk,mk+quk+q
Bk = QBz 2kpT 2FEmk+q

Enx = \/(Enk - EF)Q + ‘AnkP
T

quasiparticle
excitation energy
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BCS Theory

superconducting gap paring potential
|
tanh mk+q Vnk,mk+quk+q
Bk = QBz 2kpT 2FEmk+q

Enx = \/(Enk - EF)Q + ‘Ank’2 A(T)
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quasiparticle
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BCS Theory

superconducting gap paring potential
|
tanh mk+q Vnk,mk+quk+q
Bk = QBz 2kpT 2FEmk+q

Enx = \/(Enk - EF)Q + ‘Ank’2 A(T)
i Ay

quasiparticle
excitation energy

S
I,

T
e describes in detail the phenomenology of superconductivity
e is a descriptive theory, material-independent — 2Aq = 3.53kpT.

e does not account for the retardation of the e-ph interaction
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How can 7 be calculated beyond BCS?
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McMillan-Allen-Dynes Formula

Wlog “1.04(1 4 \)
T. —
T 12PN s 1 0.62))
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McMillan-Allen-Dynes Formula

Wlog “1.04(1 4 \)
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McMillan-Allen-Dynes Formula
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McMillan-Allen-Dynes Formula

Wlog “1.04(1 4 \)
T. —
T 12PN s 1 0.62))

/ AN

Coulomb e-ph

pseudopotential  coupling strength

can be easily calculated (e.g., Quantum Espresso)

e works reasonably well for isotropic superconductors

requires dense k- and g-meshes to converge A
e fails for multiband and/or anisotropic superconductors

e approximates the Coulomb interaction through p}
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Migdal-Eliashberg Theory

dressed phonon propagator screened Coulomb interaction
paring self-energy l l
h qu(in—iwj/) Vnk’karq(iwj—iwj/)
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e-ph matrix elements . . , .
P interacting Green's function
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Migdal-Eliashberg Theory

dressed phonon propagator screened Coulomb interaction
paring self-energy l l
h qu(in—iwj/) Vnk’karq(iwj—iwj/)
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e-ph matrix elements . . , .
P interacting Green's function

Fan-Migdal self energy GW self-energy

(Lecture Wed.1)
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Migdal-Eliashberg Theory

dressed phonon propagator screened Coulomb interaction
paring self-energy l l
h qu(iwj—iwj/) Vnk’karq(iwj—iwj/)

i Y

N

) @ M—ll s
> J—

Yok (iwj) = gnme(q, k) Imnv(k, Q) + me—=

~ ~

Gmkrq(iw;) Gmk-+q(iwjr)
N T

e-ph matrix elements . . , .
P interacting Green's function

Fan-Migdal self energy GW self-energy

(Lecture Wed.1)
Migdal’s theorem

Only the leading terms in Feynman diagram of the self-energy are included.
The neglected terms are of the order of (me/M)l/2 oC wp /€p.
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Migdal-Eliashberg Approximation
Sk (iwj) = =T Z/TgGmk+q iw;jr )73

[Z |gimno (K, Q)| Doy (i) —iw;) + Vit mictq (i) —iw;1)
14
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Migdal-Eliashberg Approximation
Sk (iwj) = =T Z/TgGmk+q iw;jr )73

[Z |gimno (K, Q)| Doy (i) —iw;) + Vit mictq (i) —iw;1)
’ b

( e 2w

Dy (iw;) :/0 dwmé(w—wqu)
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Migdal-Eliashberg Approximation
Sk (iwj) = =T Z/TgGmk+q iw;jr)T3

[Z |gimno (K, @)|* Doy (i) —iw;) + Vit mictq (iw) —iw;1)
’ s

( e 2w

Dy (iw;) :/0 dwmé(w—wqu)

> 2w 2
Ank,mk-ﬁ-‘l(wj) = Np E,/:/O dwmmmnu(k&N 5(w_wa/)
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Migdal-Eliashberg Approximation
Sk (iwj) = =T Z/TgGmk+q iw;jr)T3

[Z |gmnu(k, q) |2 DqV (in *iwj’) + Vnk,mk-I-q(iwj *iwj’)
: b

f o0 2w

Dy (iw;) :/0 dwmé(w—wqu)

> 2w
>\nk,mk+q(wj) = NF ZA dwmmmm/(k? q)|25(w_wa/)

« d 2
Sk (iw;) ——TZ/ q Gmk+q2wj)3

[/\nk,mk+q( wj—wjr) + Vakmie+q(iwj —iwjr)]
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Nambu-Gor'kov Formalism

A generalized 2x2 matrix Green's functions Gnk(T) is used to describe the
propagation of electron quasiparticles and of superconducting Cooper pairs
on an equal footing.

GTLk(T) = - <TT‘Ilnk(T)‘IlLk(O)>
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Nambu-Gor'kov Formalism

A generalized 2x2 matrix Green's functions Gnk(T) is used to describe the
propagation of electron quasiparticles and of superconducting Cooper pairs
on an equal footing.

imaginary time j

énk(T) = - <TT‘Ilnk(T)‘IlLk(O)>
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Nambu-Gor'kov Formalism

A generalized 2x2 matrix Green's functions Gnk(T) is used to describe the
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Nambu-Gor'kov Formalism

A generalized 2x2 matrix Green's functions Gnk(T) is used to describe the
propagation of electron quasiparticles and of superconducting Cooper pairs
on an equal footing.

imaginary time j 17 Wick's time-ordering operator

énk(T) = - <TT‘Ilnk(T)‘IlLk(0)>

two-component Cnkt
field operator nk = | of
p Cn—x|
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Nambu-Gor'kov Formalism

A generalized 2x2 matrix Green's functions Gnk(T) is used to describe the
propagation of electron quasiparticles and of superconducting Cooper pairs
on an equal footing.

imaginary time j 17 Wick's time-ordering operator

énk(T) = - <TT‘Ilnk(T)‘Il:r1k(0)>

é?kT
én—kJ,

(T et (T)E e (0)) <Tfénm<f>én_k¢<o>>]
(Trél o (1)l (0)) (Trel i (7)en—1,(0))

two-component

field operator Wk =

Gnk(T) = -
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Nambu-Gor'kov Formalism

(T cnm( 7)Ehe(0))  (Trémier(7)én—1,(0))

Crk(r) = (Tyél 1y (7) LkT(O» (Trel (T)C” L(0))

Margine, Lecture Fri.2 13/37



Nambu-Gor'kov Formalism

G k(T) - <TTénkT(T)éLkT(O)> <T’TéTLkT( Cn kJ,( )>
' (Lol i (D) () (Tré] i (7)1 (0)

e Diagonal elements are the normal state Green's functions and
describe single-particle electronic excitations.
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Nambu-Gor'kov Formalism

é k(T) — <TTénkT(T)éILkT<O)> <TTénkT<7—)én*kJ,<O)>
! (Trel o (P (00) (Trel e (7)én1,0))

e Diagonal elements are the normal state Green's functions and
describe single-particle electronic excitations.

e Off-diagonal elements are the anomalous Green's functions and
describe Cooper pairs amplitudes.
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Nambu-Gor'kov Formalism

é k(T) — <TTénkT(T)éILkT<O)> <TTénkT<T)énka,<0)>
! (Trel o (P (00) (Trel e (7)én1,0))

e Diagonal elements are the normal state Green's functions and
describe single-particle electronic excitations.

e Off-diagonal elements are the anomalous Green's functions and
describe Cooper pairs amplitudes.

~

Gnx(7) is periodic in 7 and can be expanded in a Fourier series:

Gi(r) =T e ™ Ge(iw;)
wj
where iw; = i(2j + 1)7T (j integer) are Matsubara frequencies and T is
the temperature. Goneli) Fone (i)
A iw; k(iw;
Gk liw;) = [ Zk " n 7
(i) Fi(twj)  —G_pk(—iw;)
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Nambu-Gor'kov Formalism

Gk (iwj) can be evaluated by solving Dyson's equation:

Graliw) = Gooliwy) — Seli;)
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Nambu-Gor'kov Formalism

Gk (iwj) can be evaluated by solving Dyson's equation:

non-interacting Green's function

l

Caliw;) = Goulivg) — Spliv;)
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Nambu-Gor'kov Formalism

Gk (iwj) can be evaluated by solving Dyson's equation:

non-interacting Green's function

l

Caliw;) = Goulivg) — Spliv;)

N r—}

G&ik(iwj) = iw;jTo — (€nk — €F)73
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Nambu-Gor'kov Formalism

Gk (iwj) can be evaluated by solving Dyson's equation:

non-interacting Green's function

l

Grcliwy) = @E,qﬁk(iwj) — ok(iwj)

(—}

éa,?lzk(iwj) = iw;jTo — (€nk — €F)73

(
Enk(iwj) = 1w [1— an(iwj)] To + Xnk(iwj)%S + A,,,k(iwj)an(z'wj)%l
mass renormalization energy superconducting
function shift gap function
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Nambu-Gor'kov Formalism

Gk (iwj) can be evaluated by solving Dyson's equation:

non-interacting Green's function

l

Grcliwy) = @E,qﬁk(iwj) — ok(iwj)

(—}

éa,?lzk(iwj) = iw;jTo — (€nk — €F)73

(
Enk(iwj) = 1w [1— an(iwj)] To + Xnk(iwj)%S + A,,,k(iwj)an(z'wj)%l
mass renormalization energy superconducting
function shift gap function
. 1 0 . 0 1 . 1 0
=01 7010 BTl -1
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Migdal-Eliashberg Approximation

A 1

Grxliw)) = — ) {iw; Znx (iwj) 7o + [(€nk — €r) 4 Xnk(iw;)] 73

@nk(iwj
+ Ank(iwj)an(iwj)ﬁ}

Ok (iw;) = [wj Znk (1w;)]* +[(enk — €8) + Xk (iw;)) >+ Znk (iw;) A (iw;)]>
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Migdal-Eliashberg Approximation

A~

C Gpk(iw;) = — ] {iw; Zyx (iwj)To + [(€nk — €F) + Xnk(iw;)] 73

@nk(iwj
+ Ank(iwj)an(iwj)ﬁ}

Ok (iw;) = [wj Znk (1w;)]* +[(enk — €8) + Xk (iw;)) >+ Znk (iw;) A (iw;)]>

— 3 (lwj) = TZ/TgGmk+q iw;jr) T3

[Ank,mk—i-q( Wj — j’) + Vnk,mk-l—q(iwj —in/)]
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Migdal-Eliashberg Approximation

A~

. Gnk(iwj) = — {iijnk(iUJj)f'o + [(Enk - EF) + xnk(iwj)] T3

o
®nk(iwj)
+ Ank(iwj)an(iwj)ﬁ}

Ok (iw;) = [wj Znk (1w;)]* +[(enk — €8) + Xk (iw;)) >+ Znk (iw;) A (iw;)]>

— (lwj) = TZ/TgGmk+q iw;jr) T3
[Ank,mk—i-q( Wj — j’) + Vnk,mk-l—q(iwj —in/)]

. [10 . o1 (1 0
=19 1 =110 BTl -1

7A'37A'07A'3:7A'0 and %3%1%3:—%1
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Migdal-Eliashberg Approximation

8 dq Ankmktq(Wj—wjr) — NeVok mikq(iw; —iwjr)
by = T !
(i) Z / Onz Omicrqliw;)

X {zwj/ mk+q (W) To + [(Gmk—s-q —€r) + X'karq(iwj’)] T3
- Akarq( )kaJrq(ZWJ Tl}
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Migdal-Eliashberg Approximation

8 dq Ankmktq(Wj—wjr) — NeVok mikq(iw; —iwjr)
by = T !
(i) Z / Onz Omicrqliw;)

X {zwj/ mk+q (W) To + [(ﬁmk—s-q —€F) + kaJrq(iwj’)] T3
- Akarq( )kaJrq(ZWJ Tl}

Yok (wy) = twj [1 — Zpk (iw;)] To + Xnk (1w;) T3 + Apk(iw;) Znk (tw; ) T1
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Migdal-Eliashberg Approximation

3 dgq A NgV, o
Yok (iw;) = TZ / a4 Ankmicra (W) —wjr) — F nk,mk-+q (W —iw;r)
‘Iz Ormic+qiwr)

X {Wj’ mictq(iwj)To + [(€mk+q — €F) + Xmicrq(iw))] 73
- Akarq( )kaJrq(ZWJ Tl}

Yok (wy) = twj [1 — Zpk (iw;)] To + Xnk (1w;) T3 + Apk(iw;) Znk (tw; ) T1

Ok (iw;) = [wj Znk (1w;)]* +[(enk — €F) + Xk (iw; )] >+ Znk (iw; ) A (i)}
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Migdal-Eliashberg Approximation

3 d )‘n m N, Vn m 105 — L) st
Yok (iwj) = TZ/ q Ak mktq(W)—wj) — F. k,mk+q (1w; —iw;r)
Iz Omictq(iwy)

X {zwj/ mk+q (W) To + [(Gmk—s-q —€r) + XrnkJrq(iwj’)] T3
- Akarq( )kaJrq(ZWJ Tl}

Yok (wy) = twj [1 — Zpk (iw;)] To + Xnk (1w;) T3 + Apk(iw;) Znk (tw; ) T1

Ok (iw;) = [wj Znk (1w;)]* +[(enk — €F) + Xk (iw; )] >+ Znk (iw; ) A (i)}

Equating the scalar coefficients of the Pauli matrices leads to the
anisotropic Migdal-Eliashberg equations.
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Anisotropic Migdal-Eliashberg Equations

Zpx(iwj) = 1+

Z/ dq wj Zmk+q(iwj)
w; N OBz Onkqtqliwy)

X [Ankmicrq(wj —wir) = NeVi micrq (i) —iw;)]

\ (70) . Z/ 6karq - EF) + X7nk+q(LwJ )
K ( =
e N gz Omk+tq(iw;)

[)\nk mk-+q(W; — Wy 1) = NEVak mk+q(iw; _iwj’)]

) dq Zpmxsq(iwi) A kg (iw
Znk (1w Ak (iw;) = Z/Q::Z mk+q mijq(;; jr)q( i)
j

X [/\nk,mk+q(wj —wjr) = NeVakmik+q (iwj —iw;r)]
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Anisotropic Migdal-Eliashberg Equations

Standard approximations

e only the off-diagonal contributions of the Coulomb self-energy are
retained in order to avoid double counting of Coulomb effects
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Anisotropic Migdal-Eliashberg Equations

Standard approximations

e only the off-diagonal contributions of the Coulomb self-energy are
retained in order to avoid double counting of Coulomb effects

e static screening approximation — the Coulomb contribution to the
self-energy is given by the 71 component of G,k (iw;) which is
off-diagonal — the Coulomb contribution to Z,x(iw;) vanishes

, T dq wjr Zmktq(iwj)
Zpk(iw;) = 1+ / -

OBz Omkiqliwy)

% Donkomtesq(@s ) — NFWJJ-—M

Margine, Lecture Fri.2 18/37



Anisotropic Migdal-Eliashberg Equations

Standard approximations

e only the off-diagonal contributions of the Coulomb self-energy are
retained in order to avoid double counting of Coulomb effects

e static screening approximation — the Coulomb contribution to the
self-energy is given by the 71 component of G,k (iw;) which is
off-diagonal — the Coulomb contribution to Z,x(iw;) vanishes

e all quantities are evaluated around the Fermi surface — X,k (iw;)
vanishes when integrated on the Fermi surface because it is an odd

function of w;
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Anisotropic Migdal-Eliashberg Equations

Standard approximations

e only the off-diagonal contributions of the Coulomb self-energy are
retained in order to avoid double counting of Coulomb effects

e static screening approximation — the Coulomb contribution to the
self-energy is given by the 71 component of G,k (iw;) which is
off-diagonal — the Coulomb contribution to Z,x(iw;) vanishes

e all quantities are evaluated around the Fermi surface — X,k (iw;)
vanishes when integrated on the Fermi surface because it is an odd
function of w;

e the electron density of states is assumed to be constant
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Anisotropic Migdal-Eliashberg Equations

Standard approximations

e only the off-diagonal contributions of the Coulomb self-energy are
retained in order to avoid double counting of Coulomb effects

e static screening approximation — the Coulomb contribution to the
self-energy is given by the 71 component of G,k (iw;) which is
off-diagonal — the Coulomb contribution to Z,x(iw;) vanishes

e all quantities are evaluated around the Fermi surface — X,k (iw;)
vanishes when integrated on the Fermi surface because it is an odd
function of w;

e the electron density of states is assumed to be constant

e the dynamically screened Coulomb interaction NpVyi ;i is
embedded into the semiempirical pseudopotential p
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Anisotropic Migdal-Eliashberg Equations

wsir

: J
Zpx(iwj) = E /Q

WJNF BZ \/w +A2

mass renormalization

function X Ank mk+q( —w;j)0(Emktq — €F)

T W1
Zoelios;) A(ivs;) = s Z/QBZ mk+q( 5! )
superconductmg \/w +Amk+q(wj /)

gap function [/\nk,mk+q( wj—w j’)_ﬂc] §(€mkrq — €F)

mk-+q (ZwJ )
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Anisotropic Migdal-Eliashberg Equations

wsir

: J
Zpx(iwj) = E /Q

WJNF BZ \/w +A2

mass renormalization

function X Ank mk+q( —w;j)0(Emktq — €F)
. T Kk-t+q(iw;r)
Znk (iwj) Ak (iwj) = Z/QBZ Amikc+q (i
superconductmg \/w +Amk+q(wj /)
gap function [)\nk,mk—l-q( = j’ﬂ_ﬂc] §(€mkrq — €F)

mk-+q (ZwJ )
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Anisotropic Migdal-Eliashberg Equations

Wi

; J
Zpx(iwj) = E /

w]NF QBZ w —i—A

mass renormalization

function X Ank mk+q( —w;j)0(Emktq — €F)
) 7T Aksq(iws
an(le)An,k Zw] — Z/QBZ +Q( j’ )
superconductmg \/w +A7nk+q(lw] /)
gap function [Ank,mk—l-q( = j’ﬂ_ﬂc] §(€mkrq — €F)

mk-+q (ZwJ )

o 2w
Ank,mk+q(wj)|= Np Z/O dwm|gmnu(kv Q>|25(W_un)
v J

anisotropic e-ph
coupling strength
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Anisotropic Migdal-Eliashberg Equations

. Wit
Zpx(iwj) = J

W]NF Z/QBZ w
mass renormalization

function X Ak, mk-+q(Wj—wjr )0 (Emk+q — €F)
) 7T Aksq(iws
an(le)An,k Zw] — Z/QBZ +Q( j’ )
superconductmg \/w +A7nk+q(lw] /)
gap function [Ank,mk—l-q( = j’ﬂ_ﬂc] §(€mkrq — €F)

m k+q (ZwJ )

o 2w
Ankmk+q(@)|= Np Y /0 w55 |9mn (K, q) 6 (w—wa)
v J

anisotropic e-ph _ ood 2p 2w

i = W nk,mk+q(w) 2 2

coupling strength 0 wji +w
anisotropic Eliashberg

spectral function
Margine, Lecture Fri.2 19/37



Anisotropic Migdal-Eliashberg Equations

an(iw-) — / wyr
J (,UJNFZ QBZ \/w,+A

mk+q(“"3 ')
X Ank mk+q( — Wy )5(€mk+q - 6F)
. ) T A, Wi
an(zwj)Ank(ij) = Z/Q k+q( J)
BZ \/w +Amk+q(zw] /)

P\nk mk—l—q( Wy ) :U’c] 5(€mk+q - 6];‘)
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Anisotropic Migdal-Eliashberg Equations

j/
ngF Z/QBZ \/w 2 | A2

mk+q (iwjr)

an(iwj) =

X Ank,mk+q (W —wj )0 (€mitq — €F)

. 7T k+q(iw;)
Znk (iw)) Apk (iw;) = Z/Q Brmicqlit;
BZ \/w +Amk+q(zw] /)
X [Ankmicrq(wj —wjr) = p1e] 0(€micrq — €r)
e The coupled nonlinear equations need to be solved self-consistently at
each temperature T’
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Anisotropic Migdal-Eliashberg Equations

an(iwj) =

v o
ngF Oz \/w 2 |

Amk+q(zw] /)
X Ank mk+q( —w;jr)6(Emktq — €F)

- B T mk+q(iwj )
an(lw])Ank Zw] - Z/QBZ \/w +Amk+q(7’w] )

X [Ankmicrq(wj —wjr) = p1e] 0(€micrq — €r)
e The coupled nonlinear equations need to be solved self-consistently at
each temperature T’

e The equations must be evaluated on dense electron k- and phonon
g-meshes to properly describe anisotropic effects
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Anisotropic Migdal-Eliashberg Equations
. T d Wi
i) 1+ TL A
GINF ) 2B \/w]?,qLA%lkJrq(zwj/)
X Ank mk+q( — Wy )5(€mk+q - 6F)
) ) T Ay, W
an(zw]')Ank(ij) _ e Z/Q k+q( 3’ )
BZ \/w +Amk+q(zw] /)
X [Ank,mk—l—q(wj_wj’)_:uc] 5(€mk+q - eF)

e The coupled nonlinear equations need to be solved self-consistently at
each temperature T’

e The equations must be evaluated on dense electron k- and phonon
g-meshes to properly describe anisotropic effects

e The sum over Matsubara frequencies must be truncated (typically set
to four to ten times the largest phonon energy)
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Anisotropic Migdal-Eliashberg Equations

. 'l dq wijr
Znk(iw;) = 1+ N /Q ¢ .
wjNp 7= {8z \/w]?,jLA%lkJrq(zwj/)

X Ank mk+q( —wyr )5(€mk+q - 6F)
Znk(iwj)Apk (iw;) = T Z/Q Armictq(iwy)
BZ \/w +Amk+q(zw] /)

X [Ankmicrq(wj —wjr) = p1e] 0(€micrq — €r)
e The coupled nonlinear equations need to be solved self-consistently at
each temperature T’

e The equations must be evaluated on dense electron k- and phonon
g-meshes to properly describe anisotropic effects

e The sum over Matsubara frequencies must be truncated (typically set
to four to ten times the largest phonon energy)

e Z. and A, are only meaningful for nk at or near the Fermi surface
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Isotropic Migdal-Eliashberg Equations

T i
Z(’in) =1+ T~ i

Y Nwj—wy)
Wi Wi Aiw;) ’

(twjr
Z(iw;)A(iw;) = Z ) [AMwj—wir) — ]
i /+A (w;r)
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Isotropic Migdal-Eliashberg Equations

7TT (,Uj/

Z(iw;) =1+ — ———\(wj —wj)
Wil Jwh A A(iw;)
(fwr N
Z(iw;)A(iw;) = Z i) [)\(wj—wj/) — uc]
i /+A (w;r)
Isotropic e-ph coupling strength
& 2w
Mwj) = | dwd®F(w)———
) /o e (w)wgz + w?

Isotropic Eliashberg spectral function

Oé = mnzzk
NFZ/QBZ/ g ()

X 0(w—wqv)d(€nk — €F)0(Emktq — €F)
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What about the Coulomb Interaction?

Screened Coulomb interaction

Vnk,karq = <nk7 —Nk\W|mk+q, —mk+q)
2=

4 \

L \

Giustino, Cohen, Louie, PRB 81, 115105 (2010);
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What about the Coulomb Interaction?

Screened Coulomb interaction

Vnk,karq = <nk7 _nk‘W‘mk‘FCL —mk+q>
=

4 L

L \

W can be calculated within the random phase approximation

He = NF<<Vnk,mk+q>>FS

Morel-Anderson semiempirical pseudopotential

M* _ He
14 pelog(wel/wpn)

Giustino, Cohen, Louie, PRB 81, 115105 (2010);
Margine, Lecture Fri.2 Lambert and Giustino, PRB 88, 075117 (2013) 22/37



Migdal-Eliashberg Theory

has predictive power, material-dependent

accounts for the retardation of the e-ph interaction

works for multiband and/or anisotropic superconductors

generally approximates the Coulomb interaction through

requires dense k- and g-meshes
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Density Functional Theory for Superconductors (SCDFT)

Ak E,x
A _ A nk,mk—i—q mk-+q tanh mk-+q
e T Tk Rk Z/ Qpz 2Fnk+4q o 2kpT

Enk = \/(enk - 61:‘)2 + |Ank‘2
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Density Functional Theory for Superconductors (SCDFT)

A k E k
AL A nk,mk+q—=mk+q tanh mk+q
1T1k ZakAnk— Z/QBZ 2Emk+q an 2kpT
superconducting Ex = \/(enk —er)? + | Apk|?

gap function
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Density Functional Theory for Superconductors (SCDFT)

Z accounts for
e-ph interactions

l
A k E k
AL A nk,mk—i—q mk+q tanh mk+q
?k Znk Ak Z/ Oz 2Emk+q U 2ksT
superconducting Ex = \/(enk —er)? + | Apk|?

gap function
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Density Functional Theory for Superconductors (SCDFT)

Z accounts for kernel K accounts for
e-ph interactions e-ph and e-e interactions
k,mk+quk+q Emk+q
Ank - = nkAnk / - tanh (
Z Qpz 2Fmk+q 2kgT

I

superconducting Ex = \/(enk —er)? + | Apk|?
gap function
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Density Functional Theory for Superconductors (SCDFT)

Z accounts for kernel K accounts for
e-ph interactions e-ph and e-e interactions
k,mk+quk+q Emk+q
A = — A L tanh
?k FnleBnke Z/ Qpz 2Fmk+q 2kgT
superconducting E.x = \/(ﬁnk — eF)Q + |Ank‘2

gap function

has predictive power, material-dependent

accounts for retardation effects through the XC functionals

works for multiband and/or anisotropic superconductors

treats e-ph and e-e interactions on equal footing
e requires development of new functionals for e-ph interactions

e requires dense k- and g-meshes
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Examples from calculations and experiments
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Supeconductivity in Pb

e Isotropic Migdal-Eliasbergh formalism (EPW)

1.2
;0.8
> i
£ 04
< 0.0

o4l . . . .

0 20 40 60
io (meV)

Figures adapted from Margine and Giustino, Phys. Rev. B 87, 024505 (2013)
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Supeconductivity in Pb

e Isotropic Migdal-Eliasbergh formalism (EPW)

1.20
;0.8

> i
£ 04
< 0.0

o4l . . . .

0 20 40 60
io (meV)

superconducting gap edge Ay
is defined as Ay = A(iw = 0)

Figures adapted from Margine and Giustino, Phys. Rev. B 87, 024505 (2013)

Margine, Lecture Fri.2 26/37



Supeconductivity in Pb

e Isotropic Migdal-Eliasbergh formalism (EPW)
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superconducting gap edge Ay
is defined as Ay = A(iw = 0)

Figures adapted from Margine and Giustino, Phys. Rev. B 87, 024505 (2013)
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Supeconductivity in Pb

e Isotropic Migdal-Eliasbergh formalism (EPW)

1.2[- 12 '_o—o—o—o—o\.\.\ H:=0~1—-
= 08 s | e,
> L o

2 I Q 08¢} L N
£ 04 E "\,
L o 3 o A
< 00 < 04r T %
-04 . : . L . ooL—or . . \.\«8'

0 20 40 60 0 2 4 6

io (meV) T (K)
superconducting gap edge Ay T, is defined as the temperature
is defined as Ag = A(iw = 0) at which Ag =0

Figures adapted from Margine and Giustino, Phys. Rev. B 87, 024505 (2013)
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Supeconductivity in Pb

e Comparison between Migdal-Eliashberg and SCDFT formalism
1.5 . : . .

o—o—o—0—0—o_
— e,
> 10t . .
5 \
£ o5f TR LI
b
00 1 1 1 ’.
0 2 4 6 8

Right top and bottom figures from Marques et al, Phys. Rev. B 72, 024546 (2005) and
Margine, Lecture Fri.2

Floris et al, Phys. Rev. B 75, 054508 (2007)
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Supeconductivity in Pb

e Comparison between Migdal-Eliashberg and SCDFT formalism

1.5 T T T T T
'=‘='='=‘:8:3\8
S 10} N -
Q \:\
£ - N
— —e— 1 =0.1
© 05F e L
< —e—11=0.09 '.".\
0.0 ' - _# |
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T (K)

Right top and bottom figures from Marques et al, Phys. Rev. B 72, 024546 (2005) and
Floris et al, Phys. Rev. B 75, 054508 (2007)
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e Comparison between Migdal-Eliashberg and SCDFT formalism

Supeconductivity in Pb

1.5 T T T
'o:c:s:s:s:g:.\‘
> 10+ N .
(O] \:\
£ : s
- —e— 1 =0.1
© 05F e L
< —e—111=0.09 '.".\
@ exp : 1
0.0L—— - 8, |
0 2 4 6 8
T (K)

Right top and bottom figures from Marques et al, Phys. Rev. B 72, 024546 (2005) and
Floris et al, Phys. Rev. B 75, 054508 (2007)
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Supeconductivity in Pb

e Comparison between Migdal-Eliashberg and SCDFT formalism

1 .5 T T T T T T T T T T
s - _ m  Experiment|]
e=8=0=0=0=g- E — - TF-SK ]
. .\.Q‘\ 12 — TF-ME
S 10t N - ~ | ]
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Right top and bottom figures from Marques et al, Phys. Rev. B 72, 024546 (2005) and

Floris et al, Phys. Rev. B 75, 054508 (2007)
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Supeconductivity in Pb

e Comparison between Migdal-Eliashberg and SCDFT formalism

1.5 — T . :
'Y - ————_ m  Experiment |7
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Right top and bottom figures from Marques et al, Phys. Rev. B 72, 024546 (2005) and

Floris et al, Phys. Rev. B 75, 054508 (2007)
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Supeconductivity in MgB,

Bottom left and right figures from Kortus et al, Phys. Rev. Lett. 86, 4656 (2001) and Margine

and Giustino, Phys. Rev. B 87, 024505 (2013)
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Supeconductivity in MgB,

E(eV)
S
/
e,
IS N

:|-_-§

r  DOS

Bottom left and right figures from Kortus et al, Phys. Rev. Lett. 86, 4656 (2001) and Margine

and Giustino, Phys. Rev. B 87, 024505 (2013)
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Supeconductivity in MgB,

E(eV)
S
/
e,
FOES

:|-_-§

r  DOS

Bottom left and right figures from Kortus et al, Phys. Rev. Lett. 86, 4656 (2001) and Margine

and Giustino, Phys. Rev. B 87, 024505 (2013)
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Supeconductivity in MgB,

p(n)

Bottom left and right figures from Kortus et al, Phys. Rev. Lett. 86, 4656 (2001) and Margine

and Giustino, Phys. Rev. B 87, 024505 (2013)
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Supeconductivity in MgB,

)

N

r DOS

e-ph coupling
strength

Bottom left and right figures from Kortus et al, Phys. Rev. Lett. 86, 4656 (2001) and Margine

and Giustino, Phys. Rev. B 87, 024505 (2013)
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Supeconductivity in MgB,
e Anisotropic Migdal-Eliasbergh formalism (EPW)

A,e(0) [meV]

8
T
6
A
4
A
T
2
M
M T

superconducting gap on FS

Left and right figures from Poncé et al, Comp. Phys. Commun. 209, 116 (2016) and Margine

and Giustino, Phys. Rev. B 87, 024505 (2013)
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Supeconductivity in MgB,

e Anisotropic Migdal-Eliasbergh formalism (EPW)

A,e(0) [meV]

: _ T o Flk P I} } I} Iu:=0.1(sl—.
¢ Ee- } b ]
4 <]=c=3_ 3 ]

0
0 10 20 30 40 50
T (K)

superconducting gap on FS

Left and right figures from Poncé et al, Comp. Phys. Commun. 209, 116 (2016) and Margine

and Giustino, Phys. Rev. B 87, 024505 (2013)
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Supeconductivity in MgB,

e Anisotropic Migdal-Eliasbergh formalism (EPW)

S
}

0 10 20 30 40 50
T (K)

superconducting gap on FS

Left and right figures from Poncé et al, Comp. Phys. Commun. 209, 116 (2016) and Margine

and Giustino, Phys. Rev. B 87, 024505 (2013)
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Supeconductivity in MgB,

e SCDFT formalism

a ST T

6 — —|
@ lavarone et al.
F m Szabo et al. —
= W Schmidt et al.
E 4 @ Gonnelli er al. .. ]
S

| N - I | N - | | T - | 11
0 10 20 30 40
T[K]

Figure and table from Floris et al, Physics C 456, 45 (2007)
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Supeconductivity in MgB,

e SCDFT formalism

a 8T ‘ T Summary of calculated 7, (K) and gaps (meV)
q L] L} Coulomb e-e 2 () o Flew)
T. A, A, T. A, A,
6 — RPA 36.5 73 2.6 20.8 3.8 38
@ lavarone et al. av-RPA 50.2 9.4 1.5 20.8 37
— [ | = Smboetal 1 RPADIAG 300 59 22
> B Schmidt er al.
2 4 @ Gonnelli er al. e HIT 34.1 638 2.5
= TF-ME 31.0 6.1 23
<
exp 382 7.1 29
q
2 Coulomb e-e: RPA = RPA dielectric matrix with local fields (LF); RPA-
DIAG = RPA diagonal dielectric matrix (no LF); HL = model dielectric
matrix from Ref. [44] (with LF); TF-ME = Thomas-Fermi screening; av-
RPA = average of RPA ME (Eq. (27)). Experimental values are taken
0 from Ref. [24].
0 10 20 30 40 . . .
T A fully anisotropic calculation gave T = 22 K.

Figure and table from Floris et al, Physics C 456, 45 (2007)
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Supeconductivity in CgCaCq

resistance vs temperature

in C6CaC6
60—
50
O 404
G
£ % |c,cac
5 salg
SiC
10
onset =
o Tomet =4 K

T T T
10 20 30 40

Temperature (K)

Left and right figures from Ichinokura et al, ACS Nano 10, 2761 (2016) and Chapman et al, Sci.
Rep. 6, 23254 (2016)

Margine, Lecture Fri.2 31/37



Supeconductivity in CgCaCq

resistance vs temperature magnetisation vs temperature
in CgCaCy in Ca-doped graphite laminates
60 0.04 : +80004
_ 50 | FC ; Tconset ~6.4K
O 404 iy 1 $ 0000 gememesesd
g 5 s e/
g 30 e cac E’, _0 24 : E 000 .
sic 1 T Ea B e R
10 i T(K)
o Tcor:sei = I4 K , | _04 ¥ _ .
10 20 30 40 3 6 9 1215
T(K)

Temperature (K)

Left and right figures from Ichinokura et al, ACS Nano 10, 2761 (2016) and Chapman et al, Sci.

Rep. 6, 23254 (2016)
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Supeconductivity in C¢CaCq

e Anisotropic Migdal-Eliasbergh formalism with ab initio Coulomb
pseudopotential x5 = 0.155 (EPW and SternheimerGW)

Figures adapted from Margine et al, Sci. Rep. 6, 21414 (2016)
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Supeconductivity in CgCaCq

e Anisotropic Migdal-Eliasbergh formalism with ab initio Coulomb
pseudopotential x5 = 0.155 (EPW and SternheimerGW)

superconducting
gap on FS

Figures adapted from Margine et al, Sci. Rep. 6, 21414 (2016)
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Supeconductivity in CgCaCq

e Anisotropic Migdal-Eliasbergh formalism with ab initio Coulomb
pseudopotential x5 = 0.155 (EPW and SternheimerGW)

2.0 T T T T
a5k oA f
3 10 45
é .
< 0.5
0.0 -
0 2

'| superconducting
gap on FS

Figures adapted from Margine et al, Sci. Rep. 6, 21414 (2016)
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Superconductivity in CgCaCg

e Screened Coulomb interaction within the random phase approximation
using the Sternheimer approach

Figures adapted from Margine et al, Sci. Rep. 6, 21414 (2016)
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Superconductivity in C4CaCg

e Screened Coulomb interaction within the random phase approximation
using the Sternheimer approach

Hy

. 0.33

025 [

o
l 0.09 K L »
0.01
screened Coulomb interaction
tte = Ne((Vak,mx))rs on FS

Figures adapted from Margine et al, Sci. Rep. 6, 21414 (2016)
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Superconductivity in C4CaCg

e Screened Coulomb interaction within the random phase approximation
using the Sternheimer approach

screened Coulomb interaction
pe = Np((Vak,mx'))rs on FS

te = 0.254; wel = 2.5 eV; wpn = 200 meV
po = e/ 1+ e log(wer fwpn)] = 0.155

Figures adapted from Margine et al, Sci. Rep. 6, 21414 (2016)

Margine, Lecture Fri.2 33/37



Superconductivity in C4CaCg

e Screened Coulomb interaction within the random phase approximation

using the Sternheimer approach .

4 0.15

41 0.10

4 0.05
screened Coulomb interaction 1

pe = Np((Vak,mx'))rs on FS 0
te = 0.254; wel = 2.5 eV; wpp = 200 meV
po = e/ 1+ e log(wer fwpn)] = 0.155

0.00

0 300 600 900 1200
wph (meV)

Figures adapted from Margine et al, Sci. Rep. 6, 21414 (2016)
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Supeconductivity in Li-decorated Monolayer Graphene

e Spectroscopic observation of a paring gap in Li-decorated graphene

1E T T T 3
A X | Li-Graphene { 1[
-~ . A=0.9meV
St ! -
8 ’ X' T=15K | 09
2051 ‘ T=35K -
e
il
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F T.~5.9K! 15K
L ! : E (o 3.5K
1 1 1 1 1 1
910 -5 0 5 10 0'110 -5 0 5 10
Energy (meV) Energy (meV)
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Figures from Ludbrook et al. PNAS 112, 11795 (2015)
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Supeconductivity in Li-decorated Monolayer Graphene

e Spectroscopic observation of a paring gap in Li-decorated graphene
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£ {1 o8 £ |
T,~5.9K! . 15K - ! . .
i < 1 G 35K - ! .

1 1 1 1 1 1 0 1 1 1 Sge
QIO -5 0 5 10 0'110 -5 0 5 10 —10 =5 0 5 10

Energy (meV) Energy (meV) Energy (meV)

Figures from Ludbrook et al. PNAS 112, 11795 (2015)
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Supeconductivity in Li-decorated Monolayer Graphene

e Anisotropic Migdal-Eliasbergh formalism (EPW)

0.75

superconducting gap on FS

Figures adapted from Zheng and Margine, Phys. Rev. B 94, 064509 (2016)
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Supeconductivity in Li-decorated Monolayer Graphene

e Anisotropic Migdal-Eliasbergh formalism (EPW)

A 1.2 T T T T T T
100 x
u=0.14
0.94 r-—- BB
S 08 *~}\ }\} -
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075
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superconducting gap on FS T (K)

Figures adapted from Zheng and Margine, Phys. Rev. B 94, 064509 (2016)
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Take-home Messages

e We can obtain measurable superconducting properties
with anisotropic resolution using the Migdal-Eliashberg
theory

e The solutions of the Migdal-Eliashberg equations
invariably require a fine sampling of the electron-phonon
matrix elements across the Brillouin zone

e The Migdal-Eliashberg theory and SCDFT describe the
same physics
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