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Lecture Summary

Limitations of Rayleigh-Schrodinger perturbation theory

Many-body Hamiltonian

Green's function and the spectral function

Electron-phonon self-energy

Electron mass enhancement and lifetimes

How do phonons arise from the many-body Schrodinger equation
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Limitations of DFT and Rayleigh-Schrodinger perturbation theory

Kohn-Sham equations from Lec. Mon.1

2
- 27:fle VQ ¢n(r) + VSCF(r; T1,T2, " ) 77Z}n(r) =é&n ¢n(r)

energy (eV)

wavevector
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Limitations of DFT and Rayleigh-Schrodinger perturbation theory

Kohn-Sham equations from Lec. Mon.1

h2
2me,e

v2 ¢n(r) + VSCF(r; T1,T2, " " ) wn(r) =E&n ¢n(r)

Adiabatic Born-Oppenheimer approximation

Nuclei described as classical particles

energy (eV)

e Electron-phonon interactions depend on XC functional

e Phonons have infinite lifetimes in metals

wavevector
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Phenomena beyond Rayleigh-Schrodinger perturbation theory

— Lec. Thu.2 Giustino

Polaron liquid at the SrTiO3(001) surface

29x101

E-E (eV)

-0.3 0.0 0.3 -0.3 0.0 03
k, (A1) k (A
Figure from Wang et al, Nat. Mater. 15, 835 (2016)
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Phenomena beyond Rayleigh-Schrodinger perturbation theory

Normalized conductance

Feliciano Giustino

— Lec. Wed.2 Margine

Andreev reflection spectroscopy of superconducting MgB
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Figure from Szabd et al, Phys. Rev. Lett. 87, 137005 (2001)
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Phenomena beyond Rayleigh-Schrodinger perturbation theory

Feliciano Giustino

Phonon softening and lifetimes in B-doped diamond
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Figure from Caruso et al, Phys. Rev. Lett. 119, 017001 (2017)
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Many-body Schrodinger equation for electrons and nuclei

h2

2
electrons — E f E v(r;, r;
om, sz + i) ( (2) J) r; electron
K2 T, nucleus
. 2
nuclei — g V+E 2.7 V(T T
2M,{ K K>k RER ( o H) e2
/
v(r,r')= ———
. _ (r,x') 4mep|r — 1|
interaction — E iHZNU(rZ-,TK) U =FE,¥
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e Electrons and vibrations must be described on the same footing
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Many-body Schrodinger equation for electrons and nuclei

h2
2
electrons — E f E v(r;, r;
om, sz + i) (17 J) r; electron
K2 T, nucleus
. 2
nuclei - E V—i—g 2L U( Ty Trrt
2M,{ K K>k RER (m H) e2
/
v(r,r') = ———
. _ (r,x') 4mep|r — 1|
interaction — E iHZNU(rZ-,TK) U =FE,¥

e Electrons and vibrations must be described on the same footing

e The many-body Schrodinger equation is impractical for calculations or EPIs in solids
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Field operators

W(ry,ra, ) = AlOks) + > Bunn 6hnlOks) + Y Connpg €h,6h¢4|0ks) + - -

Feliciano Giustino

Many-electron wavefunction as a linear combination of Slater determinants
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Field operators

Many-electron wavefunction as a linear combination of Slater determinants
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Operators in second quantization
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Field operators
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Field operators

Many-electron wavefunction as a linear combination of Slater determinants

U(ry,ry, -+ ) = Al0ks) + Z By élzén|OKS> + Z Crnpq éjnélépéq‘OKQ +

mn mnpq

Operators in second quantization
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Field operators

Many-electron wavefunction as a linear combination of Slater determinants

U(ry,ra, ) = AlOks) + Y Bun ¢hénlOks) + D Crunpg ¢l éplOks) +

mn mnpq

Operators in second quantization

Zi V(r;) = Zmn Vinn é:rnén
S vin) ZZ/M ()6 (1) & = [ 31V )D0)

Field operators

e EY e, P E Y b,
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Hamiltonian in field-theoretic formulation
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Hamiltonian in field-theoretic formulation

Electron-nucleus interaction U, :/dr dr’ 1o (r) 0y, (v )o(r, v')
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Hamiltonian in field-theoretic formulation

Electron-nucleus interaction U, :/dr dr’ 1o (r) 0y, (v )o(r, v')

1

Electron-electron interaction  Us. = §/dr dr' fie(r) [f1e(r") — 0(r — 1)] v(r, ¥')
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Time evolution of field operators and Dyson orbitals

Ground state of N-electron system fﬂN) = EN|N)
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Time evolution of field operators and Dyson orbitals
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Time evolution of field operators and Dyson orbitals

Ground state of IN-electron system

S-th excited state of N+ 1-electron system

H|N) = Ey|N)

HIN +1,s) = Eny14|N +1,5)

Excitation energy

Heisenberg time evolution of field operator

Feliciano Giustino

Es = EN+1,5 - EN

~

¢(X7 t) =

eim/n @(x) e—iﬁt/h
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Time evolution of field operators and Dyson orbitals

Ground state of IN-electron system

H|N) = Ey|N)
HIN +1,5) = Ex,14|N +1,5)

Es = EN+1,5 - EN

S-th excited state of N+ 1-electron system

Excitation energy

~

Heisenberg time evolution of field operator Y(x,t) = gHHt/h tﬁ(x) e~/

Exercise (N|ih(x,t)|N +1, )
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HIN +1,5) = Ex,14|N +1,5)

Excitation energy

Heisenberg time evolution of field operator

Exercise

Feliciano Giustino

(N|ih(x,t)|N +1, )

Es = EN+1,5 - EN

~

w(x7 t) _ eiﬁt/h Qﬁ(X) e—iﬁt/h

(N ) e N 41, 5)
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The Green's function at zero temperature

Time-ordered
Green's function

G(xt,x't') =

J/i Wick's time-ordering operator

7 N

(N T (xt) PIE)IN)
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The Green's function at zero temperature

Time-ordered
Green's function

G(xt,x't') =

17 Wick's time-ordering operator

7 N

(N T (xt) PIE)IN)

< electron in x at time ¢ ‘ electron in x’ at time ¢/ >

Xt ®

\_/_\

o x't!
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The Green's function at zero temperature

Consider ¢t > t’ (electron added to ground state)

GlxtXY) =~ {N|d(xt) 91 (1) )
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The Green's function at zero temperature
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The Green's function at zero temperature

Consider ¢t > t’ (electron added to ground state)

GlxtXY) =~ {N|d(xt) 91 (1) )
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The Green's function at zero temperature

Consider ¢t > t’ (electron added to ground state)

GlxtXY) =~ {N|d(xt) 91 (1) )

_ —%(N| eiﬁt/h %@(X) e—th/h eiﬁt’/h &T(X/) e—iﬁt’/h|N>
= (N| (e =B/ i () )
AN /

DN+ LN+ 1]

S ) DIFACS A Tl
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The spectral function

Carry out the same operation for ¢ < ¢’ and Fourier transform

/ s(x) fe (X
G(X,X ,w) = ZS % F occ/unocc
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The spectral function

Carry out the same operation for ¢ < ¢’ and Fourier transform

/ s(x) fe (X
G(X,X ,w) = ZS % F occ/unocc

The poles of the Green's function represent the electron

addition/removal energies of the interacting many-body system

From the Green's function we can obtain the spectral (density) function
1
Alx,w) = ~ ImGx,x,w)| = ) [fx)]” 87w — &)

™
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The spectral function

Carry out the same operation for ¢ < ¢’ and Fourier transform

/ s(x) fe (X
G(X,X ,w) = ZS % F occ/unocc

The poles of the Green's function represent the electron

addition/removal energies of the interacting many-body system

From the Green's function we can obtain the spectral (density) function

AGx,w) = ~ [ Glxx,w)| = 3 1) 8w — <)

The spectral function is the many-body (local) density of states

Feliciano Giustino
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The spectral function: Broadening

> Re

-— ™
Y

Example: a single complex pole ¢ — i’
—il" -
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G(x,x,t—1) = —% | fo(x)|? et/ Tt/
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The spectral function: Broadening

Example: a single complex pole ¢ — i’
— T b

G(x,x,t—1) = —% | fo(x)|? et/ Tt/

1 r
A(X,X,w) = ;(hw — 5)2 T2 |fs(X)|2
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The spectral function: Broadening

Example: a single complex pole ¢ — i’

G(x,x,t—1) = —% | fo(x)|? et/ Tt/

1 r
A(X,X,w) = ;(hw — 6)2 112 |f5(x)|2

Feliciano Giustino
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The spectral function: Coherent and incoherent structures

Alk,w) = = [Im Gk, )|
T
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The spectral function: Coherent and incoherent structures
1
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DFT density of states
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The spectral function: Coherent and incoherent structures
1
™

DFT density of states

IN
L quasiparticle shift

boson energy

quasiparticle broadening

many-body DOS

energy
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How to calculate the Green's function
Heisenberg time evolution

&(X, t) — eiI:It/h &(X) efiI:It/h
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How to calculate the Green's function
Heisenberg time evolution
zﬁ(x, t) = ciHt/h zﬁ(x) o iHt/h
Equation of motion for field operators

~ A

m%wm - [@z}(x, ), H}
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How to calculate the Green's function
Heisenberg time evolution
&(X, t) — eth/h &(X) efth/h

Equation of motion for field operators

m%wm - [@z}(x, t),[ﬂ - {— ;:L v / dr'v(r, ') ﬁ(r’t)] b(xt)

total charge, electrons & nuclei
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How to calculate the Green's function
Heisenberg time evolution
&(X, t) — eth/h &(X) efth/h

Equation of motion for field operators

0 ~ - h? -
ihZ(xt) = [¢(x, ), H} S L v £ / dr'v(r, ) i(r't)| ¥ (xt)
ot 2Me
total charge, electrons & nuclei
Equation of motion for Green's function
[ 0 h?

i+ mvﬂ G(12) + g / d3v(13) (T'a(3) (1) ¥1(2) ) = 6(12)
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How to calculate the Green's function
Heisenberg time evolution
&(X, t) — eth/h &(X) efth/h

Equation of motion for field operators

m%wm - [@z}(x, t),[ﬂ - {— ;2 v+ / dr'v(r, ') ﬁ(r’t)] b(xt)

Me

total charge, electrons & nuclei

Equation of motion for Green's function

[ihaatl + ;;CV%} G(12) + %/d?) v(13) (T A(3) (1) ¥T(2)) = 6(12)

4 field operators
Nuclear potential 4+ Hartree + Fock + 2-particle Green’s function
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Dyson equation

Nuclear potential + Hartree 2-particle Green's function

Viot (1) = /d2v(12)<ﬁ(2)) rewritten using self-energy X

|

Vi — th(l)] G(12) — /d3 »(13) G(32) = §(12)

th— +

0 h?
atl 2m0
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Dyson equation

Nuclear potential + Hartree 2-particle Green's function

Vior (1) = /d2v(12)<ﬁ(2)) rewritten using self-energy X

|

{ma% + ;ZCV% - Vtot(l)] G(12) — /d3 ¥(13) G(32) = §(12)

Express the Green's function in terms of Dyson’s orbitals

{_272 . v vm(r)} fo(x) + / dx' 5(x, %', 5/N) f5(x) = e, f5(x)
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Dyson equation

Nuclear potential + Hartree 2-particle Green's function

Vior (1) = /d2v(12)<ﬁ(2)) rewritten using self-energy X

|

ih—+—Vi— Vtot(l)] G(12) — /d3 ¥(13) G(32) = §(12)

atl 2m0

{8 h?

Express the Green's function in terms of Dyson’s orbitals

{_;:L . v vm(r)} fo(x) + / dx' E(x, %, &5 /N) f5(x) = €, f5(x)

Sources of electron-phonon interaction
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Dyson equation

Nuclear potential + Hartree 2-particle Green's function

Vior (1) = /d2v(12)<ﬁ(2)) rewritten using self-energy X

|

Vi — th(l)] G(12) — /d3 »(13) G(32) = §(12)

! atl + 2m0

[ 0 h?
Express the Green's function in terms of Dyson’s orbitals

self-consistent eigenvalue

{_;:L . v vm(r)} fo(x) + / dx' ¥ (x, %/, Iss/fo fs(x') = slsfs(x>

Sources of electron-phonon interaction
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How to calculate the electron-phonon self-energy

Electron self-energy from Hedin-Baym's equations
(12) = ih / d(34) G(13) T (324)W (41%)

Green's function I
Vertex

Screened Coulomb interaction
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How to calculate the electron-phonon self-energy

Electron self-energy from Hedin-Baym's equations
(12) = ih / d(34) G(13) T (324)W (41%)

Green's function I
Vertex

Screened Coulomb interaction

W =W, + W
]

W, (12) :/d3 €. 1 (13)v(32)
Reduces to standard GW method + screening from nuclei

Feliciano Giustino 18 of 37



Diagrammatic representation of the self-energy

_______

Standard GW self-energy

— Lec. Thu.l Louie

Figure from FG, Rev. Mod. Phys. 89, 015003 (2017)
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Diagrammatic representation of the self-energy

G s G

Standard GW self-energy Fan-Migdal self-energy

— Lec. Thu.l Louie

Figure from FG, Rev. Mod. Phys. 89, 015003 (2017)
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Diagrammatic representation of the self-energy

_ . + +
@ G g G gz,DW

Standard GW self-energy Fan-Migdal self-energy  Debye-Waller self-energy

— Lec. Thu.l Louie

Figure from FG, Rev. Mod. Phys. 89, 015003 (2017)
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Diagrammatic representation of the self-energy

_ . + +
@ G g G gz,DW

Standard GW self-energy Fan-Migdal self-energy  Debye-Waller self-energy

— Lec. Thu.l Louie

Figure from FG, Rev. Mod. Phys. 89, 015003 (2017)
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Fan-Migdal self-energy

Fan-Migdal self-energy using Kohn-Sham states and DFPT phonons

% - fmk+q + Nqu fmk+q + Nqu
w—emk+q/h — Way T W—Epmkiq/P+ wWqy + i1
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Example: Interaction with dispersionless phonon

\ Fermilevel /

Energy

Wavevector
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Example: Interaction with dispersionless phonon

change of velocity/mass

. honon
\  Fermi level / P
energy
>
2o >
o a0
o @
L s
c
S broadening
Wavevector

Wavevector
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Example from experiments: Velocity renormalization in MgB,

v =vp/2.4
_IIIIIIIIIII II|IIII|I
0.00F — — — — <
-0.05F
>t
o X
> -0.10F
o E
Q E
-0.15F
w C  high
-0.20f H
- low 3 i
-0.25 L

0.0 0.1 0.2 0.3' 0.4
Momentum (A )

Figure from Mou et al, Phys. Rev. B 91, 140502(R) (2015)
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Quasiparticle shift and broadening

Quasiparticle approximation: Approximate the Green's function as sum of comples poles

Feliciano Giustino

=2 Znic

Fnk

7 (hw—Enx)? + T2,
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Quasiparticle shift and broadening

Quasiparticle approximation: Approximate the Green's function as sum of comples poles

Fnk
Ly
Z k T (Aw—Eng)® + T2,

Enx = ek + Re Xk (Erk/R) quasiparticle energy
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Quasiparticle shift and broadening

Quasiparticle approximation: Approximate the Green's function as sum of comples poles

Fnk
Ly
Z k T (Aw—Eng)® + T2,

Enx = ek + Re Xk (Erk/R) quasiparticle energy

Lok = Zoe Im X, (B /1) quasiparticle broadening
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Quasiparticle shift and broadening

Quasiparticle approximation: Approximate the Green's function as sum of comples poles

Fnk

Z an

B + 15,

Enk =¢Enk t+ Re 2nk(Enk/h)

Ik = Zyi Im an(Enk/h)

1
Jok =
"1 OReSu(w)
h ow

w=FEpx/h

Feliciano Giustino

quasiparticle energy

quasiparticle broadening

quasiparticle strength
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The mass enhancement parameter

Take k-Hessian of the quasiparticle energy F, to find mass renormalization*

e = (14 Aui) moy

*These expressions are for the electron gas; more complicated expressions are found in other cases
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The mass enhancement parameter

Take k-Hessian of the quasiparticle energy F, to find mass renormalization*

e = (14 Aui) moy

Ank is the mass enhancement parameter

N 1 OReXpk(w)
KRN ow

w=E,x/h

*These expressions are for the electron gas; more complicated expressions are found in other cases
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Electron lifetimes

— Lec. Wed.1 Poncé
_h h
e 2| Zudm S (B /)|

Tnk
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Electron lifetimes

— Lec. Wed.1 Poncé
_h h
e 2| Zudm S (B /)|

Tnk

Common approximation: Replace E,x by €, and set Z,x =1
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Electron lifetimes

— Lec. Wed.1 Poncé
_h h
e 2| Zudm S (B /)|

Tnk

Common approximation: Replace E,x by €, and set Z,x =1

Tnk

1 27 dq
- = = ~  |Ynmv kv 2
. WEV/QBZm (k,q)|

X [(1 = foktq + Nqw)d(Enk — Fvgqy —€mk+q)  phonon emission

+ (finkt+q + Naqw)0(Enk + Awgy —Emkiq)] phonon absorption
Identical to Fermi golden rule formula
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Example: Mass enhancement and lifetimes in MAPDbI;

Ak
(meV'l)
o
-1 0.6 .
10 _+* Rayleigh-Schroedinger
04f -7
< Brillouin-Wigner
0.2 /
-2
10
0 - -
0 50 100 150 200 250 300
T (K)
-3
10 20 J J
|5: k 20fs 4 o o
> .
2 10
Z ol-X
10‘4 T o5fer-vy .
er-7 1K
0
~100 =50 —é0 0 0 Lo 50 100
& —ey (meV) & —¢&c (meV)
0.02 0.04
k(1/A)

Figure adapted from Schlipf et al, Phys. Rev. Lett. 121, 086402 (2018)
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Mutual interaction between electrons and vibrations

Lattice Vibrations Electrons
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Mutual interaction between electrons and vibrations

Lattice Vibrations Electrons
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Many-body Schrodinger equation for electrons and nuclei (again)

electrons 2me Z Z v(ry, rg r; electron
T, nhucleus
nuclei — A .+ ZH>H, 2Ly U(Tm Tn’) .2
v(r,r’) = P
interaction —Zi KZN v(ri, TH) U = Ein U

Feliciano Giustino
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Interatomic force constants in density functional perturbation theory

Approximation: Born-Oppenheimer + classical nuclei

Eior = (7| ——Z Z rl,rj)—l—Z,DKI ZZr (T Tt ) —ZWZ,\@U(rhTH) |¥)
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Interatomic force constants in density functional perturbation theory
Approximation: Born-Oppenheimer + classical nuclei
Eior = (7] ——Z Z r“rj)—l—Z,DKI 221 (T, Tier) —ZLKZNU(I'MTH) [T)

¢ J ¢ J

Unn Zz Vveﬂ (rl>
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Interatomic force constants in density functional perturbation theory
Approximation: Born-Oppenheimer + classical nuclei
Eior = (7] ——Z Z r“rj)—l—Z,DKI 221 (T, Tier) —ZLKZNU(I'MTH) [T)

¢ J ¢ J

Unn Zz Vveﬂ (rl>

Forces OF; 8‘/en (r:)
(Hellman-Feynman) or. ‘I’|Z
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Interatomic force constants in density functional perturbation theory

Approximation: Born-Oppenheimer + classical nuclei

Eior = (Y] —72 Z r“rj)—i—zwnl 221 (T, Tier) _Zi KZNU(I%TH) | )
Unn Zz ‘/en<ri>
Forces Oy aVe (1) aUnn Vo,
(Hellman-Feynman) or. \IJ|Z or. +/d1' Ne ar.
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Interatomic force constants in density functional perturbation theory

Approximation: Born-Oppenheimer + classical nuclei

Eior = (7] ——Z Z v(r;,r;)+ Z}O'ﬁ/ 221 (T, Tier) —ZMZ,{U(I%TH)} [T)

Forces
(Hellman-Feynman)

Force constants

Feliciano Giustino

¢

J ¢ J

UIl n

0Et0t 8‘/&311 I‘z
= (¥
2 1y 2l

02 Bt One Ve

— 82UI!I] + /dr
0T, 0T OTO0Tw

8’7',{ 87',4

—Lec. Mon.2 Giannozzi

> Ven(r:)
_ OUn —|—/dr OVen
0T, e ot

9 Ven

2
+ /dI‘ e 87',{87',1/
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Phonons from a field-theoretic perspective

Key quantity to study phonons in a many-body framework:

displacement-displacement correlation function

Dyaswar (') = == (N|T Atya(t) At (£)|N)
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Phonons from a field-theoretic perspective

Key quantity to study phonons in a many-body framework:

displacement-displacement correlation function

Dyaswar (') = == (N|T Atya(t) At (£)|N)

Heisenberg time evolution of atomic displacements

Ld o . -
Zh%ATﬁ(ﬁ) = [AT,(t), H]
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Phonons from a field-theoretic perspective

Key quantity to study phonons in a many-body framework:

displacement-displacement correlation function

Dyaswar (') = == (N|T Atya(t) At (£)|N)

Heisenberg time evolution of atomic displacements
Ld o . 5
zfi%A‘rﬁ(t) = [AT,(t), H]

Make it look like Newton's equation by taking 2nd derivative

AR M. o
MNW = _ﬁ[[ATl’i?HLH]

[§ J

dimensions of force
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Many-body interatomic force constants

Equation of motion for the displacement correlation function
(using single atomic mass M for simplicity)
2

) .
M D(t) =
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Many-body interatomic force constants

Equation of motion for the displacement correlation function

(using single atomic mass M for simplicity)

2
M% D(tt/) = — I(S(tt/) 7/dt” H(tt//>D(t//t/)
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Many-body interatomic force constants

Feliciano Giustino

Equation of motion for the displacement correlation function

(using single atomic mass M for simplicity)

2
M% D(tt/) = — I(S(tt/) 7/dt” H(tt//>D(t//t/)

phonon self-energy
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Many-body interatomic force constants

Equation of motion for the displacement correlation function
(using single atomic mass M for simplicity)
2

M% D(tt') = —15(¢t) f/dt”H(tt”)D(t”t’)

phonon self-energy

GQZHZK/

——  — (static f
Treor — 7] (static force)

02 _
HR(X,R/O/ ((JJ) = W /dr € 1(7',.;, I',Cd)
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Many-body interatomic force constants

Equation of motion for the displacement correlation function

(using single atomic mass M for simplicity)

2

Ma— D(tt') = —15(¢t) f/dt”H(tt”)D(t”t’)

ot?

phonon self-energy

GQZHZK/

82
II = =1 e e
el () OTra OTwr o/ /dr € (T T, ) dmeg|r — T/ |

— (static force)

IT(w) contains the interatomic force constants resulting from the Coulomb interaction between nuclei

Feliciano Giustino

screened by the electronic dielectric matrix ¢.(r,

r' w)
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Many-body vibrational eigenfrequencies

Equation of motion in frequency domain

Mw?*D(w) =1+ I(w) D(w)
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Many-body vibrational eigenfrequencies

Equation of motion in frequency domain

Mw?*D(w) =1+ I(w) D(w)

Solve for D: Phonon Green's function in Cartesian coordinates

D(@:%[JI—%T
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Many-body vibrational eigenfrequencies

Equation of motion in frequency domain

Mw?*D(w) =1+ I(w) D(w)

Solve for D: Phonon Green's function in Cartesian coordinates

D(@:%[wl—%}_l

The poles of the Green's function are the phonon eigenfrequencies:

Qw) =w

where Q%(w) is an eigenvalue of TI(w)/M

Feliciano Giustino
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Connection with density-functional perturbation theory

€2ZKZKI

——— — (static f
Treor — 7] (static force)

o2 )
M(w) = W/df € (Tw,T,W)
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Connection with density-functional perturbation theory

€2ZKZKI

———— — (static f
Treor — 7] (static force)

0? _a
II(w) = W/dr es (1w, T, w)

phonon energy

— frequency

dielectric function

insulator, long wavelength
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Connection with density-functional perturbation theory

We call adiabatic self-energy the Il evaluated using the static screening

(phonon period so long that electrons have time to complete relax after an atomic displacement)

m* € 11 (w=0)

Feliciano Giustino 34 of 37



Connection with density-functional perturbation theory

We call adiabatic self-energy the Il evaluated using the static screening

(phonon period so long that electrons have time to complete relax after an atomic displacement)
def
m* = I (w=0)

After rearranging:

mA 0 Unn i /dr O0*Ven(r) (o(r)) + /dr OVien (1) O(f1(1))

B 0T, 0T, 0T, 0T or, ot
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Connection with density-functional perturbation theory

We call adiabatic self-energy the Il evaluated using the static screening

(phonon period so long that electrons have time to complete relax after an atomic displacement)
def
m* = I (w=0)

After rearranging:

0? Upn O*Ven (v) OVen (1) Mo (1))
- OT.OT + /dr m(ne(r» +/dr or, ot

!

replace with DFT electron density

HA
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Connection with density-functional perturbation theory

We call adiabatic self-energy the Il evaluated using the static screening

(phonon period so long that electrons have time to complete relax after an atomic displacement)
def
m* = I (w=0)

After rearranging:

0* U, O*Ven (T ) OVen (1) Nie (1))
HA _ nn d en | Ae d en e
o107, + / ' oT,, 0T, {fre(r)) / ' oty ot
HA - 82Et0t l
0T, 0T replace with DFT electron density

Same as DFPT in slide 29
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Phonons beyond the Born-Oppenheimer approximation

Example: Non-adiabatic Kohn-anomaly in graphene

Unperturbed Adiabatic

BZ: Brillouin zone
@ Dirac points
ool + Kpoints
Non adiabatic — Fermi surface

Real space
0
‘TN

L o catoms

1,589

1,588

1,587

Raman shift (cm-T)

1,586

1,585

—— Non-adiabatic
phonons

— Raman experiments

«— DFPT phonons

1584

Electron concentration (10'2cm-2)

Figures from Pisana et al, Nat. Mater. 6, 198 (2007)
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Take-home messages

Feliciano Giustino

e Quantum field theory provides a rigorous framework
to study electron-phonon physics

e The Fan-Migdal self-energy yields electron mass
enhancement and electron lifetimes

e Phonon frequencies are deeply connected
with the electronic dielectric matrix

e The many-body framework reduces to DFPT
under suitable approximations
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Further reading

Feliciano Giustino

FG, Rev. Mod. Phys. 89, 015003 (2017) [link]

Stefanucci, van Leeuwen, Perfetto, Phys. Rev. X 13, 031026 (2023) [Link]

generalization of this lecture to out-of-equilibrium case

Baym, Ann. Phys. 14, 1 (1961) [Link]

Maksimov, Sov. Phys. JETP 42, 1138 (1976) [Link]

Vogl, Phys. Rev. B 13, 694 (1976) [Link]

Hedin and Lundqvist, Solid State Physics, Vol. 23 (Academic, 1969)

Grimvall, The electron-phonon interaction in metals, 1981 (North-Holland)
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