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Exercise 1

Compute the electric resistivity of fcc Pb using the Ziman formula and Boltzmann transport equation

Ziman formula rests on the lowest-order
variational approximation (LOVA):

e the energy-resolved decay function is
approximated v(w) &~ v(e = ep, € = ef,w)

fmic
° _ﬁ ~ 5(5]5‘ - Enk)
e use of an isotropic scattering rate (771)

e Derivation connecting SERTA with Ziman
can be found in S. Poncé, et al. Rep.
Prog. Phys. 83, 036501 (2020).
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https://iopscience.iop.org/article/10.1088/1361-6633/ab6a43/meta
https://iopscience.iop.org/article/10.1088/1361-6633/ab6a43/meta

Exercise 1: Zimann resistivity formula

4mme

_ne2kBT/ do o @B (0, T) [1 + (w0, T)],

where n is the number of electrons per unit volume and n(w,T') is the Bose-Einstein distribution.

p(T)

The isotropic Eliashberg transport spectral function (see Thu.l, Thu.5 and Thu.6):

ar WDA,«,,(SW Wqy
t Z/BZQBZCI t,q( q)

where the mode-resolved transport coupling strength is defined by:

Unk * Umk+q
)\r v / anukq 5871k75F55mk — EF (1*7)
e o B )25 ) (Emica — £r) o
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Exercise 1: Zimann resistivity formula

4mme
TIE2 kBT

p(T) / deo 1o GBE(@)| (w0, T) 1 + n(w, T)],

nlis the number of electrons that contribute to the mobility — nc = 4.04d0
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Exercise 1: Zimann resistivity formula

4mme
TIE2 kBT

p(T) / deo 1o GBE(@)| (w0, T) 1 + n(w, T)],

nlis the number of electrons that contribute to the mobility — nc = 4.04d0

a? F(w) — phonselfen = .true. and a2f = .true.
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Exercise 1: Zimann resistivity formula

atr Z / Qs o Wav Atr,qr (W — waw),

where the mode-resolved transport coupling strength is defined by:

_ 1 dk Unk * Umk+q
N =N Dot 9706 DU s <o) (1= 24 )

1 / 2 Unk * Umk+4q
N —_— k, 0(enk — €F)0(Emkrq — € (1——)
N(gF)qu £ [y QBZ |gmm/( Q)| ( n F) ( mk-+q F) |'Unk|2
~|— delta_approx = .true.

Note: |gmnu (k,q)|? should be _(/I;f,i,,/(k. q)gmnv (k, q) for the phonon self-energy
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Exercise 1: Zimann resistivity formula

atr Z / Qs o Wav Atr,qr (W — waw),

where the mode-resolved transport coupling strength is defined by:

Unk * U'rnk-‘rq)

1 dk
/\tr’qy :N(EF)wqu nz:/BZQ |gmnl/(k Q)| [fnk(T)_fmk+q(T)]5(€mk+q ~Enk T w) (1_ |vnk|2

1 / 2 Unk * Umk+4q
N —_— k, 0(enk — €F)0(Emkrq — € (1——)
N(gF)qu £ [y QBZ |gmm/( Q)| ( n F) ( mk-+q F) |'Unk|2
~|— delta_approx = .true.

0(enk — €r) — Gaussian of width: degaussw = 0.1

Note: |gmnu (k,q)|? should be _(/I;f,i,,/(k. q)gmnv (k, q) for the phonon self-energy
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Exercise 1: Zimann resistivity formula

atr Z / Qs o Wav Atr,qr (W — waw),

where the mode-resolved transport coupling strength is defined by:

1 dk Unk * Umk+
/\r v — mnv k n T)— m T)]o m — &nk T (1_701)
= oo S oy 90 P T) s T~ e =) (122
1 Unk * Umk+
~ mnv k7 25 Enk — € 1) Em =€ (1 — —q)
N(gF)qu L /BZ QBZ |g ( q)| ( k F) ( k+q F) |Unk|2
~|— delta_approx = .true.

0(enk — €r) — Gaussian of width: degaussw = 0.1
0(w — wqy) — Gaussian of width: degaussq = 0.05

Note: |gmnu (k,q)|? should be _(/I;f,i,,/(k. q)gmnv (k, q) for the phonon self-energy
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Exercise 1: Zimann resistivity formula

v A r 1/6 - v)
agF Z/ QBqu trqv 0(w — waw)
where the mode-resolved transport coupling strength is defined by:
Mo =N Z/ g (6, @) P Lk (T)~ Tt al T8 e — e — ) (1 222 Uit
tr,qu N(EF)Cqu £ BZQ mnv n mk+q mk+q n |Unk|2
1 / 2 Unk * Umk+4q
= ~  |9mnv k7 q 0 Enk — E€F 0 Emk —€F (1 - —)
N(EF)WqV v By QBZ| ( )| ( ) ( +q ) |U'n,k|2
~|— delta_approx = .true.

0(enk — €r) — Gaussian of width: degaussw = 0.1
0(w — wqy) — Gaussian of width: degaussq = 0.05
N(ep) — FD dist. for DOS and ep: assume metal = .true. with ngaussw = -99 with temps=1

Note: |gmnu (k,q)|? should be !/li;Zi,,/(k. q)gmnv (k, q) for the phonon self-energy
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Exercise 1: Zimann resistivity formula

atr Z / Qs o Wav Atr,qr (W — waw),

where the mode-resolved transport coupling strength is defined by:

1 dk Unk * Umk+
/\r v — mnv k n T)— m 7))o m — &Enk — (1_701)
=N e 3oy e L () T e — =) (1 24
1 Unk * Umk+
N — | gmnv (K, 26(enk — €7)0(Em —€ (1 ——q)
T | il e o) BB o)1 - P
~|— delta_approx = .true.

0(enk — €r) — Gaussian of width: degaussw = 0.1
0(w — wqy) — Gaussian of width: degaussq = 0.05
N(ep) — FD dist. for DOS and ep: assume metal = .true. with ngaussw = -99 with temps=1

Upk — vme = ’wannier’

Note: |gmnu (k,q)|? should be !/li;Zi,,/(k. q)gmnv (k, q) for the phonon self-energy
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Linearized Boltzmann transport equation

Macroscopic average of the current density is

Q Vine[G] & Virxe[Gol
0 E is spatially homogeneous
@ Diagonal Bloch state projection

o DC transport
0 Electron-one-phonon interaction

¢ Static electron-phonon interaction
o Adiabatic phonons

Q § approximation in G”<(w)

—eh? 1 3 <
Iu(E) = d’r lim (Vo — V1)G=(r1,1r2;t, t; E)

om V r2—>r1
A3k
V Z/ Vnkfnk( )

For weak E, we can use the linear response of the current density to define
the conductivity:

OJr.o
0Ey

0 Linear response

Linearized BTE

Oap =

V Z/ ?:kaEBfnk
E=0 uc

where Og, fox = (9 frx/0Es)|E=0-

Jop

The carrier drift mobility is Ngﬂ =
eNne

S. Poncé et al.,
Rep. Prog. Phys. 83, 036501 (2020)
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Drift mobility

O Vitee[G] = Viaxe[Go)
0 E is spatially homogeneous
@ Diagonal Bloch state projection

DC transport
Electron-one-phonon interaction
Static electron-phonon interaction
Adiabatic phonons

§ approximation in G < (w)

3
d —e /dk o
nog = —— v 0B, fnk
B Z Qpyz g

Viene "

where

ofo 277'
aEB frk= evik aantT nk Z/i‘gmnu(k Q)|2
n

X [(”qv+1_fgk)‘s(gnk—Emk+q+h‘*’qv)+(”qv+f2k)5(5nk—Emk+q_thV) aEﬁ fmk+a

where the scattering rate is:

2
i= Z/ lgmnw (&, @) [(nay + 1 = frhiciq) Linearized BTE

0 Linear response

Tnk =

X 0(enk — Emktq — hwqr) + (Nqu + f’r?7.k+q)5(€nk — €mk+q T hw(ﬁ/)]

S. Poncé et al.,
Rep. Prog. Phys. 83, 036501 (2020)
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Resistivity in metals - Pb

A3k
Oap *V Z/ nkangnk

1
Pap =——
af Oap

Samuel Poncé, EPFL

p(T) [uQcm]

80

assume_metal =

70 4

60

== Py IBTE SOC

== pxx SERTA SOC

—— pxx IBTE N0SOC

—— Dy SERTA n0SOC
« EXPData

100 200 300 400 500 600
TIK]

Figure courtesy of Félix Goudreault

.true.
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Drift conductivity

3
a4 _ € d°k
75 Ve 2] G "

n

where

of0 27rT
gy + 2tk Z/—mmw ka)?

8E/3fnk = CUpk B2 e
nk

X [(naw +1 = F23)8(Enk = Emicra + hwaw) + (naw + [0k = Emicra — hwaw) |95, frnica

intmob = .true. — computes drift mobility (also conductivity)

09 of 17
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Drift conductivity

3
d —e d°k
= SR8
708 = Voo 2] Qg 0B I

where

of0 27rT
gy + 2tk Z/—mmw ka)?

OBg frie = €V Deme
nk

X [(naw +1 = F23)8(Enk = Emicra + hwaw) + (naw + [0k = Emicra — hwaw) |95, frnica

intmob = .true. — computes drift mobility (also conductivity)
iterative bte = .true. — computes the mobility iteratively (BTE4+SERTA) with a broyden_beta = 0.7
= 200 if convergence is not reached.

Broyden linear mixing and stops after mob_maxiter

Samuel Poncé, EPFL
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Drift conductivity

d —e A3k
Top = —
Vae Qpz

n

VOB, fnk
where
afe 27rT k
8E8fnk = evik 88T'Lk7— 27 nk Z/ilgmny k q)l
nk

X [(naw +1 = F23)8(Enk = Emicra + hwaw) + (naw + [0k = Emicra — hwaw) |95, frnica

intmob = .true. — computes drift mobility (also conductivity)
iterative bte = .true. — computes the mobility iteratively (BTE4+SERTA) with a broyden_beta = 0.7
Broyden linear mixing and stops after mob_maxiter = 200 if convergence is not reached.
R
rowe — use crystal symmetries on fine k grid: mp_mesh k = .true.
BZ
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Drift conductivity

u

a4 _ € B3k
GREY | U

where
af0 2T Tk d3q
17} = e Tk o4 20Nk / — k,q)|?
Epfnk nK e 1 nk h ; QBZ|9mnV( q)l
X [(nq’/ +1- fgk)é(enk — €mk+q + h‘*]qV) + (nql/ + fgk)a(snk — &mk+4q — h‘*)qu)] aEﬁ fmk+q
intmob = .true. — computes drift mobility (also conductivity)

iterative bte = .true. — computes the mobility iteratively (BTE4+SERTA) with a broyden_beta = 0.7
Broyden linear mixing and stops after mob_maxiter = 200 if convergence is not reached.

A3k . .
rowe — use crystal symmetries on fine k grid: mp_mesh k = .true.
BZ
d3k d3q . I .
—— and | —— — consider states within an fsthick = 0.4 eV energy around ¢y.
OBz Qpz
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Drift conductivity

a4 _ € B3k
GREY | U

u

where
af0 2T Tk d3q
17} = e Tk o4 20Nk / — k,q)|?
Epfnk nK e 1 nk h ; QBZ|9mnV( q)l
X [(nq’/ +1- fgk)é(enk — €mk+q + h‘*]qV) + (nql/ + fgk)a(snk — &mk+4q — h‘*)qu)] aEﬁ fmk+q
intmob = .true. — computes drift mobility (also conductivity)

iterative bte = .true. — computes the mobility iteratively (BTE4+SERTA) with a broyden_beta = 0.7
Broyden linear mixing and stops after mob_maxiter = 200 if convergence is not reached.

d3k . . .
rowe — use crystal symmetries on fine k grid: mp_mesh k = .true.
BZ
d3k d3q . I .
—— and | —— — consider states within an fsthick = 0.4 eV energy around ¢y.
OBz Qpz
carrier = .false. — metal — no carrier concentration can be imposed.
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Drift conductivity

where

af0 27 Tk d3q
aEﬂfnk:*Evik?:iTnk‘i’ hn Z/@'gmnu(k:Q)P

X [(l"qv +1- fgk) d(enk — E€mk+q T hwqy) + (nqw + fgk) d(enk — Emk+q — h"‘-’ql/)] aE[-} Sfmk+q

restart = .true. — activate restart where restart point are written to file every restart_step = 50 g-points.
selecqread = .false. — produce a selecq.fmt file which contains the list of g-points within the fsthick.
If selecqread = .true. then read the selecq.fmt file (the code will exit if the file is not found).
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Drift conductivity

ohs = Voo Z/ Uk OB, frk

where

afo 27T, a3
_ B nk nk q 2
6EB fnk = [ 8€nank + 7 mgl > / Ony, |gmnu(k, q)\
[( Ngv+1— fgk) 0(enk — Emktq + wgr) + (nqu + fgk) d(Enk — Emktq — ﬁwqy)] aEB g

restart = .true. — activate restart where restart point are written to file every restart_step
selecqread = .false.

= 50 g-points.
If selecqread =

— produce a selecq.fmt file which contains the list of g-points within the fsthick
.true. then read the selecq.fmt file (the code will exit if the file is not found)

n, f, 7 — dependent on the temperature given by temps = 100 500 and nstemp =

Samuel Poncé, EPFL
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Drift conductivity

where
af0 27 Tk d3q
0, = ev? Tk L / — k,q)|?
B2 fe = v, 5" Tkt = ; a5, [9mnw (@)l
X [(l"qv +1- fgk) d(enk — E€mk+q T hwqy) + (nqw + fgk) d(enk — Emk+q — h"‘-’ql/)] aE[-} Sfmk+q

restart = .true. — activate restart where restart point are written to file every restart_step = 50 g-points.
selecqread = .false. — produce a selecq.fmt file which contains the list of g-points within the fsthick.
If selecqread = .true. then read the selecq.fmt file (the code will exit if the file is not found).

n, f, 7 — dependent on the temperature given by temps = 100 500 and nstemp = 9.

0 — adaptative broadening degaussw = 0.0

Samuel Poncé, EPFL
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Gaussian or adaptative smearings - [c-BN]

1 27 d3q
Thk :? Z/QiBngmnu(ka q)|2

X [(nqu +1- fr?ak-i-qk‘s(gnk — Emk+q — Mwaqy)

+(nqu + f21k+q, 6(€nk — Emk+q T hwqu)] .

Adaptative broadening:

h G.1?
nnk(ql/) = ﬁ Z |:(un11 - Vnnk-‘rq) . Na:| 3

where the phonon velocity is:

1 0D,.(q) 1

v, vB — =
anv 2wqy  Oqgp 2wqu

W. Li et al., Comput. Phys. Commun. 185, 1747 (2014)
Samuel Poncé, EPFL

degaussw = 0.0
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€
)
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S. Poncé et al., arXiv:2105.04192 (2021)
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Exercise 2

Compute the drift and Hall hole mobility of c-BN as well as Hall factor.

c-BN c-BN
12 _ 103 _i
—_ 0 ]
s 1.1F SERTA > 1 \8
9 — BTE ~ 1 \
g 10F} § B
Y /D/D - \8
9 0.99—g— g p—0o—0 I 2 Ng
2 o—9 3 - N
= 038F _o— g — Drift (BTE) B\a
© —0 — Hall (BTE
T 0.70'___0/0/0 o 10 I all ) §f
) S S — £ | . P S —
' 200 300 400 500 150 200 300 400 500
Temperature [K] Temperature [K]

S. Poncé et al., arXiv:2105.04192 (2021)
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https://arxiv.org/abs/2105.04192

Hall mobility bfieldz = 1.0d-10

O Vitee[G] = Viaxe[Go)
0 E is spatially homogeneous
@ Diagonal Bloch state projection

d3k
o o [ L B
Hoby = Y one £ / Ong " 0Es fk(Br) BTE (AC)

DC transport
Electron-one-phonon interaction
Static electron-phonon interaction
Adiabatic phonons

§ approximation in G < (w)

BTE:

e 1 af° 29,
[lngnk(vnkXB)'vkraEBfnk(B‘Y): 6v§k8 "l — Z/ilgm’“’ (k, a)*

0 Linear response

Linearized BTE

x [ (naw+1-F2)8(Enk—Emictq+iwaw )+ (nay+F24)8 (Enk—emict-q—way ) OB Frkra (Ba)
9B

Hall factor:

H _ H d
Papy =TapyFas

g (hs) T e, (udg) !
Tagy = E : B ) F. Macheda et al.,
be v Phys. Rev. B 98, 201201 (2018)
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Long-range interaction: Frohlich dipole lpolar = .true.

gmnv (K, @) =95, (K, Q) + g, (K, Q)
gﬁmnu(kv q) A greL’r]L)u (k7 q) + -

1
A €2 h 2
L,D. :
B o
i (K; @) Vae 4me0 ; 2N, Miwaqu G;_q 6
(G+a)-Z5 erav __i(Gta)ms
(G+aq)-e>-(G+a)

X (W ket qle T T[W,),

4 Ry 2
]

L r X UK

D¥(I', q) (eV/Bohr)

0

=

C. Verdi et al., Phys. Rev. Lett. 115, 176401 (2015)
J. Sjakste et al., Phys. Rev. B 92, 054307 (2015)

S. Poncé et al., arXiv:2105.04192 (2021)
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Long-range interaction: Frohlich dipole

gmno (K, @) =g,y (K, Q) + g, (K, Q)
gmnu(k q) gmnu(k q)+ T
1
i >
[QN ' Mewqu Griq

e_i(G“'CI)‘Tn

V 47r€0

(G+a)- Z exqr
(G+q)-e>*-(G+a)
X (W ket qle T T[W,),

C. Verdi et al., Phys. Rev. Lett. 115, 176401 (2015)
J. Sjakste et al., Phys. Rev. B 92, 054307 (2015)

Samuel Poncé, EPFL

D*(T', q) (eV/bohr)
=

lpolar = .true.
T T7T
— D(DD) + G(eD)
LA
TA
o
° TA
TA
A o
r X UK r

S. Poncé et al., arXiv:2105.04192 (2021)
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Long-range interaction: dynamic quadrupole quadrupole. fmt

gmnu(k q) :ginu(k ) + g7£rznu(k7 q)

w1 T7T
~ L£,Q — D(DD) + G(eD)
I (K, Q) gmm(k Q) +9niny(k, @) + — D(DD) + G(eD+€Q)

1
h 2
g5, (K, q)ff [7]

mny Vae 47r50 — 2Ny Mcwqu G;_q

e_i(G“"q)""n

(G +Q) . Z: ‘- €xqr
(G+q) e (G+aq)
><<\:[’1fn,k7L |ei(q+G)'r‘\Ilnk>’

1
h 3
" Vae 47r50; 2N, Myway G;q

((G+a) (G+a) erar Qunn(k,a) _i(G+q)r, ° TA A s
(G+q) &> (G+aq) TA

LA
TA

D*(T', q) (eV/bohr)
=

0
C. Verdi et al., Phys. Rev. Lett. 115, 176401 (2015) L r X UK r
J. Sjakste et al., Phys. Rev. B 92, 054307 (2015)
G. Brunin et al., Phys. Rev. Lett. 125, 136601 (2020)
V.A. Jhalani et al., Phys. Rev. Lett. 125, 136602 (2020)
Samuel Poncé, EPFL

S. Poncé et al., arXiv:2105.04192 (2021)
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Long-range interaction: dynamical matrix

e,
eiq(‘rk,f‘rh./)e q4::\2 4 N y
= q-e>®-q q.z"o‘.q.zfi'/@

LD (q)

koK' B
1
4

i
+ q-q-Qm-q-q-Qﬁ/g+5q-Zia-q-q-Qn/B

%
—501'01'Q»m'CI'Z:/5

M. Royo et al., Phys. Rev. Lett. 125, 217602 (2020)

Samuel Poncé, EPFL

quadrupole.fmt

D*(T', q) (eV/bohr)
=

LA

TA

LA

TA

T 17T
D(DD) + G(eD)

D(DD) + G(eD+eQ)
D(DD+DQ+QQ) + G(eD+eQ)

\%

TA

TA

LA

X

UK

S. Poncé et al., arXiv:2105.04192 (2021)
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Additional notes

efermi read = .true and fermi_energy = 11.246840 eV need to be provided and the
fsthick energy window is computed with respect to that level.

Suggestion: select the fermi_energy to be +0.1 eV above the VBM for hole mobility
calculation and -0.1 eV below the CBM for electron mobility.

ncarrier = -1E13 is the target carrier concentration in cm™3. If negative it means hole
mobility and positive electron mobility. An absolute value of ncarrier below 1E5 will result in
an intrinsic mobility calculation and the Fermi level will be determined such that electron and
hole have the same carrier density. For large bandgap and low temperature this will result in
very low carrier concentration and thus be very unstable.

For reasonable carrier concentration (i.e. values between 1E10 and 1E16), the resulting
mobility will be independent of carrier concentration. For large carrier concentration, ionized
impurity scattering needs to be taken account (not cover in this hands-on).
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