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Bloch Theorem

• n, k are the quantum numbers (band index and 
crystal  momentum), u is periodic

• From two requirements: a translation can’t 
change the charge density, and two translations 
must be equivalent to one that is the sum of the 
two



1st Brillouin Zone
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Bloch wavefunctions in 1d



Band Structures: Si and Pb



From Bloch Orbitals to Wannier Functions



From Bloch Orbitals to Wannier Functions



Long-Range Decay (Heuristic…)
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From Bloch Orbitals to Wannier Functions



Generalized Wannier Functions for Composite Bands



Generalized Wannier Functions for Composite Bands

}
But how to choose U?



U and WFs by projection

A simple route is to obtain U 
through a projection onto a pre-

defined set of local orbitals gn

Use Lowdin scheme 
to generate 

orthonormal states

Can we choose U without 
reference to 

predetermined states?



U and WFs by localization

N. Marzari and D. Vanderbilt, Phys. Rev. B 56, 12847 (1997)
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Bloch states from favourite
electronic-structure code
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2 unitary
transformations
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Iteratively refine Umn
(k)

to localize|Rn>
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N. Marzari et al., Rev. Mod. Phys. 84, 1419 (2012)

MLWFs in amourpohus silicon
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Decomposition of the Localization Functional



ΩI is gauge invariant, positive definite



Position operator is ill defined !
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Centers of Wannier functions:

Blount identities



The Reciprocal Space Representation



The Reciprocal Space Representation



The Localization Procedure



The Localization Procedure



Silicon, GaAs, amorphous silicon, benzene

M. Fornari, N. Marzari, M. Peressi, and A. Baldereschi, Comp. Mater. Science 20, 337 (2001)



Wannier functions
in a-Si

Wannier functions
in l-H2O

Silvestrelli et al.



Disentanglement of Attached Bands

– Maximally-localized Wannier-like functions for conduction subspace
– Extract differentiable manifold with optimal smoothness

I. Souza, N. Marzari and D. Vanderbilt, Phys. Rev. B 65, 035109 (2002)



Iterative Minimization of ΩI 



Silicon: Bonding and Antibonding Orbitals









projection onto atom 
centred d orbitals

followed by
minimisation

Projection vs Disentanglement



Building nanostructures Bloch by Bloch:
model Hamiltonian and transport



• Electronic-structure of nanostructures with tens of thousands 
of atoms from maximally-localized Wannier functions

• Characterization and screening of the most promising 
functionalization avenues

10 – 50 nm

Electronic Structure of Large Nanostructures



Minimization of the spread 
functional

exploiting the arbitrariness of the 
unitary transformations between 
the Bloch orbitals

Electronic Ground State
From Static or Dynamical
Large-Scale Simulations

Real Space
Maximally-Localized
Wannier Functions

Optimal Unitary 
Transformation of the

Bloch Orbitals

N. Marzari and D. Vanderbilt, Phys. Rev. B 56, 12847 (1997)

Electronic Structure of Large Nanostructures



Ballistic Conductance
Density of States
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A. Calzolari, N. Marzari, I. Souza, M. B. Nardelli, Phys. Reb. B 69, 035108 (2004) 

Electronic Structure of Large Nanostructures



Compact mapping of Bloch states into local orbitals
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Y.-S. Lee, M. B. Nardelli, and N. Marzari, Phys. Rev. Lett. 95, 076804 (2005) 



The LEGO bricks of electronic structure

(5,5) SWCNT                              (8,0) SWCNT

Y.-S. Lee, M. B. Nardelli, and N. Marzari, Phys. Rev. Lett. 95, 076804 (2005) 



Band Structure and Conductance of a SWCNT

Γ-point: 
2eV pseudo gap

Two eigenchannels 
at EF ð perfect 
recovery of 
metallic character !

EF

Band Structure                        Conductance        DOS

Y.-S. Lee, M. B. Nardelli, and N. Marzari, Phys. Rev. Lett. 95, 076804 (2005) 



MLWFs Extraction From a Saturated Cluster



(001)

A very accurate interpolator
J. Yates et al., Phys. Rev. B. (2007)

Silicon nanowire

A. Mostofi and N. Marzari



[2+1] cycloadditions protect sp2 manifold

Y.-S. Lee and N. Marzari, Phys. Rev. Lett. 97, 116801 (2006) 



Cycloadditions as functionalizations 
that preserve conductance

Y.-S. Lee and N. Marzari, Phys. Rev. Lett. 97, 116801 (2006) 

“open” vs “closed” for 
(10,10) CNT with 30 

functional groups



Inelastic Quantum Transport

S. Kim and N. Marzari, Phys. Rev. B (2013)



Inelastic currents: loops and backflows



For every orbital the expectation value

does not depend on the occupation of the orbital 

KOOPMANS’ COMPLIANT SPECTRAL FUNCTIONALS

I. Dabo, M. Cococcioni, and N. Marzari, arXiv:0910.2637 (2009) 
I. Dabo et al., Phys. Rev. B 82, 115121 (2010)



LINEARIZATION (FIRST, AT FROZEN ORBITALS)

remove ~quadratic Slater

add linear Koopmans

I. Dabo et al., Phys. Rev. B 82, 115121 (2010)
G. Borghi et al., Phys. Rev. B 90, 075135  (2014)



SCREENING TO ACCOUNT FOR ORBITAL RELAXATIONS

orbital-dependent
screening coefficient

𝞪i

I. Dabo et al., Phys. Rev. B 82, 115121 (2010)
N. Colonna et al., JCTC in press (2018), and arXiv



SOLID-STATE LIMIT
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BAND STRUCTURES

L. Nguyen, N. Colonna, A. Ferretti, and N. Marzari, PRX  (2018)
N. Colonna et al., (2021)



Acknowledgments

• Theory: David Vanderbilt (Rutgers University), Ivo Souza (San Sebastian)

• Wannier 90: Arash Mostofi (Imperial College, London), Jonathan Yates (University of Oxford), Giovanni Pizzi
(EPFL), Junfeng Qiao (EPFL)

• Transport: Young-Su Lee (MIT->KIST), Elise Li (MIT->NTNU), Matt Shelley (Imperial), Nicolas Poilvert (MIT-
>Penn S.), Giovanni Cantele (University of Naples), S. Kim (MIT->KIAS)

• Koopmans: Nicola Colonna (PSI), Andrea Ferretti (CNR), and EPFL Edward Linscott, Riccardo de Gennaro, Linh 
Nguyen, et al…


