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• The transport of charge carriers

• Quantum theory of mobility

• Mobility in simple semiconductors

• Hall mobility

• Carrier-impurity transport

• Resistivity in metals

• Outlook
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Charges particles (electrons or holes) will move as a result of:

• a density gradient → diffusion Fick’s law (1855)
current density: J = qD∇n

Wikipedia
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Charges particles (electrons or holes) will move as a result of:

• a density gradient → diffusion

• a temperature gradient → thermoelectricity
▶ Phonon-drag contribution - Gurevich (1945)

Seebeck effect (1821)
current density: J ∝ −σS∇T
S ∈ [-100µV/K, 1000µV/K]

TikZ.net

Transport of charge carriers
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Charges particles (electrons or holes) will move as a result of:

• a density gradient → diffusion

• a temperature gradient → thermoelectricity
▶ Phonon-drag contribution - Gurevich (1945)

• an external electric field E → drift
▶ lattice/phonon scattering
▶ ionized impurity scattering
▶ alloy scattering
▶ defects scattering

Drude model (1900)
current density: J = nqµE

Transport of charge carriers
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Current density

J(r1, t1) =
−eℏ2

2m
lim

r2→r1
(∇2 −∇1)G

<(r1, r2; t1, t1)

G<(r1, r2; t1, t2) ≡
i

ℏ

〈
ψ̂†
H(r2, t2)ψ̂H(r1, t1)

〉

Quantum theory of mobility
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Current density

J(r1, t1) =
−eℏ2

2m
lim

r2→r1
(∇2 −∇1)G

<(r1, r2; t1, t1)

G<(r1, r2; t1, t2) ≡
i

ℏ

〈
ψ̂†
H(r2, t2)ψ̂H(r1, t1)

〉

ψ̂H(r, t) ≡T
[
e

i
ℏ

∫ t
t0

dt′Ĥ(t′)
]
ψ̂(r)T

[
e
−i
ℏ

∫ t
t0

dt′Ĥ(t′)
]

〈
Ô
〉
≡

1

Z
tr
[
e−βĤ(t0)Ô

]
← thermodynamical average

Z ≡tr
[
e−βĤ(t0)

]
← partition function

Quantum theory of mobility
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Current density

J(r1, t1) =
−eℏ2

2m
lim

r2→r1
(∇2 −∇1)G

<(r1, r2; t1, t1)

G<(r1, r2; t1, t2) ≡
i

ℏ

〈
ψ̂†
H(r2, t2)ψ̂H(r1, t1)

〉

Ĥ(z) = Ĥ0+Ĥint+Ĥext(z),

Keldysh-Schwinger contour formalism

G(r1, r2; z1, z2) =
−i
ℏ

1

Z
tr

{
TC

[
e
−i
ℏ

∫
γ dz Ĥ(z)

[ψ̂(r1)]z1 [ψ̂
†(r2)]z2

]}

Quantum theory of mobility
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We can perform a perturbative expansion of the GF in powers of Ĥint and Ĥext(z)

G(r1, r2; z1, z2) = G0(r1, r2; z1, z2) +
∞∑

n,m=1

(−i/ℏ)n+m

n!m!

∫
γ
dz′1 . . .

∫
γ
dz′n

∫
γ
dz′′1 . . .

∫
γ
dz′′m

×
1

Z
tr
[
TCe

−i
ℏ

∫
γ dz [Ĥ0]z

[
Ĥint

]
z′1
. . .

[
Ĥint

]
z′n
Ĥext(z

′′
1 ) . . . Ĥext(z

′′
m)

[
ψ̂(r1)

]
z1

[
ψ̂†(r2)

]
z2

]
G0(r1, r2; z1, z2) =

−i
ℏ

1

Z0
tr
[
TCe

−i
ℏ

∫
γ dz [Ĥ0]z

[
ψ̂(r1)

]
z1

[
ψ̂†(r2)

]
z2

]
Expressing the Ĥ in terms of ψ̂ we can use Wick’s theorem to write the perturbation series of G in terms of
products of G0 and then solve the expansion with Feynman diagram to obtain Dyson’s equation

G(1, 2) =G0(1, 2) +

∫
γ
d3

∫
γ
d4G0(1, 3)Σ[G](3, 4)G(4, 2)

1 ≡(r1, z1)

Quantum theory of mobility
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Using Langreth rules, G−1
0 , explicit Ĥ0 and evaluating Dyson at equal time, we

obtain the Kadanoff-Baym equation for G< in the limit t0 → −∞:

iℏ
∂

∂t
G

<
(r1, r2; t, t) = [h0(r1,−iℏ∇1) − h0(r2,+iℏ∇2)]G

<
(r1, r2; t, t)

+

∫
d
3
r3

[
Σ

δ
(r1, r3; t)G

<
(r3, r2; t, t) − G

<
(r1, r3; t, t)Σ

δ
(r3, r2; t)

]

+

∫ t

−∞
dt

′
∫

d
3
r3

[
Σ

>
(r1, r3; t, t

′
)G

<
(r3, r2; t

′
, t)

+G
<
(r1, r3; t, t

′
)Σ

>
(r3, r2; t

′
, t)

−Σ
<
(r1, r3; t, t

′
)G

>
(r3, r2; t

′
, t) − G

>
(r1, r3; t, t

′
)Σ

<
(r3, r2; t

′
, t)

]

• Unperturbed time-evolution of G< in static V (r)

• Local time self-energy

• Internal dynamical correlations (collisions, scattering)

Nonequilibrium Many-Body Theory of Quantum Systems, Cambridge Uni. Press (2013) SP et al., Rep. Prog. Phys. 83, 036501 (2020)

Kadanoff-Baym equation
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Approximation:

• VHxc[G] ≈ VHxc[G0]

Σδ(r1, r2; t) ≈ −eϕext(r1, t)δ(3)(r1 − r2)

• E is spatially homogeneous

ϕext(r1, t)− ϕext(r2, t) = −E(t) · (r1 − r2)

∫
d3r3

[
Σδ(r1, r3; t)G

<(r3, r2; t, t)−G<(r1, r3; t, t)Σ
δ(r3, r2; t)

]
≈ eE(t) · (r1 − r2)G

<(r1, r2; t, t)

SP et al., Rep. Prog. Phys. 83, 036501 (2020)

Boltzmann transport equation
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We consider electrons in a solid and project the KBE in the
{φnk(r)} basis.

Approximation:

• diagonal matrix elements of G and Σ (ok if no strong
band mixing)

By expanding the Bloch WF in plane waves and taking the
diagonal elements we have:∫

d3r1

∫
d3r2 φ

∗
nk(r1)eE(t) · (r1 − r2)G

<(r1, r2; t, t)φnk(r2)

= −eE(t) ·
1

ℏ
∂f<nk

∂k
(t, t)

where

∓
i

ℏ
f>,<
nk (t, t′) ≡

∫
d3r1

∫
d3r2 φ

∗
nk(r1)G

>,<(r1, r2; t, t
′)φnk(r2)

SP et al., Rep. Prog. Phys. 83, 036501 (2020)

Boltzmann transport equation
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The quantum BTE is:

∂f<
nk

∂t
(t, t) − eE(t) ·

1

ℏ
∂f<

nk

∂k
(t, t) = − Γ

(co)
nk (t)

where the collision rate is defined as:

Γ
(co)
nk (t) ≡

∫ t

−∞
dt

′ [
Γ
>
nk(t, t

′
) f

<
nk(t

′
, t)+f

<
nk(t, t

′
) Γ

>
nk(t

′
, t)

− Γ
<
nk(t, t

′
) f

>
nk(t

′
, t) − f

>
nk(t, t

′
) Γ

<
nk(t

′
, t)

]
and

∓iℏ Γ
>,<
nk (t, t

′
) ≡

∫
d
3
r1

∫
d
3
r2 φ

∗
nk(r1)Σ

>,<
(r1, r2; t, t

′
)φnk(r2)

SP et al., Rep. Prog. Phys. 83, 036501 (2020)

Boltzmann transport equation
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For time-independent E (DC) we can do a FT:

−eE ·
1

ℏ

∂ fnk

∂k
= −

∫
dω

2π

[
f<nk(ω)Γ

>
nk(ω)− f

>
nk(ω)Γ

<
nk(ω)

]
where the E-field dependent occupation number is

fnk ≡
∫

dω

2π
f<nk(ω).

Approximations:

• Only scattering by lattice vibrations

• Neglect phonon-phonon interactions

• Frequency-independent el-ph matrix elements

• Phonon Green’s function in the adiabatic approximation

• f>,<(ω) is approximated at the level of Ĥ0

[f<nk(ω) ≈ 2πfnkδ(ω − εnk/ℏ)]

SP et al., Rep. Prog. Phys. 83, 036501 (2020)

Boltzmann transport equation
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− eE ·
1

ℏ
∂fnk

∂k
=

2π

ℏ

∑
m,ν

∫
d3q

ΩBZ
|gmnν(k,q)|2

×
[
fnk(1− fmk+q)δ(εnk − εmk+q + ℏωqν)nqν

+ fnk(1− fmk+q)δ(εnk − εmk+q − ℏωqν)(nqν+1)

− (1− fnk)fmk+qδ(εmk+q − εnk + ℏωqν)nqν

− (1− fnk)fmk+qδ(εmk+q − εnk − ℏωqν)(nqν+1)
]

SP et al., Rep. Prog. Phys. 83, 036501 (2020)

Boltzmann transport equation
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Macroscopic average of the current density is

JM(E) =
−eℏ2

2m

1

V

∫
d3r lim

r2→r1
(∇2 −∇1)G

<(r1, r2; t, t;E)

=
−e
Vuc

∑
n

∫
d3k

ΩBZ
vnkfnk(E)

For weak E, we can use the linear response of the current
density to define the conductivity :

σαβ ≡
∂JM,α

∂Eβ

∣∣∣∣
E=0

=
−e
Vuc

∑
n

∫
d3k

ΩBZ
vαnk∂Eβ

fnk

where ∂Eβ
fnk = (∂fnk/∂Eβ)|E=0.

The carrier drift mobility is

µdαβ ≡
σαβ

enc

SP et al., Rep. Prog. Phys. 83, 036501 (2020)

Linearized Boltzmann transport equation
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µ
d
αβ =

−1

Vucnc

∑
n

∫
d3k

ΩBZ

v
α
nk ∂Eβ

fnk

∂Eβ
fnk =ev

β
nk

∂f0
nk

∂εnk

τnk +
2π τnk

ℏ
∑
mν

∫
d3q

ΩBZ

|gmnν(k,q)|2

×
[
(nqν + 1 − f

0
nk)δ(εnk − εmk+q + ℏωqν)

+ (nqν + f
0
nk)δ(εnk − εmk+q − ℏωqν)

]
∂Eβ

fmk+q

where

τ
−1
nk ≡

2π

ℏ
∑
mν

∫
d3q

ΩBZ

|gmnν(k,q)|2
[
(nqν + 1 − f

0
mk+q)

× δ(εnk − εmk+q − ℏωqν) + (nqν + f
0
mk+q)δ(εnk − εmk+q + ℏωqν)

]
SP et al., Rep. Prog. Phys. 83, 036501 (2020)

Linearized Boltzmann transport equation
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µ
d,SERTA
αβ =

−1

Vucnc

∑
n

∫
d3k

ΩBZ

v
α
nk ∂Eβ

fnk

∂Eβ
fnk =ev

β
nk

∂f0
nk

∂εnk

τnk

where

τ
−1
nk ≡

2π

ℏ
∑
mν

∫
d3q

ΩBZ

|gmnν(k,q)|2
[
(nqν + 1 − f

0
mk+q)

× δ(εnk − εmk+q − ℏωqν) + (nqν + f
0
mk+q)δ(εnk − εmk+q + ℏωqν)

]

SP et al., Rep. Prog. Phys. 83, 036501 (2020)

Self-energy relaxation time approximation
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0.1L 0.1 X0.4

0.2

0.0

0.66 X 0.8 X

4.0

4.2

4.4

En
er

gy
 (e

V)

Diamond

100 K 200 K

400 K

f0
nk

nk

µ
d
αβ =

−1

Sucnc

∑
n

∫
d3k

SBZ

vnkα ∂Eβ
fnk

∂Eβ
fnk = evnkβ

∂f0
nk

∂εnk

τnk

+
2π τnk

ℏ
∑
mν

∫
d3q

SBZ

|gmnν(k,q)|2
[
(nqν+1−f

0
nk)δ(εnk−εmk+q+ℏωqν)

+ (nqν + f
0
nk)δ(εnk − εmk+q − ℏωqν)

]
∂Eβ

fmk+q ,

where the scattering rate is

τ
−1
nk ≡

2π

ℏ
∑
mν

∫
d3q

ΩBZ

|gmnν(k,q)|2
[
(nqν + 1 − f

0
mk+q)

× δ(εnk − εmk+q − ℏωqν) + (nqν + f
0
mk+q)δ(εnk − εmk+q + ℏωqν)

] Ultra-dense sampling required !

F. Macheda and N. Bonini, Phys. Rev. B 98, 201201R (2018), SP et al., Rep. Prog. Phys. 83, 036501 (2020)
SP et al., Phys. Rev. Research 3, 043022 (2021)

Linearlized Boltzmann transport equation - Dense sampling !
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Accurate Fourier interpolations
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gmnν(k,q) ≡⟨Ψmk+q|∆qνV |Ψnk⟩

gmnν(k,q) =
[ ℏ
2ων(q)

] 1
2
∑
κα

eκαν(q)√
Mκ

gmn,κα(k,q)

gmn,κα(k,q) =gSmn,κα(k,q)

+
∑

G ̸=−q

∑
sp

Umsk+q+G⟨uWsk+q+G| V
L
q+Gκα |u

W
pk⟩U

†
pnk

|unk⟩ =e−ik·r|Ψnk⟩

=
∑
p

U∗
npk|u

W
pk⟩

1

0

1

Re
 g

11
,

(
,q

) (
eV

)

Bloch: R = [0,0,0]
(a)

Wannier gauge: R = [0,0,0]
(d)

2

0

2

Im
 g

11
,

(
,q

) (
eV

) (b) (e)

-M M0

2

|g
11

,
(

,q
)| 

(e
V) (c)

-M M

(f)

SP, M. Royo, M. Gibertini, N. Marzari and M. Stengel, Phys. Rev. Lett. 130, 166301 (2023)

Long-range expressions
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V L
qκα(r) =

4πe f(|q|)

Ω|q|2 ϵ̃(q)
e−iq·τκ

(
iq · Zκα +

1

2
q ·Qκα · q

)(
1 + iq · V Hxc,E(r)

)
ϵ̃(q) =

q · ε · q
|q|2

f(|q|) + 1− f(|q|)

f(|q|) =e−
|q+G|2 L

2

4

d( L ) =
1

N

∗∑
κκ′l

∑
αβ

|ΦS
κα,κ′β(0, l)|

G. Brunin et al., Phys. Rev. Lett. 125, 136601 (2020), SP et al., Phys. Rev. B 107, 155424 (2023)

3D long-range scattering potential
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V L
qκα(r) =

πe

S

f(|q|)

|q|
e−iq·τκ

[
1

ϵ̃∥(q)

{
2iq · Zκα + q ·Qκα · q− |q|2Qκαzz − 2q · Zκαq · V Hxc,E(r)/e

}

+
1

ϵ̃⊥(q)

{
2|q|2Zκαz

[
z + V Hxc,Ez (r)/e

]}]

ϵ̃∥(q) =1 +
2π f(|q|)

|q|
q · α∥ · q

ϵ̃⊥(q) =1− 2π|q| f(|q|) α⊥

α∥ =(ε̆αβ − δαβ)
c

4π

α⊥ =(1− ε̆−1
zz )

c

4π

f(|q|) =1− tanh(|q| L /2)
0 10 20 30

L (Bohr)

1.000

1.001

1.002

1.003

d(
L)

SnS2
MoS2
h-BN
InSe
P

SP, M. Royo, M. Stengel, N. Marzari and M. Gibertini, Phys. Rev. B 107, 155424 (2023)

2D Long-range scattering potential
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gmn,κα(k,q) =g
S
mn,κα(k,q) +

∑
G ̸=−q

∑
sp

Umsk+q+G⟨uWsk+q+G|V
L
q+Gκα|u

W
pk⟩U

†
pnk

Wannier gauge is smooth everywhere in BZ and for q→ 0:

⟨uWsk+q| = ⟨u
W
sk|+

∑
α

qα

〈
∂uWsk
∂kα

∣∣∣∣∣+ · · ·
The r-dependent part:

⟨ψmk+q|eiq·r[1 + iq · V Hxc,E(r)]|ψnk⟩ =
∑
sp

Umsk+q

[
δsp+iq·

(
AW

spk +⟨uWsk| V
Hxc,E(r) |uWpk⟩

)]
U†
pnk,

where AW
spk,α = −i⟨ ∂u

W
sk

∂kα
|uWpk⟩ =

∑
R eik·Rrsp,R is the Berry connection

V Hxc,E(r) has been found to be small and is neglected.

SP, M. Royo, M. Stengel, N. Marzari and M. Gibertini, Phys. Rev. B 107, 155424 (2023)

Matrix overlap
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Dν(Γ,q) =

1

ℏNw

[
2ρSucℏωqν

∑
mn

|gmnν(Γ,q)|2
]1/2

0.2 K 0.2 M
0.0

0.2

0.4

0.6

0.8

D
C

B
(

,q
) 

(e
V

/B
o
h
r)

ZA

LA

LO1
TO1

ZO1

ZO2

Dipoles

Dipoles + quadrupoles

SP, M. Royo, M. Stengel, N. Marzari and M. Gibertini, Phys. Rev. B 107, 155424 (2023)

SnS2 deformation potential
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1. Improves the interpolation quality - quadrupolar order term

L X U,K
0

1.5

D
V

B
(

,q
) 

(e
V

/B
o
h
r)

D(DD+DQ+QQ) + G(eD+eQ)

D(DD+DQ+QQ) + G(eD+eQ) + A

LA

LA

LA

TA

TO

TO

TO

LO
LO

TA

TA

SP, M. Royo, M. Stengel, N. Marzari and M. Gibertini, Phys. Rev. B 107, 155424 (2023)

Impact of Berry connection term - SrO
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2. Restores gauge covariance in the long-wavelength limit

10

0

30

Re
 g

O
y

al
l(

,q
) (

eV
)

Wannier gauge: R = [0,0,0]

(a)

-X X30

0

40

Re
 g

,O
y

al
l

(
,q

) (
eV

)

exact overlap
with A
without A

(b)

Wannier gauge: R = [0,1,1]

eiq R (a) 

(c)

-X X

eiq R (b) with A
eiq R (b) without A

(d)

SP, M. Royo, M. Stengel, N. Marzari and M. Gibertini, Phys. Rev. B 107, 155424 (2023)

Impact of Berry connection term - SrO
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rxy(D)

rxy(DQ)

0

400
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1.0
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0
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e
(c

m
2
/V

s)
h

(c
m

2
/V

s)
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SP, M. Royo, M. Gibertini, N. Marzari and M. Stengel, Phys. Rev. Lett. 130, 166301 (2023)

Impact on mobility - MoS2
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µdαβ =
−1
Vucnc

∑
n

∫
d3k

ΩBZ
vαnk ∂Eβ

fnk

Obtained from the commutator:

v̂ = (i/ℏ)[Ĥ, r̂]

vnmk = ⟨ψmk|p̂/me + (i/ℏ)[V̂NL, r̂]|ψnk⟩,

where p̂ = −iℏ∂/∂r is the momentum operator.
Pcrα|ψnk⟩ are the solution of the linear system:

[H − εnkS]Pcrα|ψnk⟩ = P †
c [H − εnkS, rα]|ψnk⟩,

where S is the overlap matrix and Pc the projector over the empty states.

In the local approximation (neglecting V̂NL):

vmnkk′α ≈ ⟨ψmk′ |p̂α|ψnk⟩ = δ(k− k′)

(
kαδmn − i

∫
dru∗mk′ (r)∇αunk(r)

)

J. Tóbik and A. D. Corso, J. Chem. Phys. 120, 9934 (2004)

Electronic velocities
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µdαβ =
−1
Vucnc

∑
n

∫
d3k

ΩBZ
vαnk ∂Eβ

fnk

Wannier interpolated velocities:

vnmk′,α =
1

ℏ
Hnmk′,α −

i

ℏ
(εmk′ − εnk′ ) Amnk′,α

Amnk′,α =
∑
m′n′

U†
mm′k′ A

(W)
m′n′k′,α Un′nk′

A
(W)
nmk,α =i

∑
b

wbbα( ⟨u
(W)
nk |u

(W)
mk+b⟩ − δnm),

b are the vectors connecting k to its nearest neighbor and overlap matrices are:

⟨u(W)
nk |u

(W)
mk+b⟩ =

∑
n′m′

U†
mm′k Mmnk Unn′k+b,

Mmnk = ⟨unk|umk+b⟩ is the phase relation between neighboring Bloch orbitals.

X. Wang, J. R. Yates, I. Souza, and D. Vanderbilt, Phys. Rev. B 74, 195118 (2006)

Electronic velocities
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µHall
αβ (B̂) =

∑
γ

µdriftαγ rγβ(B̂)

rαβ(B̂) ≡ lim
B→0

∑
δϵ

[ µdriftαδ ]−1 µδϵ(B) [ µdriftϵβ ]−1

|B|

µαβ(Bγ) =
−1
Sucnc

∑
n

∫
d3k

SBZ
vnkα

[
∂Eβ

fnk(Bγ) − ∂Eβ
fnk

]
µdriftαβ =

−1
Sucnc

∑
n

∫
d3k

SBZ
vnkα ∂Eβ

fnk

F. Macheda and N. Bonini, Phys. Rev. B 98, 201201R (2018)
SP, W. Li, S. Reichardt, and F. Giustino, Rep. Prog. Phys. 83, 036501 (2020)

SP, F. Macheda, E. R. Margine, N. Marzari, N. Bonini, and F. Giustino, Phys. Rev. Research 3, 043022 (2021)

Hall mobility
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[
1−

e

ℏ
τnk(vnk ×B) · ∇k

]
∂Eβ

fnk(B) = evnkβ
∂f0nk

∂εnk
τnk

+
2π τnk

ℏ

∑
mν

∫
d3q

SBZ
|gmnν(k,q)|2

[
(nqν + 1− f0nk)δ(εnk − εmk+q + ℏωqν)

+ (nqν + f0nk)δ(εnk − εmk+q − ℏωqν)
]
∂Eβ

fmk+q(B) ,

where the scattering rate is

τ−1
nk ≡

2π

ℏ

∑
mν

∫
d3q

ΩBZ
|gmnν(k,q)|2

[
(nqν + 1− f0mk+q)

× δ(εnk − εmk+q − ℏωqν) + (nqν + f0mk+q)δ(εnk − εmk+q + ℏωqν)
]

F. Macheda and N. Bonini, Phys. Rev. B 98, 201201R (2018)
SP, W. Li, S. Reichardt, and F. Giustino, Rep. Prog. Phys. 83, 036501 (2020)

SP, F. Macheda, E. R. Margine, N. Marzari, N. Bonini, and F. Giustino, Phys. Rev. Research 3, 043022 (2021)
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Wurtzite GaN: Reversing the sign of the crystal-field splitting with strain
Can be lattice matched to ZnGeN2 (+50%) and MgSiN2 (+260%)

-0.3

-0.2

-0.1

0.0

0.0

0.1

0.2

E
ne

rg
y 

(e
V

)

band gap
CBM

VBM

Biaxial

+2%
relaxed

0.2 -M 0.2 -A
-0.3

-0.2

-0.1

0.0

0.0

0.1

0.2

E
ne

rg
y 

(e
V

)

band gap
CBM

VBM

-2%
relaxed

200

100

0

100

200

300
Biaxial
Uniaxial

2 1 0 1 2
Strain (%)

0

50

100

150

300 K

100 200 300 400 500
Temperature (K)

0

100

200

300

400

500

600

700

H
ole m

ob
ility (cm

2/V
s)

+2% biaxial
+1% biaxial
relaxed

+2% Biaxial

VBM relaxed

-2% Biaxial

cf
 (m

eV
)

H
ol

e 
m

ob
ili

ty
 (c

m
2 /

V
s)

(a)

(b)

(c) (d)

(e)

(f)

SP, D. Jena, and F. Giustino, Phys. Rev. Lett. 123, 096602 (2019)
J. Leveillee, SP, N. L. Adamski, C. G. Van de Walle, and F. Giustino, App. Phys. Lett. 120, 202106 (2022)

Strain engineering
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High hole mobility in strained p-type ScN

S. Rudra, D. Rao, SP, and B. Saha, Nano Lett. 23, 8211 (2023)

Strain engineering
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High hole mobility in strained p-type ScN

S. Rudra, D. Rao, SP, and B. Saha, Nano Lett. 23, 8211 (2023)

Examples of applications: strain engineering
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Impact on mobility of highly-strained silicon

N. Roisin, G. Brunin, G.-M. Rignanese, D. Flandre, J.-P. Raskin, and SP, submitted (2024)

Examples of applications: strain engineering
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Impact on mobility of highly-strained silicon Lab-on-a-chip: 4-point bending measurements

trans.

long.

Polycarbonate strip

Aluminium gauge

N. Roisin, G. Brunin, G.-M. Rignanese, D. Flandre, J.-P. Raskin, and SP, submitted (2024)

Examples of applications: strain engineering
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Approximations:

• point charge impurity embedded in the dielectric continuum of the host material

• τ imp,−1 within the first Born approximation (single-impurity scattering)

• dilute limit (additive τ imp,−1 ) + randomly distributed impurities

Charged impurity scattering:

1

τ imp
nk

= N imp 2π

ℏ

∑
mq

|gimp
mn (k,q)|2 δ(εnk − εmk+q)

|gimp
mn (k,q)|2 =

[
e2

4πϵ0
4πZ

Ω

]2 ∑
G̸=−q

|⟨ψmk+q|ei(q+G)·r|ψnk⟩|2

| (q+G) · ϵ0 · (q+G) |2
,

with a non-integrable divergence |q|−4 → free carrier screening in the q→ 0 limit:

ϵ0 →ϵ0 +
(qTF)2

q2
I

(qTF)2 =
e2

4πϵ0
4π

Ω
2
∑
n

∫
dk

ΩBZ

∣∣∣∣∂f0nk

∂εnk

∣∣∣∣
J. Leveillee, X. Zhang, E. Kioupakis, and F. Giustino, Phys. Rev. B 107, 125207 (2023)

Carrier-impurity scattering
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J. Leveillee, X. Zhang, E. Kioupakis, and F. Giustino, Phys. Rev. B 107, 125207 (2023)

Carrier-impurity scattering - silicon
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Matthiessen’s rule:

1

µ
=

1

µph
+

1

µimp

versus aiBTE:

∂Eβ
fnk(B) = evnkβ

∂f0nk

∂εnk

[
τnk + τ imp

nk

]
+
2π

ℏ

[
τnk + τ imp

nk

]∑
m

×
∫

d3q

SBZ

[ ∑
ν

|gmnν(k,q)|2
{
(nqν + 1− f0nk)δ(εnk − εmk+q + ℏωqν)

+(nqν + f0nk)δ(εnk − εmk+q − ℏωqν)
}

+ |gimp
mn (k,q)|2δ(εnk − εmk+q)

]
∂Eβ

fmk+q(B)

J. Leveillee, X. Zhang, E. Kioupakis, and F. Giustino, Phys. Rev. B 107, 125207 (2023)

Validity of Matthiessen’s rule
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Can be obtained from the solution of the BTE:

ραβ = σ−1
αβ

σαβ =
−e
Vuc

∑
n

∫
d3k

ΩBZ
vαnk ∂Eβ

fnk

Further approximation:

• constant gmnν(k,q) close to the Fermi level

• − ∂f0
nk

∂εnk
≈ δ(εF − εnk)

Lowest-order variational approximation (LOVA) / Ziman formula:

ρ(T ) =
4πme

ne2kBT

∫ ∞

0
dω ℏω α2

trF (ω)n(ω, T )
[
1 + n(ω, T )

]
,

SP, W. Li, S. Reichardt, and F. Giustino, Rep. Prog. Phys. 83, 036501 (2020)

Resistivity in metals
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Lowest-order variational approximation (LOVA) / Ziman formula:

ρ(T ) =
4πme

ne2kBT

∫ ∞

0
dω ℏω α2

trF (ω) n(ω, T )
[
1 + n(ω, T )

]
,

Isotropic Eliashberg transport spectral function:

α2
trF (ω) =

1

2

∑
ν

∫
BZ

dq

ΩBZ
ωqν λtr,qν δ(ω − ωqν),

Mode-resolved transport coupling strength is defined by:

λtr,qν =
1

N(εF )ωqν

∑
nm

∫
BZ

dk

ΩBZ
|gmn,ν(k,q)|2δ(εnk − εF)δ(εmk+q − εF)

(
1−

vnk · vmk+q

|vnk|2
)
.

SP, W. Li, S. Reichardt, and F. Giustino, Rep. Prog. Phys. 83, 036501 (2020)

Resistivity in metals
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Eliashberg spectral function
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Ziman’s formula
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F. Goudreault, SP, F. Giustino, and M. Côté, unpublished (2024)

BTE resistivity
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Anharmoncity can be treated with:

• TDEP, SSCHA

• d3q, phono3py, ShengBTE

• Alamode,

• ZG.x

J.-J. Zhou, O. Hellman, and M. Bernardi, Phys. Rev. Lett. 121, 226603 (2018)

Recent developments: anharmonicities in SrTiO3
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• Phonon spectral function Πq(T, ω) at 12 K - monolayer TaS2

• Many Kohn anomalies are revealed

J. Berges, N. Girotto, T. Wehling, N. Marzari, and SP, Phys. Rev. X 13, 041009 (2023)

Recent developments: non-adiabatic and dynamical phonons
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N. H. Protik and D. A. Broido, Phys. Rev. B 101, 075202 (2020) N. H. Protik and B. Kozinsky, Phys. Rev. B 102, 245202 (2020)

Recent developments: Coupled transport of phonons and carriers
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GaAs

N.-E. Lee, J.J. Zhou, H.-Y. Chen, and M. Bernardi, Nature Commun. 11, 1607 (2020)

Recent developments: Electron-two-phonon scattering
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GaAs

A. Y. Choi, P. S. Cheng, B. Hatanpää, and A. J. Minnich, Phys. Rev. Materials 5, 044603 (2021)

Recent developments: High field / warm electrons
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I.-T. Lu, J. Park, J.-J. Zhou, and M. Bernardi, npj Comput. Mater. 6, 17 (2020)

Recent developments: Electron-neutral defect scattering
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Current responsivity in GeTe

R = 1
Lz

σz;xx
NLH

σxx
L

Thermal and carrier transport of doped GaN

J.-M. Lihm and C.-H. Park, Phys. Rev. Lett. 132, 106402 (2024)
A. Cepellotti, J. Coulter, A. Johansson, N. S. Fedorova, and B. Kozinsky, J. Phys: Mater. 5, 035003 (2022)

Recent developments: Transport with electronic relaxons

Samuel Poncé 51 of 55



Transport in Sr2RuO4

D. J. Abramovitch, J.-J. Zhou, J. Mravlje, A. Georges, and M. Bernardi, Phys. Rev. Mater. 7, 093801 (2023)
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• The Boltzmann transport equation can be obtained from a rigorous
many-body framework

• Long-range electrostatics is important for accurate interpolation

• The Hall factor is temperature dependent and can deviate from unity

• BTE mobilities overestimates experiment

• Carrier-impurity scattering is crucial for high-carrier concentrations

Conclusion
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• Local velocity approximation
• Neglect of quadrupoles
• SOC for hole mobility
• Self energy relaxation time approximation

Strongest approximations
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Side note

Berryology [TM Ivo Souza]:

jα = −e
∫
k
ṙaf(ε)

= −e
∫
k
[ va︸︷︷︸
band

+(e/ℏ)ΩabEb︸ ︷︷ ︸
anomalous

+ . . . ][f0 + τevcEcf
′
0 + . . . ]

= C + σabEb + σabcEbEc + . . .

σab = −e2τ
∫
k
vavbf

′
0 −

e2

ℏ

∫
k
Ωabf0 Linear Ohmic + Hall

In system with TR symmetry:
∫
k Ωabf0 = 0

SP et al., Rep. Prog. Phys. 83, 036501 (2020)

Linearized Boltzmann transport equation
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