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Bloch theorem from Lec. Mon.1

Uber die ik der . .
in Kristallgittern. lattice points R

Von Felix Bloeh in Leipzig.

unit cell

Mit 2 Abbildungen. (Eingegangen am 10. August 1928.)

Die Bewegung cines Elektrons im Gitter wird untersacht, indem wir uns dieses
durch ein zunichst streng dreifach periodisches Kraftfeld schematisieren. Unter
Hinzunahme der Fermischen Statistik aul die Elektronen gestattet unser Modell
Aussagen dber den von ihnen herrihrenden Anteil der spesifischen Wirme des
rials. Pesser wird gesegt, dad die Bertokaichigang  der thonischen Giter
¢ elektrischen Leit.
fahigkeit von Metallen in thuu\er Obereinstimmung mit P Erfahrung ergibt.

iulcit\mg. Die Fleklmnrnthvonc der Metall» hat seit einiger
o die in der

cher Prinzipien auf das Elektronengas begrindet sind. Zonichst hat

Pauli® unter der Annahme, dab die Motallelektronen sich vllig frei im

Gitter bewegen konnen und der Fermischen** Statistik gehorchen, den

— pikr :
= "™ Ty(r) with u(r + R
temperaturunablingigen Paramagaetismus der Alkalien m erklizen ver-

mocht. - Die slektrischen und des Blekt Bloch theorem

gases sind dann von Sommerfeld, Houston und Eokart** niher
untersucht worden. Die Tatsache freior Leitungselektronen wird von
shnen als gegeben betrachtet und shre Wechselwirkung mit dem Gitter
nur durch eine zuniichst phiinomenologisch eingefihrte, dann von
Houston®*# strenger begriindete freie Weglinge mitberiicksichtigt.
SchlieBlich hat Heisenberg gezeigt, dab im anderen Grenzfall, wo zn-

niichst- die Elektronen an die lonen im Gitter gebunden gedacht und grSt
in nichster Nsherang die uner ihuen o knT 6 ~hCqp/ksT 54
werden, das fiir den Fe is Feld Cl B :I: :Ll
seine Erklirung findet. = — -
Hier soll ein Zwischenstandpunkt zwischen den beiden oben er- T ﬁc (ez — 1) (1 —e 7 )
withnten Behandlungsweisen eingenommen werden, insofern, als der Aus- 0

tausch der Elektronen unberticksichtigt bleibt, sie dagegen nicht cinfach

P71 1 o Bloch-Griineisen formula for electrical resistivity

% B Pornl, sbeada 86, &
v l{ullslon S Bokart, shanda 47, 1, 1988

* A Sommerfeld, W.
“##+ W.V. Houston, chends 48, 449, 1
# W. Heisenberg, ebends 49, 619, wx
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Landau's question on electron self-trapping

Feliciano Giustino

Iris well known that in a periodic field an electron can move without resistance.
‘When the lattice is slightly distorted at a point, this only leads to scattering
of the electrons at this point. This, however, does not mean the electron is
trapped at this point. According to a familiar theorem in wave mechanics
this will only be possible if, in addition possible if, in addition to continuous
eigenvalues, the distorted lattice would also have discrete eigenvalues. But
this is not the case for slight distortions.

Let us consider a free electron, subjected in a certain region to a weak field.
we can then demonstrate in accordance with Peierls® that the solution of the
Schridinger equation at £ = 0 has no nodes 2t weak fields, that is it corre-

sponds to the lowest possible eig Jue. For, when de the solution
of the Schrédinger equation
. 2mU
Viy = 5 1y
for small U in the form
y=1+z 2
where yx is also small, one obtains:
o, _ 2mU
V=% @

If U decreases at infinity more rapidly than 1/r% then this equation has a
solution finite throughout, and whose values are proportional to those of U.
For a sufficiently small U one therefore has [g] < 1 hence 1 + y vanishes
nowhere. (When denoting the dimension of the region where U is different

from zero by a, we find that a discrete eigenvalue can only exist when mUa®/4>
is of the order of unity.)

An analogous proof is possible for a periodic lattice by taking as starting
point the solution corresponding to the lowest eigenvalue which is consequently
nodeless for a strictly periodic field, and by writing the “distorted” y in the
form » =y + 2.

Hence a small distortion does not yet lead to the possible trapping of the
electron. This possibility only exists for large distortions. We can now diffe-
rentiate between two essentially different cases. For, the energetically most
favourable state of the total system may correspond, firstly, to the undistorted
lattice and the electron moving about “freely” and, secondly, the electron
trapped at a strongly distorted region. In the first case, the electron cannot
be trapped at all by the lattice. This situation seems to be realised in the case
of diamond. In the second case, the electron can only be trapped when passing
over an energy barrier. For, as already stated, in the case of a small distortion,
the eigenvalues of the electron are not changed. Hence the energy variation
of the total system consists solely in the distortion energy and thus is essen-
tially pomlve ‘We must therefore expect that the trapping of the electron is

iated with activation effects. This ds to the situation in the case
of NaCl which cannot be discoloured by X- mys at low temperatures. It would
be interesting to verify in this effect the exp{— 4/k7") law and to determine
the value of the activation energy 4.

REFERENCE
1. R. Permers, Z. Phys. 58, 39 (1929).

Electron motion in crystal lattices, Phys. Z. Soviet. 3, 664 (1933)
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Landau's reasoning

energy

wavevector
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Landau's reasoning

electron localized by lattice distortion

energy

“polaron” (C)S. Pekar

wavevector
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Transport signatures of polarons

Laj_4SrxMnO3

resistivity decreases with T

)

- - -
o o o
- N [A)

(Qem

100 &

1071

Resistivity

1072 |
E resistivity increases with T

— Lec. Wed.1 Poncé

1073

1074

1 - 1 1
0 100 200 300 400 500
Temperature (K)

Right figure from Urushibara, Moritomo, Arima, Asamitsu, Kido, Tokura, Phys. Rev. B 51, 14103 (1995)
Left figure from ESRF Highlights 2001
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Transport signatures of polarons

Anatase TiO, Rutile TiO4
10
£
a1
=
0.1
0 100 200 300 100 200 300
Temperature (K) Temperature (K)
«NTO/STO —Nb:TiO, on r-ALO,
* NTO/LAO —Nb:TiO, on c-ALO,

—Nb:TiO, on SiO

2

Hall mobility data from Zhang et al, J. Appl. Phys. 102, 013701 (2007)
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Scanning tunneling microscopy signatures of polaronss

Figures from Liu, Wu, et al, Nat. Commun. 14, 3690 (2023)
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The Polaron Zoo

Feliciano Giustino

Polaron type
Electron or hole polaron

Large Frohlich polaron
Small Holstein polaron

Bipolaron

Magnetic (spin) polaron
Jahn-Teller polaron
Ferroelectric polaron
Zener polaron

2D polaron

Polaron exciton
(self-trapped exciton)

Dopant/defect polarons

Molecular polaron

Description

Self-trapped electron or hole coupled
with phonons

Long-range electron-phonon
interaction, spatially extended

Short-range electron-phonon
interaction, spatially confined

Bound pair of two polarons

(Holstein or Fréhlich), similar to a
superconducting Cooper pair'*’
Small polaron coupled with localized
spins

Polaron stabilized by Jahn-Teller
effects

Polaron stabilized by ferroelectric
distortions

Two spin polarons coupled by double
exchange (FM polaron dimer)

Polaronic self-trapping confined in 2D

Bound pair consisting of an electron
polaron and a hole polaron

(Small) polarons bound to dopants
and defects

Self-trapping caused by short-range
chemical bond formation

References

Reviews 771

Theory’****, experiments (n-doped a-TiO,)**
Theory™!*%2%, experiments (UO,, )"*

Theory’******* (manganites, cuprates), experiments
and DFT (BaK Bi, ,O,)"" "

Theory'*****, experiments and DFT (EuO (REFS "),
Fe,04 (REF), (La, A),,Ca,,,MnO, (REFS**")

Experiments (La, ,Sr, MnO, (REF."), cuprates”),
experiments and DFT (ABO,)"*****, theory’*"-**

Experiments and DFT (halide perovskites)***, DFT
(SrTiO, (REFS****), strained BaTiO; (REF."%))

Theory (doped manganites)’’, experiments’*, HF***,
DFT173:3%

Theory’'**", experiments (MoS,) ", DFT (Hf/ZrO,)"”

Theory**, experiments (ZnO [REF“‘] C60 (REF*)),
review'’' (conjugated polymers)***

Experiments and theory (TiO,)*", book'**

Theory’*, experiments (DEH molecule)**, review
(conducting polymers)

Table from review article: Franchini et al, Nat. Rev. Mater. 6, 560 (2021)
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Polarons in DFT calculations

Electron aded to LisO5 ground state

Figure from Feng et al, Phys. Rev. B 88, 184302 (2013)
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Polarons in DFT calculations

Self-localization after ionic relaxation

Electron aded to LisO5 ground state

Figure from Feng et al, Phys. Rev. B 88, 184302 (2013)
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Polarons in DFT calculations

Self-localization after ionic relaxation

Electron aded to LisO5 ground state

P\
< u%

£ ¢

A
\J

o0

e

e Formation energy and size sensitive to the XC functional

e Only very small polarons accessible

Figure from Feng et al, Phys. Rev. B 88, 184302 (2013)
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Polaron sensitivity to functional in DFT: Hole polaron in MgO

Feliciano Giustino

1T ]
= | G = 0.48 -
£ | no polaron opt
g 0 =
)
5
g’ -1 yes polaron]|
5
R 1
= 2f {
S
& o EZsH(Q) removed
e 0
A 3L © Epig -
L | | | L 1 L
0 0.2 0.4 0.6 0.8 1

Fraction of exact exchange o

Figures adapted from Kokott, Levchenko, Rinke, Scheffler, New J. Phys. 20 (2018)
See also Falletta, Pasquarello, PRL 129, 126401 (2022) for Koopman's based approaches

11 of 36



Sensitivity to XC functional: Electron polarons in rutile and anatase TiO,

Polaron formation energy vs. U in Hubbard-corrected DFT+U

00 T T
U

_ -0.2 | %Se -
G A
g 04 “e .
L

06 CRPA N

-0.8 L .

40 4.5 5.0 5.5 6.0
Hubbard U (eV)

Figures adapted from Setvin, Franchini, Kresse, Diebold, et al, Phys. Rev. Lett. 113, 086402 (2014)
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Ground state of the polaron in the Landau-Pekar model

electron
\ €0, €0

\

Pekar, Zh. Eksp. Teor. Fiz. 16, 341 (1946); Landau and Pekar, Zh. Eksp. Teor. Fiz. 18, 419 (1948)
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Ground state of the polaron in the Landau-Pekar model

electron g Vo + 2 [ar B-D
\ €0, €oc T ome 2

\

Pekar, Zh. Eksp. Teor. Fiz. 16, 341 (1946); Landau and Pekar, Zh. Eksp. Teor. Fiz. 18, 419 (1948)
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Ground state of the polaron in the Landau-Pekar model

electron g Vo + 2 [ar B-D
\ €0, €oc T ome 2

\
] V-D=—¢(r)? D=cyeE

Pekar, Zh. Eksp. Teor. Fiz. 16, 341 (1946); Landau and Pekar, Zh. Eksp. Teor. Fiz. 18, 419 (1948)
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Ground state of the polaron in the Landau-Pekar model

electron p= " fawwep i) [ae D
\ €0, €co " ome 2
\
] V-D=—¢(r)? D=cyeE

2 2 AYPA
l/drE.Dzl ¢ (L /drdr/ ()P
2 24mey \ € r—r/|

Pekar, Zh. Eksp. Teor. Fiz. 16, 341 (1946); Landau and Pekar, Zh. Eksp. Teor. Fiz. 18, 419 (1948)
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Ground state of the polaron in the Landau-Pekar model

electron g Vo + 2 [ar B-D
\ €0 €00 T ome 2
\
] V-D=—¢(r)? D=cyeE

| 1@ (1 ()l
§/dI'ED 5471'50 <a—€oo)/d dr ‘I’—I‘ll

Pekar, Zh. Eksp. Teor. Fiz. 16, 341 (1946); Landau and Pekar, Zh. Eksp. Teor. Fiz. 18, 419 (1948)
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Ground state of the polaron in the Landau-Pekar model

electron g Vo + 2 [ar B-D
\ €0, €oc T ome 2

V- -D = —e|(r)? D = ¢geE

| 1 (1 [ ()2 ()
_/drE.D_§ <——)/drdr v

€0 €

B = S Jarvewr - 5 c (i—é) [iwar rwo‘?@ﬁg‘r')\?

4men \ €so

Pekar, Zh. Eksp. Teor. Fiz. 16, 341 (1946); Landau and Pekar, Zh. Eksp. Teor. Fiz. 18, 419 (1948)
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Variational solution for the Landau-Pekar equation

Simplest trial solution

P(r) = exp(—[r|/rp)
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Variational solution for the Landau-Pekar equation

Simplest trial solution

P(r) = exp(—[r|/rp)

Feliciano Giustino

L Stable localized state
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Effect of DFT self-interaction and hybrid exchange fraction

) e

localization
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Effect of DFT self-interaction and hybrid exchange fraction

(o) Joenty [ - ol

DFT self-interaction Fock exchange

no localization

Hybrid functional av= 0.2

localization
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Effect of DFT self-interaction and hybrid exchange fraction

(o) Joenty [ - ol

DFT self-interaction Fock exchange

Hybrid functional av= 0.2
a=04

localization
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Effect of DFT self-interaction and hybrid exchange fraction

11 , o) , () , ()P
—(;—g) /dr—]r—r’] + /dr ] — a/dr ]

DFT self-interaction Fock exchange

Hybrid functional av= 0.2
a=04
a=0.6

localization
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Effect of DFT self-interaction and hybrid exchange fraction

11 , o) , () , ()P
—(;—g) /dr =] + /dr ] — a/dr ]

DFT self-interaction Fock exchange

Hybrid functional av= 0.2
a=04

a=0.6
a=0.8

localization

Feliciano Giustino
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Effect of DFT self-interaction and hybrid exchange fraction

Solution of Landau-Pekar model
with self-interaction and Hybrid exchange

delocalized (no polaron)

o

polaron

Formation energy (arb. units)

| | | |
00 02 04 06 08 10

Fraction of exact exchange a
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Effect of DFT self-interaction and hybrid exchange fraction

Solution of Landau-Pekar model
with self-interaction and Hybrid exchange

delocalized (no polaron)

o

polaron

Formation energy (arb. units)

| | | |
00 02 04 06 08 10

Fraction of exact exchange a

Feliciano Giustino

Epo, (6V)

Polaron binding energy (eV)

0.0

-0.2

0.4

-0.6

-0.8

o Bk (Q) removed

20
° I‘Mml

02 04 06 08

Fraction of exact exchange a

1

T T
[ %
o
L ‘////s
B LoRPA T
1 1
4.0 4.5 5.0 5.5 6.0

Hubbard U (eV)

Kokott et al,
NJP 20 (2018)

Setvin et al,
PRL 113, 086402 (2014)
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Total energy in DFT

= > /dr\VwZF /d dr l(r)_—"frr’) + Eqe[n]

1€0cc

+ Z/ |r—7‘,.i| Z|TK—TH/
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Total energy in DFT

= > /dr\VwZF /d dr l(r)_—"](rr’) + Eqe[n]

1€0cc

+ Z/ |r—7‘,.i| Z|TK—TH/

n(r) — n(r) + [¢(r)]?
Add one electron:
T, — T + Ug
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Total energy in DFT
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Total energy in DFT

E = Z/czr|wi|2+/dr|W|2

1€0CcC
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Total energy in DFT

E = Z/czr|w,-|2+/dr|W)|2

1€0CcC

+ Egeln + |¢|*]

1 , [n(r) + [9() ] [n(x) + [ (x) ]
3 /drdr

v — |
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Total energy in DFT

D Ty

1€0cC

b ) fina O WORN WO gy

v — |

+ W} )‘ 1 Ly Zy
+ —
Z/ \r— Tn+uﬁ)| 2;\(7',{—1—115)—(7,4—#11,{,)]
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Total energy in DFT

Self-interaction terms to be removed

E = g;/dﬂvw? /M\

b ) fina O WORN WO gy

v — |

+ W} )‘ 1 Ly Zy
+ —
Z/ \r— Tn+uﬁ)| 2%,:\(7',{—1—11,{)—(7-5/—#11,{,”
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Total energy in DFT

Self-interaction terms to be removed

E = l;;/duvm? /M\

+ %/drdr’ [n(r) + |w(r)“r]_[nr(/1"/> + |¢(r')! ] + E:cc[n + |w|2]
) + ()] L1 I Ly
* Z/ ‘I‘— T,$+u,{)| 2;‘(7-&""“&)_(7&’4‘“&’”

AN

Expand to lowest order in u,
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Polarons in density-functional perturbation theory

Formation energy functional of an extra electron, without self-interaction

oVi
KS u, + §un'cf§n’ U/

Ey = /dr¢*HKS¢ +/d1'|¢’2
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Polarons in density-functional perturbation theory

Formation energy functional of an extra electron, without self-interaction

o)%:
KS u, + Eulﬁ.cﬁﬁl U/

Ey = /dr¢*HKS¢ +/d1'|¢’2

Variational minimization with respect to ¥ and u,, & normalization of

oV
Hmww 5w, = A

_ oV;
uﬁz—(C);/ afslw!?

Derivation in Sio et al, PRB 99, 235139 (2019)
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Polarons in reciprocal space

P = 3 Ak duklr)
P nk

u.(R) = _FPZB@ m e'd
qv

eK},ql/

Derivation in Sio et al, PRB 99, 235139 (2019)
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Polarons in reciprocal space

1
Ur) = 5 D Auc ()

P nk

2 [ )
(R) = —— B iaR K,qV
us(R) Np%; W\ Mg, ¢ 9

2 *
F Z BqV gmnu(k7 q) Amk+q = (5nk_5) Ank

P qmu

gmm/(k q)
Z Amk+q Ank

P mnk qy

Ab initio polaron equations

Derivation in Sio et al, PRB 99, 235139 (2019)
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Example: Excess electron in LiF

0.0r

Energy (eV)
S
N

06|

-0.8

0.000 0.008 0.016 0.024 0.032
Inverse supercell size (A")
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Example: Excess electron in LiF

0.0r

Low density

Energy (eV)
=)
N

06|

-0.8

0.000 0.008 0.016 0.024 0.032
Inverse supercell size (A")

High density
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Example: Excess electron in LiF

—> Tut. Fri.5 Lafuente

I Epol = 0.23 eV conduction

Ecw =14.7 eV

valence

3,456 atoms

Figure from Sio et al, Phys. Rev. B 99, 235139 (2019)
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Example: Excess electron in LiF

conduction
valence

=0.23 eV

Epol
Eecw =147 eV

VAV { ¥ ;»e» .ou L L . Y v

?a%??&bééiﬁ {
:%.w..?»e&@? G
¥ &Q? @)Tr »\ 4 ]

%%h )

RN AANOMAS T uu

FVAYAVEVAVRYATAYE
ill.llluwib.i V >

5 S :Q \V.ﬁﬁl
e «n«‘)t» «wﬁ»:.@«@ .@&‘Q%LGLL‘
L PR R S R R S s
O e B B S

e e S 4

3,456 atoms .

Figure from Sio et al, Phys. Rev. B 99, 235139 (2019)
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Example: Excess hole in LiF

I Epol = 0.23 eV conduction

Ecw =14.7 eV

Epol =1.98 eV

valence

Figure from Sio et al, Phys. Rev. B 99, 235139 (2019)
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Polaron as coherent superposition of Bloch waves
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Wavevector
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Polaron transport: Hopping barrier in CsoAgBiBrg

@Cs
@ Ag
@ Bi
° Br

Figures from Lafuente-Bartolomé et al, PNAS 121, €2318151121 (2024)
Feliciano Giustino
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Polaron transport: Hopping barrier in CsoAgBiBrg

0.00
-0.051
-0.101

-0.151

Energy (eV)

-0.201

Initial Hop Final

Figures from Lafuente-Bartolomé et al, PNAS 121, €2318151121 (2024)
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Anisotropic polarons: Thermoelectric SnSe

200 (€)) (b) (c) 1.0
0 . 0.8
—200 0.6

Distance (A4)

200 (d) (e) (f) 0.4
0 ‘l"’ ‘l"' . 0.2

X z X
—200 I_,Y ]_,Y T_Z 0.0

—-200 0 200 -200 0O 200 -200 O 200
Distance (4)

Right figure from Guster, Gonze, et al, Phys. Rev. Mater. 7, 064604 (2023)
Left figure from en.wikipedia.org/wiki/Tin_selenide
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Polarons in 2D materials: Monolayer h-BN

2D EPC matrix elements:

K

— Lec. Wed.1 Poncé
—> Tut. Wed.5 Ha
; ; LO (E,)

M

TO
Z0
\!L
7
r
Wavector

Figure from Sio et al, Nat. Phys. 19, 629 (2023)
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Relation with the many-body formulation of Lec. Tue.2

Fan-Migdal self-energy Debye-Waller self-energy

Derivation in Lafuente-Bartolomé et al, Phys. Rev. B 106, 075119 (2022)
See also tadpole self-energy in Marini et al, Phys. Rev. B 91, 224310 (2015)
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Relation with the many-body formulation of Lec. Tue.2

Fan-Migdal self-energy Debye-Waller self-energy Tadpole self-energy

Derivation in Lafuente-Bartolomé et al, Phys. Rev. B 106, 075119 (2022)
See also tadpole self-energy in Marini et al, Phys. Rev. B 91, 224310 (2015)
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Relation with the many-body formulation of Lec. Tue.2

Path integral approach to the Frohlich model: Feynman, Phys. Rev. 97, 660 (1955)

electron energy

Feliciano Giustino

*

m

wavevector

phonon energy

hwro

3
=[5

wavevector
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Relation with the many-body formulation of Lec. Tue.2

Path integral approach to the Frohlich model: Feynman, Phys. Rev. 97, 660 (1955)

>
& & hwio
(] (0]
o b5
§ S ( ) . thC \/5
° m* o
wavevector wavevector
Frohlich coupling constant Characteristic length
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Relation with the many-body formulation of Lec. Tue.2
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Relation with the many-body formulation of Lec. Tue.2
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Relation with the many-body formulation of Lec. Tue.2
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Many-body field-theoretic approach to polarons

N = EFM

=g+

Figure from Lafuente-Bartolomé et al, Phys. Rev. Lett. 129, 076402 (2022)
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Many-body field-theoretic approach to polarons

P

Polaron self-energy

s™M = yGI'D P = g(a)

['=g+

Figure from Lafuente-Bartolomé et al, Phys. Rev. Lett. 129, 076402 (2022)
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Many-body field-theoretic approach to polarons

Lehmann representation of the Green's function Dyson orbitals
T fs(r) (') 1 T
G(r,r’;w) = : > fs(r) = T = Aik wnk(r)
B h/u.) - 68 N nk —

From Lafuente-Bartolomé at al, PRB 106, 075119 (2022)
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Many-body field-theoretic approach to polarons

Lehmann representation of the Green's function Dyson orbitals
fs(r) (')
Glrx'iw) =) == > ZAnk Ve
s S

S S
E |:€nk 577,1( k! + an n'k’ (55) + Enk 'k’ j| An’k’ = &g nk
n'k’

Many-body ab initio polaron equations

From Lafuente-Bartolomé at al, PRB 106, 075119 (2022)
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Exciton polarons

energy
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Take-home messages

e DFT calculations of polarons suffer from self-interaction error
e Ab initio polaron equations yield self-interaction-free energies and wavefunctions
e Polarons can be studies using many-body Green's functions as in Lec. Tue.2

e There are many types of polarons, from very small to very large
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