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• Notion of electron self-trapping

• Manifestations of polarons

• DFT calculations of polarons

• Landau-Pekar model

• Ab initio polaron equations

• Many-body theory of polarons

Lecture Summary
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1928: First theoretical model

ψ(r) = eik·ru(r) with u(r+R) = u(r)

Bloch theorem

lattice points R
unit cell

ρ =
c1
T

(
kBT

ℏC

)6∫ ℏCqD/kBT

0

x5 dx

(ex − 1) (1− e−x)

Bloch-Grüneisen formula for electrical resistivity

Bloch theorem from Lec. Mon.1
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Electron motion in crystal lattices, Phys. Z. Soviet. 3, 664 (1933)

Landau’s question on electron self-trapping
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electron localized by lattice distortion

“polaron” ©S. Pekar

Landau’s reasoning
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La1-xSrxMnO3

resistivity decreases with T

resistivity increases with T

Lec. Wed.1 Poncé

Right figure from Urushibara, Moritomo, Arima, Asamitsu, Kido, Tokura, Phys. Rev. B 51, 14103 (1995)

Left figure from ESRF Highlights 2001

Transport signatures of polarons
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Anatase TiO2 Rutile TiO2

Hall mobility data from Zhang et al, J. Appl. Phys. 102, 013701 (2007)

Transport signatures of polarons
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Figures from Liu, Wu, et al, Nat. Commun. 14, 3690 (2023)

Scanning tunneling microscopy signatures of polaronss

Feliciano Giustino 08 of 36



Table from review article: Franchini et al, Nat. Rev. Mater. 6, 560 (2021)

The Polaron Zoo
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Electron aded to Li2O2 ground state

Figure from Feng et al, Phys. Rev. B 88, 184302 (2013)

Polarons in DFT calculations

Feliciano Giustino 10 of 36



Electron aded to Li2O2 ground state Self-localization after ionic relaxation

Figure from Feng et al, Phys. Rev. B 88, 184302 (2013)

Polarons in DFT calculations
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Electron aded to Li2O2 ground state Self-localization after ionic relaxation

• Formation energy and size sensitive to the XC functional

• Only very small polarons accessible

Figure from Feng et al, Phys. Rev. B 88, 184302 (2013)

Polarons in DFT calculations
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no polaron

yes polaron

Figures adapted from Kokott, Levchenko, Rinke, Scheffler, New J. Phys. 20 (2018)

See also Falletta, Pasquarello, PRL 129, 126401 (2022) for Koopman’s based approaches

Polaron sensitivity to functional in DFT: Hole polaron in MgO
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Polaron formation energy vs. U in Hubbard-corrected DFT+U

Figures adapted from Setvin, Franchini, Kresse, Diebold, et al, Phys. Rev. Lett. 113, 086402 (2014)

Sensitivity to XC functional: Electron polarons in rutile and anatase TiO2
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electron
ϵ0, ϵ∞

Pekar, Zh. Eksp. Teor. Fiz. 16, 341 (1946); Landau and Pekar, Zh. Eksp. Teor. Fiz. 18, 419 (1948)

Ground state of the polaron in the Landau-Pekar model
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electron
ϵ0, ϵ∞

E =
ℏ2

2m∗

∫
dr |∇ψ|2 + 1

2

∫
dr E ·D

Pekar, Zh. Eksp. Teor. Fiz. 16, 341 (1946); Landau and Pekar, Zh. Eksp. Teor. Fiz. 18, 419 (1948)
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E[ψ(r)] =
ℏ2

2m∗

∫
dr |∇ψ(r)|2 − 1

2

e2

4πϵ0

(
1

ϵ∞
− 1

ϵ0

)∫
dr dr′

|ψ(r)|2|ψ(r′)|2

|r− r′|

Pekar, Zh. Eksp. Teor. Fiz. 16, 341 (1946); Landau and Pekar, Zh. Eksp. Teor. Fiz. 18, 419 (1948)

Ground state of the polaron in the Landau-Pekar model

Feliciano Giustino 13 of 36



x

ψ

rp

Simplest trial solution

ψ(r) = exp(−|r|/rp)

E =
ℏ2

2m∗
1

r2p
− 5

16

(
1

ϵ0
− 1

ϵ∞

)
e2

4πε0

1

rp

Variational solution for the Landau-Pekar equation
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Simplest trial solution

ψ(r) = exp(−|r|/rp)

E =
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r2p
− 5

16

(
1

ϵ0
− 1

ϵ∞

)
e2

4πε0

1

rp

rp

E

Stable localized state

Variational solution for the Landau-Pekar equation
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localization
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− 1

ϵ0

)∫
dr′
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∫
dr′

|ψ(r′)|2
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Effect of DFT self-interaction and hybrid exchange fraction
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DFT self-interaction
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Effect of DFT self-interaction and hybrid exchange fraction
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DFT self-interaction Fock exchange
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Hybrid functional α= 0.2

Effect of DFT self-interaction and hybrid exchange fraction
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DFT self-interaction Fock exchange
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no localization
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Hybrid functional α= 0.2

α= 0.4

α= 0.6

α= 0.8

Effect of DFT self-interaction and hybrid exchange fraction
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Solution of Landau-Pekar model

with self-interaction and Hybrid exchange
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Effect of DFT self-interaction and hybrid exchange fraction
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Kokott et al,

NJP 20 (2018)

Setvin et al,

PRL 113, 086402 (2014)

Effect of DFT self-interaction and hybrid exchange fraction
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E =
∑
i∈occ

∫
dr|∇ψi|2 +

1

2

∫
drdr′

n(r)n(r′)

|r− r′|
+ Exc[n]

+
∑
κ

∫
dr

Zκn(r)

|r− τκ|
+

1

2

∑
κκ′

ZκZκ′

|τκ − τκ′ |

Total energy in DFT
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∑
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∫
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1
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∫
drdr′

n(r)n(r′)

|r− r′|
+ Exc[n]

+
∑
κ

∫
dr

Zκn(r)

|r− τκ|
+

1

2

∑
κκ′

ZκZκ′

|τκ − τκ′ |

Add one electron: { n(r) −−−→ n(r) + |ψ(r)|2

τκ −−−→ τκ + uκ

Total energy in DFT
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E =

∑
i∈occ

∫
dr |∇ψi|2 +

∫
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∑
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| (τκ + uκ)− (τκ′ + uκ′) |

Total energy in DFT

Feliciano Giustino 18 of 36



E =
∑
i∈occ

∫
dr |∇ψi|2 +

∫
dr |∇ψ|2

+
1

2

∫
drdr′

[n(r) + |ψ(r)|2] [n(r′) + |ψ(r′)|2]
|r− r′|

+ Exc[n+ |ψ|2]

+
∑
κ

∫
dr
Zκ [n(r) + |ψ(r)|2]
|r− (τκ + uκ) |

+
1

2

∑
κκ′

ZκZκ′

| (τκ + uκ)− (τκ′ + uκ′) |

Total energy in DFT

Feliciano Giustino 18 of 36



E =
∑
i∈occ

∫
dr |∇ψi|2 +

∫
dr |∇ψ|2

+
1

2

∫
drdr′

[n(r) + |ψ(r)|2] [n(r′) + |ψ(r′)|2]
|r− r′|

+ Exc[n+ |ψ|2]

+
∑
κ

∫
dr
Zκ [n(r) + |ψ(r)|2]
|r− (τκ + uκ) |

+
1

2

∑
κκ′

ZκZκ′

| (τκ + uκ)− (τκ′ + uκ′) |

Total energy in DFT

Feliciano Giustino 18 of 36



E =
∑
i∈occ

∫
dr |∇ψi|2 +

∫
dr |∇ψ|2

+
1

2

∫
drdr′

[n(r) + |ψ(r)|2] [n(r′) + |ψ(r′)|2]
|r− r′|

+ Exc[n+ |ψ|2]

+
∑
κ

∫
dr
Zκ [n(r) + |ψ(r)|2]
|r− (τκ + uκ) |

+
1

2

∑
κκ′

ZκZκ′

| (τκ + uκ)− (τκ′ + uκ′) |

Total energy in DFT

Feliciano Giustino 18 of 36



E =
∑
i∈occ

∫
dr |∇ψi|2 +

∫
dr |∇ψ|2

+
1

2

∫
drdr′

[n(r) + |ψ(r)|2] [n(r′) + |ψ(r′)|2]
|r− r′|

+ Exc[n+ |ψ|2]

+
∑
κ

∫
dr
Zκ [n(r) + |ψ(r)|2]
|r− (τκ + uκ) |

+
1

2

∑
κκ′

ZκZκ′

| (τκ + uκ)− (τκ′ + uκ′) |

Self-interaction terms to be removed

Total energy in DFT

Feliciano Giustino 18 of 36



E =
∑
i∈occ

∫
dr |∇ψi|2 +

∫
dr |∇ψ|2

+
1

2

∫
drdr′

[n(r) + |ψ(r)|2] [n(r′) + |ψ(r′)|2]
|r− r′|
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+
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∑
κκ′

ZκZκ′

| (τκ + uκ)− (τκ′ + uκ′) |

Self-interaction terms to be removed

Expand to lowest order in uκ

Total energy in DFT
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Formation energy functional of an extra electron, without self-interaction

Ef =

∫
drψ∗ĤKS ψ +

∫
dr |ψ|2 ∂VKS

∂τκ
· uκ +

1

2
uκ ·Cκκ′ ·uκ′

Polarons in density-functional perturbation theory
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Formation energy functional of an extra electron, without self-interaction

Ef =

∫
drψ∗ĤKS ψ +

∫
dr |ψ|2 ∂VKS

∂τκ
· uκ +

1

2
uκ ·Cκκ′ ·uκ′

Variational minimization with respect to ψ and uκ & normalization of ψ
ĤKS ψ + ψ

∂VKS

∂τκ
· uκ = λψ

uκ = −(C)−1
κκ′ ·

∫
dr
∂VKS

∂τκ′
|ψ|2

Derivation in Sio et al, PRB 99, 235139 (2019)

Polarons in density-functional perturbation theory
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ψ(r) =
1

Np

∑
nk

Ank ψnk(r)

uκ(R) = − 2

Np

∑
qν

B∗
qν

√
ℏ

2Mκωqν
eiq·R eκ,qν

Derivation in Sio et al, PRB 99, 235139 (2019)

Polarons in reciprocal space
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ψ(r) =
1

Np

∑
nk

Ank ψnk(r)

uκ(R) = − 2

Np

∑
qν

B∗
qν

√
ℏ

2Mκωqν
eiq·R eκ,qν

2

Np

∑
qmν

Bqν g
∗
mnν(k,q)Amk+q = (εnk−ε)Ank

Bqν =
1

Np

∑
mnk

A∗
mk+q

gmnν(k,q)

ℏωqν

Ank

Ab initio polaron equations

Derivation in Sio et al, PRB 99, 235139 (2019)

Polarons in reciprocal space
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Example: Excess electron in LiF
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Low density

High density

Example: Excess electron in LiF
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Tut. Fri.5 Lafuente

3,456 atoms

Figure from Sio et al, Phys. Rev. B 99, 235139 (2019)

Example: Excess electron in LiF
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3,456 atoms

Figure from Sio et al, Phys. Rev. B 99, 235139 (2019)

Example: Excess electron in LiF
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Figure from Sio et al, Phys. Rev. B 99, 235139 (2019)

Example: Excess hole in LiF
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|Ank|2

|Bqν |2

Polaron as coherent superposition of Bloch waves

Feliciano Giustino 25 of 36



Figures from Lafuente-Bartolomé et al, PNAS 121, e2318151121 (2024)

Polaron transport: Hopping barrier in Cs2AgBiBr6
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Figures from Lafuente-Bartolomé et al, PNAS 121, e2318151121 (2024)

Polaron transport: Hopping barrier in Cs2AgBiBr6
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Right figure from Guster, Gonze, et al, Phys. Rev. Mater. 7, 064604 (2023)

Left figure from en.wikipedia.org/wiki/Tin selenide

Anisotropic polarons: Thermoelectric SnSe
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2D EPC matrix elements:

Lec. Wed.1 Poncé

Tut. Wed.5 Ha

Figure from Sio et al, Nat. Phys. 19, 629 (2023)

Polarons in 2D materials: Monolayer h-BN
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Fan-Migdal self-energy Debye-Waller self-energy

Derivation in Lafuente-Bartolomé et al, Phys. Rev. B 106, 075119 (2022)

See also tadpole self-energy in Marini et al, Phys. Rev. B 91, 224310 (2015)

Relation with the many-body formulation of Lec.Tue.2
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Path integral approach to the Fröhlich model: Feynman, Phys. Rev. 97, 660 (1955)

Relation with the many-body formulation of Lec.Tue.2
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√
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Path integral approach to the Fröhlich model: Feynman, Phys. Rev. 97, 660 (1955)

Relation with the many-body formulation of Lec.Tue.2

Feliciano Giustino 30 of 36



0 2 4 6 8 10 12 14 16 18 20

−40

−30

−20

−10

0
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Figure from Lafuente-Bartolomé et al, Phys. Rev. Lett. 129, 076402 (2022)

Many-body field-theoretic approach to polarons
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Polaron self-energy

Figure from Lafuente-Bartolomé et al, Phys. Rev. Lett. 129, 076402 (2022)
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Lehmann representation of the Green’s function Dyson orbitals

G(r, r′;ω) =
∑
s

fs(r)f
∗
s (r

′)

ℏω − εs
fs(r) =

1√
N

∑
nk

As
nk ψnk(r)

From Lafuente-Bartolomé at al, PRB 106, 075119 (2022)
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Lehmann representation of the Green’s function Dyson orbitals

G(r, r′;ω) =
∑
s

fs(r)f
∗
s (r

′)

ℏω − εs
fs(r) =

1√
N

∑
nk

As
nk ψnk(r)

∑
n′k′

[
εnk δnk,n′k′ + ΣFM

nk,n′k′(εs) + ΣP
nk,n′k′

]
As
n′k′ = εsA

s
nk

Many-body ab initio polaron equations

From Lafuente-Bartolomé at al, PRB 106, 075119 (2022)
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Exciton polarons
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• DFT calculations of polarons suffer from self-interaction error

• Ab initio polaron equations yield self-interaction-free energies and wavefunctions

• Polarons can be studies using many-body Green’s functions as in Lec. Tue.2

• There are many types of polarons, from very small to very large

Take-home messages
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