Maximally localized Wannier functions:
Theory, and some applications
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... and the definition of the polarization (position operator)
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We consider the change in polarization AP which occurs upon making an adiabatic change in the
Kohn-Sham Hamiltonian of the solid. A simple expression for AP is derived in terms of the valence-
band wave functions of the initial and final Hamiltonians. We show that physically AP can be interpret-
ed as a displacement of the center of charge of the Wannier functions. The formulation is successfully
applied to compute the piezoelectric tensor of GaAs in a first-principles pseudopotential calculation.

Bloch theorem

The one-particle effective Hamiltonian Hina periodic lattice commutes
with the lattice-translation operator TR, allowing us to choose the
common eigenstates according to the prescriptions of Bloch theorem:

[(H,dh] =8 = Ul = pglt)e™™
* n, k are the quantum numbers (band index and crystal momentum), u is
periodic

* From two requirements: a translation can’t change the charge density,
and two translations must be equivalent to one that is the sum of the two
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Bloch wavefunctions in 1d

‘Pko(x) Py (X) Py (X)

k=-t/a k=0 k=m/a O O O .

From Bloch orbitals to Wannier functions
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ohAvon s

Rn) = / U, (r) e~ R dk
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Gauge freedoms
e Arbitrary phase factor for every nk (Schrodinger)

IRn) = / [ei¢” (k)wnk(r)] e R K
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Long-range decay (heuristic...)

Isolated band, Wannier function around the origin
wo(r) = / Uy(r)dk = / u(r) e dk
BZ BZ

Forr — oo, r = R;

wo(R;) = / uy (0) e™Ri dk
v ceee

Unitary transformations
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From Bloch orbitals to Wannier functions

NI

Ao n s

Rn) = / T, () e R ik
BZ

Gauge freedoms

e Arbitrary phase factor for every nk (Schrodinger)

e Arbitrary unitary rotations USX) for every k (DFT)

IRn) / U @ (r) e *Rdk
BZ Z OOO'

Generalized Wannier functions for composite bands

IRn) / ZU“)\I} (r) e”*R gk
BZ

e {|Rn)} span the same space as {|V,x)}
e |Rn) = w,(r — R) (translational images)
e (Rn|R'm) = 65 m R r
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Generalized Wannier functions for composite bands

Rn) = / Z U g, (r) e * R gk
Bl

[ But how to choose U? ]

NI

L r X K R

b on s

U and WFs by projection

A simple route is to obtain U

J
through a projection onto a pre- |¢nk) = Z |¢mk) ("/)mklgn)
defined set of local orbitals gn m—1

Can we choose U without reference to predetermined states?
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U and WFs by localization

Q=" [(0nlr*0n) - (On|r|on)’]

For a given set of Bloch orbitals, our goal is to minimize (2
with respect all the sets of unitary transformations Uﬁi{%

N. Marzari and D. Vanderbilt, Phys. Rev. B 56, 12847 (1997) O O O .
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IRn) / UM g (r) e &R dk
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Outline

Re) = [ 5 @) e
BZ

m

Bloch states from favourite
electronic-structure code
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Outline

IRn) Y el |

2 unitary
transformations
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Outline

Rn) = / ,mk r Guik.R dk
[Rn) o > (r)

m

Iteratively refine U,,,,(¥
to localize |Rn>
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Decomposition of the localization functional

Q=" [(0n|r*|0n) — (On|r|0n)?]

n

Q=3 [<r2>n - \<Rm|r|0n>\2] ,

o= ¥ )<Rm\r\0n>]2

n Rm#0n

Q1 and 2 are positive-definite and Q71 is gauge-invariant !

oCe

Q, is gauge invariant, positive definite

projection operators P = >, |[Rm)(Rm|and Q =1—P

-

= (0n|raralOn)n — ) [Z (Onlfr‘aRm>(Rm|m|0n>] =

Rm

(Rm|r|0n)

a=3 [ -3

7 Rm

7,00 n, o

= (0nlral — P)ralon) = 3 tr[raQra] = > [PraQl?

(&5
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Position operator is ill defined !

(Vr|z|tr) —/ T |up(x)|? do
U, (X) X

-X
OCooe
Blount identities
. L 4
Centers of Wannier functions: | w,) = @) /BZ dk |x)
V ik-r
T (2n)? /BZ ke e )

14 . ik-r
r|w0>:(27r)3 /Bzdk( — iV e™") |uk)

—i%/}gzdkeik-r(vkmkn

(wo | r|wp) =1

(2‘;)3 /BZ dk <U,k| Vk |Uk>

E. I. Blount, Solid State Physics 13, 305 (1962) O O O .




The reciprocal space representation

a) we need to be able to calculate derivatives on regular meshes in
k-space; i f cubic symmetry is assumed, with each of the N k-points
having Z = 6, 8 or 12 first-neighbors k 4+ b, then:

Vi) = —5 3 blflctb) — F(K)] -
b

b) we need to express the positions of the Wannier functions and their
spread as a function of the phase relations between the Bloch orbitals.

r'n:<wn0|r|wn0>— Z(unk|z |unk>
OCo0e®

The reciprocal space representation

Mr(rlz{ﬁb) = | Upie | Un,k+b>

1
rn: —
N
1 2
2 _ () (k,b)
r>n_N§kb: {{ M ]}—l—[lmlnMnn }}
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The localization procedure

We consider an infinitesimal rotation of the Bloch orbitals

‘Unk> =4 |“nk> =+ Z dWr(,i(% ’U/mk>

m
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The localization procedure

We consider an infinitesimal rotation of the Bloch orbitals

unk) = [unk) + > AWE [ttmic)

m

The Gradient
43w, (A[R(k’b)] = S[T(k’b)])
b

provides an equation of motion (e.g. conjugate-gradient)

for the evolution of the UT(,i?1 towards the minimum of €2.

2

(k) — =
e = dWw k)

A[B] = I : S[B] = v

and defining ¢®" = Tm¢®*» 4 b.r, , TKP) = Rb) b)) O O O .




Silicon, GaAs, amorphous silicon, benzene

Valence bands

M. Fornari, N. Marzari, M. Peressi, and A. Baldereschi, Comp. Mater. Science 20, 337 (2001) O O O .

First conclusions

e general algorithm to characterize the Wannier
functions (or localized orbitals) of any given
system

e applicable to periodic crystals, disordered
systems, isolated molecules, in the spirit of
supercell calculations

e post-processing of a conventional electronic-
structure calculation

e maximal localization in the orbitals obtained
in the Bloch-to-Wannier transformation OOO.




What to do next?

IV. Analysis of Chemical Bonding
A. Crystalline solids
B. Complex and amorphous phases
C. Defects
D. Chemical interpretation
E. MLWEFs in first-principles molecular dynamics
V. Electric Polarization and Orbital Magnetization
A. Wannier functions, electric polarization,
and localization
1. Relation to Berry-phase theory of polarization
2. Insulators in finite electric field
3. Wannier spread and localization in insulators
4. Many-body generalizations
B. Local polar properties and dielectric response
1. Polar properties and dynamical charges
of crystals
2. Local dielectric response in layered systems
3. Condensed molecular phases and solvation
C. Magnetism and orbital currents
1. Magnetic insulators
2. Orbital magnetization and NMR
3. Berry connection and curvature
4. Topological insulators and orbital
magnetoelectric response

VI. Wannier Interpolation
A. Band-structure interpolation
1. Spin-orbit-coupled bands of bcc Fe
2. Band structure of a metallic carbon nanotube
3. GW quasiparticle bands
4. Surface bands of topological insulators
B. Band derivatives
C. Berry curvature and anomalous Hall conductivity
D. Electron-phonon coupling
VII. Wannier Functions as Basis Functions
A. WFs as a basis for large-scale calculations
1. WFs as electronic-structure building blocks
2. Quantum transport
3. Semiempirical potentials
4. Improving system-size scaling
B. WFs as a basis for strongly correlated systems
1. First-principles model Hamiltonians
2. Self-interaction and DFT + Hubbard U
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Wannier functions in a-Si

Wannier functions in I-H,0

g

r(a)

P. L. Silvestrelli, N. Marzari, D. Vanderbilt, and M. Parrinello, Solid State Comm. (1998)

P. L. Silvestrelli and M. Parrinello, JCP (1999)
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Disentanglement of attached bands

— Maximally-localized Wannier-like functions for conduction subspace
— Extract differentiable manifold with optimal smoothness

Copper at . = 5 g e
P d—bands Wannier function

/ )
>
%E (Non—isolated group of bands) 227@

A

I. Souza, N. Marzari and D. Vanderbilt, Phys. Rev. B 65, 035109 (2002)

Ceoe

Iterative minimization of Q,

Minimize degree of mismatch be-
Sy |Sk Sty tween SP(k) and S V(k + b), ie.,

N
, 2
maximize overlap Z Z ‘< 5111 uf;jkllb >‘
b 1

e 1" iteration: Choose trial subspace at each k (e.g. projected orbitals)

e i'" iteration: At each k pick the N highest eigenvectors of

(S A ) = 2o

e Repeat until self-consistency (when spaces S(k) stabilize) >O O @

k+b

5 )> P Projector onto SV (k + b)




Silicon: bonding and antibonding orbitals

Energy (eV)

Window

(bonding)  (antibonding)

Window

&l ‘
t R
1 7
1
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o |
Outer window
(sp*)

Bonding

Antibonding

7.53 bohr? 24.37 bohr?

Sp

3

spread=10

.68 bohr?
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d bands of copper

Two possible choices of energy window

Energy (eV)

Energy (eV)

Window

- (b)

Window

The e, d WFs of panel (b)

spread(e,)=1.700 bohr?
spread(e,)=1.718 bohr?
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s bands of copper

Energy (eV)

s-like Wannier function
spread=13.03 bohr?

|

Window

Ceoe

Exact constraint — frozen inner window

Suppose we want WF's to describe the original bands exactly in a

prescribed energy range (“inner window”).

= Minimize Q1 w/ constraint that states inside inner window are
included in the optimal subspaces S(k)

i \\ Hybrid s-d character:

5+

Energy (eV)
Outer window

Inner
window
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Towards an ecosystem

PHYSICAL REVIEW B, VOLUME 65, 184422

Maximally localized Wannier functions in antiferromagnetic MnO within the FLAPW formalism

Michel Posternak* and Alfonso Baldereschi
Institute of Theoretical Physics, Swiss Federal Institute of Technology Lausanne, EPFL, PHB-Ecublens,
CH-1015 Lausanne, Switzerland
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1) Bloch-by-Bloch: The LEGO bricks of electronic structure




Electronic structure of nanostructures

Electronic Ground State Optimal Unitary Real Space

From Static or Dynamical Transformation of the Maximally-Localized
Large-Scale Simulations Bloch Orbitals Wannier Functions

Minimization of the spread
functional

Q= Z[(Tz)n - <r)721:|

exploiting the arbitrariness of the
unitary transformations between
the Bloch orbitals

Rn) = / U W, (r) e R dk
[Rn) BZ; k(1)

Electronic structure of nanostructures

Sparse Green’s Function Ballistic Conductance
Hamiltonian Matrix Transmission Function Density of States
202
G(E)= = ~T(E)

FXRNNRY 1o m=cin - MO
T(E) = Tr(T;, GATRGE)

onductance
e L.
— li & Hy Hy Hy Q) | —
2 1/\ 1] /‘ 2 H = Hgy Z(;J :: y Density OT

0 MMA " L {Tﬁtej\

No interaction

A. Calzolari, N. Marzari, I. Souza, M. B. Nardelli, Phys. Reb. B 69, 035108 (2004)
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Max-loc WFs ¢ “Exact” Tight-Binding

Compact mapping of Bloch states into local orbitals

V —ik-R
g o,r-R)=——[ e vxnk<r>dk§
(1) = ﬁZe w,(r-R)

<V’ik H V’jk> — H!.]O.0 + eik‘RHl.]‘).l + e""“R[—[l.]o.1 = Diagonalize H Matrix
. . Co0e®
Y.-S. Lee, M. B. Nardelli, and N. Marzari, Phys. Rev. Lett. 95, 076804 (2005)
Max-loc WFs © “Exact” Tight-Binding
(5,5) SWCNT (8,0) SWCNT
é/ﬁﬁ\§
L% _2-_ ?\/? _ :
0\ / =N
PN e
‘ _ =
B NN NS =0
B T B O O O .

Y.-S. Lee, M. B. Nardelli, and N. Marzari, Phys. Rev. Lett. 95, 076804 (2005)




Band structure and conductance of a SWCNT

M-point:
2eV pseudo gap

Two eigenchannels
= perfect recovery
metallic character !

Y.-S.
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Nardelli, and N. Marzari, Phys. Rev. Lett. 95, 076804 (2005)
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The LEGO bricks of electronic structure
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Inelastic quantum transport

QUANTUMESPRESSD (X WANNIER9O0

Bloch functions ’¢mk) ® 2 g Wannier transformation
|4 - 5
Electronic Hamiltonian <¢m‘%|¢n>\ lwnr) = @n)? -/BZ [; Uﬁfﬂ?ﬁmk)] o~ B g,
Electron-vibration Interaction \‘. Wanni :
3 annier functions |wnR>
A
G = \/ EW)MAVAWTJ i} @ Wannier transformation matrix U,g.i?z
®
4 Kinetic Equations
' @ 5 1. Dyson Equation
Hamiltonian in MLWF's G (w) =Gf (W) + G (W) S0, (W) G (W)
Horn = (Wi |H|wn) /2. Keldysh Equation
- / G5 () =G (@) [SE+ 55 +55,) 6° @)
Mi\nn =4/ 5 (wm|AV) |wn)
2w 6 Self-ener:
Current Calculation
2e [ dw = 2 - =
In—pr= - %TT‘ [Za ()G~ (w) — 235 (w)@G (w)] j O .
5 ;

S. Kim and N. EIVIarzari, Phys. Rev. B (2013)

Inelastic quantum transport

(N=5) ZGNR

>
asymmetric
edge currents
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2) AUTOMATED WANNIERIZATION

7
PROJECTABILITY DISENTANGLEMENT
(b) silicon (c) copper (d) Srvo3
(a) graphene 20 _ 20
30 v 7 7 o i . : . :
TR LI NYY el =
‘y‘:/&« ) 30 A o V:3d =
N\ 101 W, /K ol v
B o 51 % / = 201 N < % ﬁ
B Z ‘= \ 5 w s/ ?
0 0 10
N A o /§‘
-10 - 0
_10_
\/ —101

—|_
—
=
x
-
>
=z
-
X
x
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J. Qiao, G. Pizzi, and N. Marzari, in preparation (2022) -~
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PROJECTABILITY DISENTANGLEMENT

(b) A|3V M2 (meV)

Pmin (%)
N

[y

40
20
85 8 87 88 89 90 91 92 93 94 95 96 97 98 99

Prmax (%)
(c) AuaTi ny (meV)

Pmin (%)
N

[a—y

85 86 87 83 8 90 91 92 93 94 95 96 97 98 99
Prmasx (%)

J. Qiao, G. Pizzi, and N. Marzari, in preparation (2022) O ‘ ‘ .

PROJECTABILITY DISENTANGLEMENT

* Automated Wannierization of 17,744 materials, 1,155,049 MLWFs

* Average error of 1.7 meV in the band distance n between original and
Wannier-interpolated bands

Histogram of 17744 structures

2000

1000

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
n (mev)
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J. Qiao, G. Pizzi, and N. Marzari, in preparation (2022)




PROJECTABILITY DISENTANGLEMENT

 Atom-centered Wannier functions

g le5 Histogram of 17744 structures, 1155049 WFs les  Histogram of 17744 structures, 1155049 WFs
8 =

6 6
+§ Distance of Wannier function centers from nearest atom (left) and second nearest (right)
e5 - _1e5 ;e
" 1.6 L 161
3 14 % 1.4
(] (]
1.2 1.2 1
1.0 1.0 1
0.8 0.8 1
0.6 0.6
0.4 0.4
0.2 B Initial B Initial
. Final 0.2 4 Final
0.0 T T T T T 0.0 4
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
WFC distance (4) WFC distance (A)

Lo we

J. Qiao, G. Pizzi, and N. Marzari, in preparation (2022)

3) KOOPMANS SPECTRAL FUNCTIONALS

For every orbital the expectation value

€i = <%|HDFT‘%:>

does not depend on the occupation of the orbital

I. Dabo, M. Cococcioni, and N. Marzari, arXiv:0910.2637 (2009)
I. Dabo et al., Physical Review B 82, 115121 (2010)
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LINEARIZATION

add linear Koopmans

|
fi 1
KI _ DFT TDEFT "TDFT
L =ET 4+ E [—/ (il H ‘907;>—|—fi/ (il H |%>]
- 0 0
i
\ )
I
remove ~quadratic Slater
I. Dabo et al., Physical Review B 82, 115121 (2010)
G. Borghi et al., Physical Review B 90, 075135 (2014) OO0 e

SCREENING

' fi ) 1 R '
EKI=EDFT+Z“:-[— / (ol H py) + / (il HPF i)
; 0 0 :

orbital-dependent
screening coefficient

I. Dabo et al., Physical Review B 82, 115121 (2010)
N. Colonna et al., Journal of Chemical Theory and Computation 14, 2549 (Z@O O .




LOCALIZATION

13
12 —
114
i
10 _@ CH CSH12
6 14 Alkane Polyethylene
CgHig CHie A4 PBE A PBE
C, H, CH
9 Catan Crity ASCF O Ki
CyeHay CygHgg —a K] O KIPZ
8 CosHsp Gty —® KIPZ — % Expt.
CyoHezr CooHez v CCSD(T)
7 - Cio0M100' Cools *  Expt.
/
T I T I ! | ! | ! | ' [
0 0.1 0.2 0.3 0.4 0.5 0.6
2 -1
1L, [A]

G. Borghi et al., Physical Review B 91, 155112 (2015)
N.L. Nguyen et al., Physical Review X 8, 02105 (2018)

Canonical orbital

Variational
(minimizing)
orbital
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OUT OF WHICH KOOPMANS BAND

GaAS LDA HSE KI
5 Z Z? - 5 W? - 5 /\/\%
== A A VoSSt N = AN VoSt N1
0 as 0 ‘ 0
= ¥<7§X/ < \<ﬁ\/ - ¥<ﬁb
© 5- - s 5¢ - s 5¢ i
R S 2w I u N 0 2 B 007 5 N P
-15 15 ‘ - 15 | .
_20:---- i -------: _20:---- -------- ----: _20 :---- ------------ :
G XU/K G L WX G XU/K G L W X G XU/K G L W X
LDA HSE GW, scGW KI Exp. |
Egap(eV) 0.19 1.28 1.55 1.62 1.57 1.52
(ea)(eV) -14.9 -15.6 -17.3 17.6 7.7 -18.9
W (eV) 12.8 13.9 - - 2.8 3.1

R. De Gennaro, N. Colonna, E. Linscott, and N. Marzari, arXiv preprint arXiv:2111.09550 (2021)
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N. Colonna, R. De Gennaro, E. Linscott, and N. Marzari, arXiv preprint arXiv:2202.08155 (2022)




OUT OF WHICH KOOPMANS BAND

Zno 15— '* hes 0 =
g e /&/Z \</
10 ™~ 10 /* =] 10 |- 4{
sL e ‘ N ] d
E LN\ st [
3 3 3
w0 s LN <IN o 0 ~
5 2: -5 ; \Zﬁ% 5 j\éZ
-101"" 101" ----- DR 101
15 LM A LM rA HK T 15 LM T
LDA HSE GW, scGW KI Exp.
Egap(eV) 0.79 2.79 3.0 3.2 3.62 3.60
(eq)(eV) 5.1 6.1 6.4 6.7 6.9 -7.5/-8.0

R. De Gennaro, N. Colonna, E. Linscott, and N. Marzari, arXiv preprint arXiv:2111.09550 (2021) O O O .
N. Colonna, R. De Gennaro, E. Linscott, and N. Marzari, arXiv preprint arXiv:2202.08155 (2022)
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