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Origins: linear-scaling methods
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… and the definition of the polarization (position operator)
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Bloch theorem

• n, k are the quantum numbers (band index and crystal  momentum), u is 
periodic

• From two requirements: a translation can’t change the charge density, 
and two translations must be equivalent to one that is the sum of the two
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1st Brillouin Zone

k=0 k=𝜋/ak=-𝜋/a

Bloch wavefunctions in 1d
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From Bloch orbitals to Wannier functions
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Long-range decay (heuristic…)
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From Bloch orbitals to Wannier functions

9

Generalized Wannier functions for composite bands
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}
But how to choose U?

Generalized Wannier functions for composite bands
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U and WFs by projection

A simple route is to obtain U 
through a projection onto a pre-

defined set of local orbitals gn

Can we choose U without reference to predetermined states?
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U and WFs by localization

N. Marzari and D. Vanderbilt, Phys. Rev. B 56, 12847 (1997)
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Outline
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Outline

Bloch states from favourite
electronic-structure code
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Outline

2 unitary
transformations
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Outline

Iteratively refine Umn
(k)

to localize|Rn>
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Outline

MLWFs in amourpohus silicon
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Decomposition of the localization functional

19

ΩI is gauge invariant, positive definite
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Position operator is ill defined !
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Centers of Wannier functions:

Blount identities

E. I. Blount, Solid State Physics 13, 305 (1962)
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The reciprocal space representation
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The reciprocal space representation

24



The localization procedure
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The localization procedure
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Silicon, GaAs, amorphous silicon, benzene

M. Fornari, N. Marzari, M. Peressi, and A. Baldereschi, Comp. Mater. Science 20, 337 (2001)
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First conclusions
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What to do next?
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Wannier functions in a-Si Wannier functions in l-H2O

P. L. Silvestrelli and M. Parrinello, JCP (1999)

P. L. Silvestrelli, N. Marzari, D. Vanderbilt, and M. Parrinello, Solid State Comm. (1998)

Si-Si

Si-WFC
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Disentanglement of attached bands

– Maximally-localized Wannier-like functions for conduction subspace
– Extract differentiable manifold with optimal smoothness

I. Souza, N. Marzari and D. Vanderbilt, Phys. Rev. B 65, 035109 (2002)
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Iterative minimization of ΩI 
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Silicon: bonding and antibonding orbitals
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d bands of copper
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s bands of copper

35

Exact constraint – frozen inner window
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Towards an ecosystem
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1) Bloch-by-Bloch: The LEGO bricks of electronic structure

@LEGO
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Electronic structure of nanostructures

Minimization of the spread 
functional

exploiting the arbitrariness of the 
unitary transformations between 
the Bloch orbitals

Electronic Ground State
From Static or Dynamical
Large-Scale Simulations

Real Space
Maximally-Localized
Wannier Functions

Optimal Unitary 
Transformation of the

Bloch Orbitals
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Electronic structure of nanostructures

Ballistic Conductance
Density of States
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Compact mapping of Bloch states into local orbitals
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Y.-S. Lee, M. B. Nardelli, and N. Marzari, Phys. Rev. Lett. 95, 076804 (2005) 
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(5,5) SWCNT             (8,0) SWCNT

Y.-S. Lee, M. B. Nardelli, and N. Marzari, Phys. Rev. Lett. 95, 076804 (2005) 

Max-loc WFs ↔ “Exact” Tight-Binding
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Band structure and  conductance of a SWCNT

Γ-point: 
2eV pseudo gap

Two eigenchannels at EF
ð perfect recovery of 
metallic character ! EF

Band Structure                        Conductance        DOS

Y.-S. Lee, M. B. Nardelli, and N. Marzari, Phys. Rev. Lett. 95, 076804 (2005) 
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The LEGO bricks of electronic structure
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Inelastic quantum transport

S. Kim and N. Marzari, Phys. Rev. B (2013)
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Inelastic quantum transport

S. Kim and N. Marzari, Phys. Rev. B (2013)
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2) AUTOMATED WANNIERIZATION

47

PROJECTABILITY DISENTANGLEMENT

J. Qiao, G. Pizzi, and N. Marzari, in preparation (2022)

48



PROJECTABILITY DISENTANGLEMENT

J. Qiao, G. Pizzi, and N. Marzari, in preparation (2022)
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PROJECTABILITY DISENTANGLEMENT

J. Qiao, G. Pizzi, and N. Marzari, in preparation (2022)

• Automated Wannierization of 17,744 materials, 1,155,049 MLWFs
• Average error of 1.7 meV in the band distance 𝞰 between original and 

Wannier-interpolated bands
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PROJECTABILITY DISENTANGLEMENT

• Atom-centered Wannier functions

J. Qiao, G. Pizzi, and N. Marzari, in preparation (2022)

Distance of Wannier function centers from nearest atom (left) and second nearest (right)
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3) KOOPMANS SPECTRAL FUNCTIONALS

For every orbital the expectation value

does not depend on the occupation of the orbital 

I. Dabo, M. Cococcioni, and N. Marzari, arXiv:0910.2637 (2009) 
I. Dabo et al., Physical Review B 82, 115121 (2010)
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LINEARIZATION

remove ~quadratic Slater

add linear Koopmans

I. Dabo et al., Physical Review B 82, 115121 (2010)
G. Borghi et al., Physical Review B 90, 075135  (2014)
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orbital-dependent
screening coefficient

𝞪i

I. Dabo et al., Physical Review B 82, 115121 (2010)
N. Colonna et al., Journal of Chemical Theory and Computation 14, 2549 (2018) 

SCREENING
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G. Borghi et al., Physical Review B 91, 155112 (2015)
N.L. Nguyen et al., Physical Review X 8, 02105 (2018)
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OUT OF WHICH KOOPMANS BAND

GaAs

R. De Gennaro, N. Colonna, E. Linscott, and N. Marzari, arXiv preprint arXiv:2111.09550 (2021)
N. Colonna, R. De Gennaro, E. Linscott, and N. Marzari, arXiv preprint arXiv:2202.08155 (2022)
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OUT OF WHICH KOOPMANS BAND

ZnO

R. De Gennaro, N. Colonna, E. Linscott, and N. Marzari, arXiv preprint arXiv:2111.09550 (2021)
N. Colonna, R. De Gennaro, E. Linscott, and N. Marzari, arXiv preprint arXiv:2202.08155 (2022)

57

• David Vanderbilt (Rutgers University), Ivo Souza (San Sebastian)

• Wannier 90: Arash Mostofi (Imperial College, London), Jonathan Yates (University of Oxford), Giovanni Pizzi (EPFL), 
Junfeng Qiao (EPFL)

• Transport: Young-Su Lee (MIT->KIST), Elise Li (MIT->NTNU), Matt Shelley (Imperial), Nicolas Poilvert (MIT->Penn S.), 
Giovanni Cantele (University of Naples), S. Kim (MIT->KIAS)

• Koopmans: Nicola Colonna (PSI), Andrea Ferretti (CNR), and Edward Linscott, Riccardo de Gennaro, Linh Nguyen, et 
al… at EPFL

Acknowledgments

58



http://www.wannier.org/

www.wannier.org

Maximally localized Wannier functions: Theory and applications
Nicola Marzari, Arash A. Mostofi, Jonathan R. Yates, Ivo Souza, David Vanderbilt

Rev. Mod. Phys. 84, 1419-1475 (2012)

Wannier90 as a community code: new features and applications
G. Pizzi et al., J. Phys. Cond. Matt. 32, 165902 (2020) 

59

THA
NKS

!

60

http://www.wannier.org/
http://www.wannier.org/

