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Lecture Summary

e Introduction to electron-phonon interactions
e How phonons influence electrons

e How electrons influence phonons
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Manifestations of electron-phonon interactions

Radisavljevic et al, Nature Mater 2013

Tran et al, Sci. Adv. 2019
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Heuristic notion of electron-phonon interactions
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Heuristic notion of electron-phonon interactions
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Mutual interactions between electrons and vibrations

Lattice Vibrations Electrons
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Mutual interactions between electrons and vibrations

Lattice Vibrations Electrons
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Many-body Schrodinger equation for electrons and nuclei

K2 h?
TR DA SR DALY

+Zm/ Z Zor 0T, T *Zm v(r;, 1) | U = Eip @

62

r; electron, 7, nucleus, v(r,r’) = PP P—
TEpr — T
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K2 h?
TR DA SR DALY

+Zm/ Z Zor 0T, T *Zm v(r;, 1) | U = Eip @

62

r; electron, 7, nucleus, v(r,r’) = PP P—
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e Electrons and vibrations must be described on the same footing
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Many-body Schrodinger equation for electrons and nuclei

K2 h?
TR DA SR DALY

+Zm/ Z Zor 0T, T *Zm v(r;, 1) | U = Eip @

62

r; electron, 7, nucleus, v(r,r’) = PP P—
TEpr — T

e Electrons and vibrations must be described on the same footing

e The many-body Schrodinger equation is impractical for calculations or EPIs
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Field operators

Many-electron wavefunction as a linear combination of Slater determinants

U(ry, v, ) =Y Amn 6hénlOks) + ) Bunpg ChhéptqlOxs) + -

mn mnpq
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Field operators

Many-electron wavefunction as a linear combination of Slater determinants

U(ry,rg, ) = Z Amn élzén|OKS> + Z Binpq é;rnéizépéq‘OKS> +

mn mnpq

Operators in second quantization

v zz/dw ()0 (1)
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Field operators

Many-electron wavefunction as a linear combination of Slater determinants

U(ry,rg, ) = Z Amn élzén|OKS> + Z Binpq é;rnéizépéq‘oK@ +

mn mnpq

Operators in second quantization
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Field operators
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Field operators

Many-electron wavefunction as a linear combination of Slater determinants

U(ry,rg, ) = Z Amn élzén|OKS> + Z Binpq é;rnéizépéq‘oK@ +

mn mnpq

Operators in second quantization

S vie) ZZ/M ()61 e = [ 31V )50)
Field operators

) EY e, v E Y b,
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Hamiltonian in field-theoretic formulation
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Hamiltonian in field-theoretic formulation

Electron-nucleus interaction U, :/dr dr’ 1o ()0, (v )o(r, r')
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Hamiltonian in field-theoretic formulation

Electron-nucleus interaction U, :/dr dr’ 1o ()0, (v )o(r, r')

1

Electron-electron interaction  Us. = §/dr dr' fie(r) [f1e(r") — 0(r — 1)] v(r, ¥')
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Time evolution of field operators and Dyson orbitals

Ground state of N-electron system fﬂN) = EN|N)
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Time evolution of field operators and Dyson orbitals

Ground state of N-electron system fﬂN) = EN|N)
s-th excited state of N+ 1-electron system fﬂN +1,5) = Eny1s|N +1,5)

Excitation energy Es = EN+1,5 — Ey
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Time evolution of field operators and Dyson orbitals

Ground state of N-electron system fﬂN) = EN|N)
s-th excited state of N+ 1-electron system fﬂN +1,5) = Eny1s|N +1,5)

Excitation energy Es = EN+1,5 — Ey

~ ~

Heisenberg time evolution w(x, t) = eiﬁt/h’ ¢(X) e_iﬁt/h
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Time evolution of field operators and Dyson orbitals

Ground state of N-electron system fﬂN) = EN|N)
s-th excited state of N+ 1-electron system fﬂN +1,5) = Eny1s|N +1,5)

Excitation energy Es = EN+1,5 — Ey
Heisenberg time evolution ¢(X, t) = €th/h ¢(X) e_th/h
Exercise

(N[)(x,t)|N +1,s)
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Time evolution of field operators and Dyson orbitals

Ground state of N-electron system fﬂN) = EN|N)
s-th excited state of N+ 1-electron system fﬂN +1,5) = Eny1s|N +1,5)

Excitation energy es = Eny1s — En
Heisenberg time evolution zﬁ(x7 t) = oiHt/n @(x) o~ ilt/h
Exercise
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Time evolution of field operators and Dyson orbitals
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Time evolution of field operators and Dyson orbitals

Ground state of N-electron system fﬂN) = EN|N)
s-th excited state of N+ 1-electron system fﬂN +1,5) = Eny1s|N +1,5)

Excitation energy es = Eny1s — En
Heisenberg time evolution zﬁ(x7 t) = oiHt/n @(x) o~ ilt/h
Exercise
(N[p(x, )N +1,5) = (N]eH/"(x) e TN 41, 5)

_ <N|eiENt/h &(X) e*iENJrl,st/h‘N + 1’ S>
= (NGEIN 4 1,5)

fs(x) Dyson orbital
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The Green's function at zero temperature

Time-ordered Wick’s time-ordering operator
Green's function .
G(xt,x't') = —(N| T (xt) T (x't')|N)

h
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The Green's function at zero temperature

Time-ordered Wick's time-ordering operator
Green's function . 17 g op
G(xt, x’t’) — —1<N\ T@E(xt) W(X’t’)\M

h

‘ electron in x’ at time ¢/ >
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The Green's function at zero temperature

Time-ordered Wick's time-ordering operator
Green's function ' 17 g op
G(xt, x’t’) — —1<N\ T&(xt) W(X’ﬂ)\]\f}

h

< electron in x at time ¢ ‘ electron in x’ at time ¢/ >
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The Green's function at zero temperature

Time-ordered Wick's time-ordering operator
Green's function ' 17 g op
G(xt, x’t’) — —1<N\ T&(xt) W(X’ﬂ)\]\f}

h

< electron in x at time ¢ ‘ electron in x’ at time ¢/ >

Xt ®

\_/_\

o x't!
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The Green's function at zero temperature

Consider ¢t > t’ (electron added to ground state)

GlxtXY) =~ {N|d(xt) 91 (1) )
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The Green's function at zero temperature

Consider ¢t > t’ (electron added to ground state)

GlxtXY) =~ {N|d(xt) 91 (1) )
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The Green's function at zero temperature

Consider ¢t > t’ (electron added to ground state)

Glxt, x't!) = —%(Nw(xt) O )|V
_ —%(N| eiﬁt/h &(X> e—z‘Ht/h ezflt’/ﬁ Z&T(X,) e—iﬁt’/h|N>
= __<N’¢( )e —i(H—En)(t—t")/h wT( ’)|N>

Feliciano Giustino

11 of 43



The Green's function at zero temperature

Consider ¢t > t’ (electron added to ground state)

GlxtXY) =~ {N|d(xt) 91 (1) )

_ —%(N| eiﬁt/h %@(X) e—th/h eiﬁt’/h &T(X/) e—iﬁt’/h|N>
= (N| (e =B/ i () )
AN /

ZS|N+17S><N+1,S\
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The Green's function at zero temperature

Consider ¢t > t’ (electron added to ground state)

GlxtXY) =~ {N|d(xt) 91 (1) )

_ —%(N| eiﬁt/h %@(X) e—th/h eiﬁt’/h &T(X/) e—iﬁt’/h|N>
= (N| (e =B/ i () )
AN /

DN+ LN+ 1]

S ) DIFACS A Tl
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The spectral function

Carry out the same operation for ¢ < ¢’ and Fourier transform

/ s(x) fe (X
G(X,X ,w) = ZS % F occ/unocc

Feliciano Giustino 12 of 43



The spectral function
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The poles of the Green's function represent the electron

addition/removal energies of the interacting many-body system
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The spectral function

Carry out the same operation for ¢ < ¢’ and Fourier transform

/ s(x) fe (X
G(X,X ,w) = ZS % F occ/unocc

The poles of the Green's function represent the electron

addition/removal energies of the interacting many-body system

From the Green's function we can obtain the spectral (density) function
1
Alx,w) = ~ ImGx,x,w)| = ) [fx)]” 87w — &)

™
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The spectral function

Carry out the same operation for ¢ < ¢’ and Fourier transform

/ s(x) fe (X
G(X,X ,w) = ZS % F occ/unocc

The poles of the Green's function represent the electron

addition/removal energies of the interacting many-body system

From the Green's function we can obtain the spectral (density) function

AGx,w) = ~ [ Glxx,w)| = 3 1) 8w — <)

The spectral function is the many-body (local) density of states

Feliciano Giustino
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The spectral function: Broadening

Example: a single complex pole ¢4 =¢ — I

~iTe
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The spectral function: Broadening

Example: a single complex pole ¢4 =¢ — I
€

~iTe

G(x,x,t—1) = —% | fo(x)|? et/ Tt/
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The spectral function: Broadening

Example: a single complex pole ¢4 =¢ — I

G(x,x,t—1) = —% | fo(x)|? et/ Tt/

1 r

Al x,w) = 7 (hw — €)2 + T2

£
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The spectral function: Broadening

Example: a single complex pole ¢4 =¢ — I
€

~iTe

G(x,x,t—t) = _% | fo(x)[? et =T E—t)/h .
1 r )
A == :
(%, w) = — (PESESE | fo(x))|
v
k

g4
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The spectral function: Coherent and incoherent structures

Alk,w) = = [Im Gk, )|
T
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The spectral function: Coherent and incoherent structures

Alk,w) = = [Im Gk, )|
T

DFT density of states

IN

energy
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The spectral function:

Feliciano Giustino

Ak, w)

Coherent and incoherent structures

— L i Gk w)
T

DFT density of states

many-body DOS

4

N

energy
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The spectral function:

Feliciano Giustino

Ak, w)

Coherent and incoherent structures

1
=—|I k
— [Im G(k,w)

DFT density of states

many-body DOS

4
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— quasiparticle shift

energy
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The spectral function: Coherent and incoherent structures

Alk,w) = = [Im Gk, )|
T

DFT density of states
IN
— quasiparticle shift

quasiparticle broadening

many-body DOS

energy
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The spectral function:

Feliciano Giustino

Ak, w)

Coherent and incoherent structures

1
=—|I k
— [Im G(k,w)

DFT density of states

boson energy

many-body DOS

4

—

N

— quasiparticle shift

—

quasiparticle broadening

energy
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How to calculate the Green's function
Heisenberg time evolution

&(X, t) — eiI:It/h &(X) efiI:It/h
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How to calculate the Green's function
Heisenberg time evolution
zﬁ(x, t) = ciHt/h zﬁ(x) o iHt/h
Equation of motion for field operators

~ A

m%wm - [@z}(x, ), H}
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How to calculate the Green's function
Heisenberg time evolution
&(X, t) — eth/h &(X) efth/h

Equation of motion for field operators

m%wm - [@z}(x, t),[ﬂ - {— ;:L v / dr'v(r, ') ﬁ(r’t)] b(xt)

total charge, electrons & nuclei
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How to calculate the Green's function
Heisenberg time evolution
&(X, t) — eth/h &(X) efth/h

Equation of motion for field operators

0 ~ - h? -
ihZ(xt) = [¢(x, ), H} S L v £ / dr'v(r, ) i(r't)| ¥ (xt)
ot 2Me
total charge, electrons & nuclei
Equation of motion for Green's function
[ 0 h?

i+ mvﬂ G(12) + g / d3v(13) (T'a(3) (1) ¥1(2) ) = 6(12)
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How to calculate the Green's function
Heisenberg time evolution
&(X, t) — eth/h &(X) efth/h

Equation of motion for field operators

m%wm - [@z}(x, t),[ﬂ - {— ;2 v+ / dr'v(r, ') ﬁ(r’t)] b(xt)

Me

total charge, electrons & nuclei

Equation of motion for Green's function

0 h?
atl 2mc

in2 4 vﬂ G(12) + g / d3v(13) (T'a(3) (1) ¥1(2) ) = 6(12)

4 field operators
Hartree+Fock+2-particle Green's function
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Dyson equation

2-particle Green's function

Viot(1) = /d2 v(12)(n(2)) rewritten using self-energy X

|

[ma—tl + Q—Tnevf - Vtot(l)] G(12) — /d3 ¥(13) G(32) = §(12)
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Dyson equation

2-particle Green's function

Viot(1) = /d2 v(12)(n(2)) rewritten using self-energy X

|
[ma% + QH—;W - Vtot(l)] G(12) — /d3 Y(13) G(32) = §(12)

Express the Green's function in terms of Dyson’s orbitals

{_ 27::&(3 V2 + Vt'ot(r)} fs(x) + /dx’ N(x,x' e5/h) f5(X) = £s f5(x)
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Dyson equation

2-particle Green's function

Viot(1) = /d2 v(12)(n(2)) rewritten using self-energy X

|
[ ha% + h—ivf - th(l)] G(12) — /d3 Y(13) G(32) = §(12)

Express the Green's function in terms of Dyson’s orbitals

{_ ;Ze + Vt'ot(r)} fs(x) + /dX’Z(X, X', es/h) f5(x') = esfs(x)

Sources of electron-phonon interaction
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How to calculate the electron-phonon self-energy

Electron self-energy from Hedin-Baym's equations
(12) = ih / d(34) G(13) T(324)W (41%)

Green's function [
Vertex

Screened Coulomb interaction
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How to calculate the electron-phonon self-energy

Electron self-energy from Hedin-Baym's equations
(12) = ih / d(34) G(13) T(324)W (41%)

Green's function [
Vertex

Screened Coulomb interaction

W =W, + Wy

I

W (12) :/d3 e; 1 (13)v(32)

Reduces to the standard GW method + screening from nuclei

Feliciano Giustino
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Diagrammatic representation of the self-energy

________

I3 Standard GW self-energy

— (we will ignore this from now on)

Figure from FG, RMP2017
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Diagrammatic representation of the self-energy

W,
i > Standard GW self-energy
= a (we will ignore this from now on)
D
g
+ Fan-Migdal self-energy
g G

Figure from FG, RMP2017
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Diagrammatic representation of the self-energy

We
i > Standard GW self-energy
= a (we will ignore this from now on)
D
g
+ Fan-Migdal self-energy
g G
D Debye-Waller self-energy
+ Improper self-energy: comes form
Viot (1) = [d2v(12)(7(2)) term
Figure from FG, RMP2017 g>PwW
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Diagrammatic representation of the self-energy

We
i > Standard GW self-energy
= a (we will ignore this from now on)
D
g
+ Fan-Migdal self-energy
g G
D Debye-Waller self-energy
+ Improper self-energy: comes form
Viot (1) = [d2v(12)(7(2)) term
Figure from FG, RMP2017 g>PwW
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Fan-Migdal self-energy

Fan-Migdal self-energy using Kohn-Sham states and DFPT phonons

% - fmk+q + Nqu fmk+q + Nqu
w—emk+q/h — Way T W—Epmkiq/P+ wWqy + i1
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Example: Interaction with dispersionless phonon

Energy

Wavevector
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Example: Interaction with dispersionless phonon

change of velocity/mass

broadening

Energy
Energy

Wavevector

Wavevector

20 of 43
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Example from experiments: Velocity renormalization in MgB,

v =vp/2.4
_IIIIIIIIIII II|IIII|I
0.00F — — — — <
-0.05F
>t
o X
> -0.10F
o E
Q C
-0.15F
w C  high
-0.20f E
- low : =
-0.25 :

30 01 02 03_ 04
Momentum (A )

Figure from Mou et al, Phys. Rev. B 91, 140502(R) (2015)
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Quasiparticle shift and broadening

Spectral function from the self-energy

1 1
Ak w)=—=1
( ’W) T mzn: hw—snk—an(w)
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Quasiparticle shift and broadening

Spectral function from the self-energy

1 1
Ak w) = ——1
( ’W) T mzn: hw—enk—an(w)

Quasiparticle approximation: assume simple poles in the complex plane

1 (’9ReEnk

Enk(w) = Enk(Z) + 7 aw

(hw —2) +---

w=z/h

Feliciano Giustino
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Quasiparticle shift and broadening

Replace the Taylor expansion inside the spectral function and rearrange:

1 Fnk
Alk,w) = Lk —
( 7W) ; nk’ﬂ' (M—Enk)z + F%k
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Quasiparticle shift and broadening

Feliciano Giustino

Replace the Taylor expansion inside the spectral function and rearrange:

Ak, w) = Zoc

1

7 (hw—Enie)? + T2,

Fnk

Enk =¢Enk t+ Re 2nk(Enk/h)

quasiparticle energy

23 of 43



Quasiparticle shift and broadening

Replace the Taylor expansion inside the spectral function and rearrange:

1 Fnk
Alk,w) = Lk —
( 7W) ; nk’ﬂ' (M—Enk)z + F%k

Enx = ek + Re Xk (Erk/R) quasiparticle energy

Lok = Zoe Im X, (B /1) quasiparticle broadening
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Quasiparticle shift and broadening

Replace the Taylor expansion inside the spectral function and rearrange:

1 Fnk
Alk,w) = Lk —
( 7W) ; nk’ﬂ' (hw—Enk)z + F%k

Enx = ek + Re Xk (Erk/R) quasiparticle energy
Lok = Zoe Im X, (B /1) quasiparticle broadening
Z 1 asiparticle strength
k= iparti ren
k ) 1 OReX,x(w) quastp &
h ow

w=FEpx/h
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The mass enhancement parameter

Take k-derivatives of the quasiparticle energy ., to find mass renormalization?

e = (1 X)) myye

TThese expressions are for the electron gas; more complex expressions are needed in other cases
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The mass enhancement parameter

Take k-derivatives of the quasiparticle energy ., to find mass renormalization?

e = (1 X)) myye

Ank is the mass enhancement parameter

1 OReXpk(w)
h ow

)\nk =
w:Enk/h

TThese expressions are for the electron gas; more complex expressions are needed in other cases
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Electron lifetimes

_h h
e 2| Zudm S (B /)|

Tnk
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Electron lifetimes

_h h
e 2| Zudm S (B /)|

Tnk

Common approximation: replace E,x by €,k and set 7, =1
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Electron lifetimes

_h h
e 2| Zudm S (B /)|

Tnk

Common approximation: replace E,x by €,k and set 7, =1

Tnk

1 2T dq
- = = = |Ynmv k7 2
b 2 gy i)
X [(1 = frktq + Nqw)d(Enk — Mgy —€mx+q)  phonon emission
+ (frk+q + Ngw)0(enk + gy —Emktq)] phonon absorption

Identical to Fermi Golden rule formula

Feliciano Giustino 25 of 43



Example: Mass enhancement and lifetimes in MAPDbI;

Ar(€)
( 1
— meV
> —1
GE) 10
R 20fs 4 4y
S % g
| s
_ [ i
w 1072
1K
)
—100 —50 60 0 0 Lo 50 100
e —ey (meV) & —éec (meV)
-3 T
< 10 0.6 .
> ,+* Rayleigh-Schroedinger
[ Lt
g 04 .-
Na¥ b--
o1 0.2
—4
| 10
v 0 I
0 50 100 150 200 250 300
T (K)
0.02 0.04
k(1/A)

Figure adapted from Schlipf et al, Phys. Rev. Lett. 121, 086402 (2018)
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Mutual interactions between electrons and vibrations

Lattice Vibrations Electrons
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Mutual interactions between electrons and vibrations

Lattice Vibrations Electrons
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Time-evolution of atomic displacements

Key quantity to study phonons in a many-body framework:
displacement-displacement correlation function

i

h

3x3 matrices in the Cartesian coordinates

DNH, (ttl) = <T A+I€ (t) Ai—f;l: (t/)>
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Time-evolution of atomic displacements

Key quantity to study phonons in a many-body framework:
displacement-displacement correlation function

i

h

3x3 matrices in the Cartesian coordinates

D, (1) = —— (T A% (t) A7 (1)

Heisenberg time evolution of atomic displacements

d .. R 2
mamﬁ(t) = [AT.(t), H]
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Time-evolution of atomic displacements

Key quantity to study phonons in a many-body framework:
displacement-displacement correlation function

i

h

3x3 matrices in the Cartesian coordinates

D, (1) = —— (T A% (t) A7 (1)

Heisenberg time evolution of atomic displacements
Ld o . o
th— AT, (t) = [AT«(t), H]
dt
Make it look like Newton's equation by taking 2nd derivative
d*AT, M,

M, E8T . Megns g
K dt2 h2 [[ TI’@7 ]7 ]
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Time-evolution of atomic displacements

Key quantity to study phonons in a many-body framework:
displacement-displacement correlation function

i

h

3x3 matrices in the Cartesian coordinates

D, (1) = —— (T A% (t) A7 (1)

Heisenberg time evolution of atomic displacements
Ld o . A
’Lh%ATH(t) = [AT.(t), H]

Make it look like Newton's equation by taking 2nd derivative

AR M. . o
MKW = _T;[[ATK7HLH]

dimensions of force
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Many-body phonon self-energy

Equation of motion for the displacement correlation function

82

M5

D, (tt) =
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Many-body phonon self-energy

Equation of motion for the displacement correlation function

52
Mn@ D:m/(tt/) = —1I¢ ;q'a tt /dt” f-i” tt Dy (t//t/)
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Many-body phonon self-energy

Equation of motion for the displacement correlation function

82

M5

Dy (tt') = = T6eud(tt') = / dt" Ty (1) Do oo (171)
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Many-body phonon self-energy

Equation of motion for the displacement correlation function

52
Mn@ DK,H/ (tt/) = -1 6;{,/';/ 6(tt/) — ZK,,/dtN Hnﬁ”(tt”) DH//K/ (t//t/)
—_————
phonon self-energy
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Many-body phonon self-energy

Equation of motion for the displacement correlation function

82
M= D, (tt') = — 18, 0(tt) Z dt" Ty (tt") Do oo (171)
ot? N
phonon self-energy

2
e Ly

[1 = — -1 = RS

et () OTra OTwr o’ /dr € (T T, ) dmeg|r — T
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Many-body phonon self-energy

Equation of motion for the displacement correlation function

82
M= D, (tt') = — 18, 0(tt) Z dt" Ty (tt") Do oo (171)
ot? N
phonon self-energy

11 (w) /d o ) 22 (static force)
rof W) = ————— I € T, Y, W)———————————— — |
et OTwo OTw o' ¢ T Areglr — T
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Many-body phonon self-energy

Equation of motion for the displacement correlation function

82

M, ——
o2

Dy (tt') = = T6eud(tt') = / dt" Ty (tt") Do oo (171)
K —_——

phonon self-energy

€2Z,QZ,€/

—— — (static f
o F—— (static force)

82
Hna,n’a’ (W) = W /dI' 66_1(7'K7 r, OJ)

IT,..s (w) contains the force constants resulting from the Coulomb interaction between nuclei,

screened by the electronic dielectric matrix €,(r,r’,w)
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Many-body vibrational eigenfrequencies

Dyi Di2 ... Din I, I ... Iy M1 0 0

Doy Doo e Doy Il IIoo . IIo N 0 Mo 0
D= II = M =

Dyi1 Dpy2 ... Dpyn IIyy IIy2 ... IInn 0 0 MnI
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Many-body vibrational eigenfrequencies

D1

Doy

Dn:

Feliciano Giustino

Do . D11\] Iy 112
Doo . D2N - II2 122
Dy2 ... Dnaw IIn: Ino

I N MiI 0

Iy N 0 Ml
M =

yN 0 0

Equation of motion for the displacement-displacement
correlation function in matrix form and in frequency domain

Mw?’D(w) =1+ II(w) D(w)

MnyI
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Many-body vibrational eigenfrequencies

Formal solution: phonon Green's function in Cartesian coordinates

1

D) = S =i
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Many-body vibrational eigenfrequencies

Formal solution: phonon Green's function in Cartesian coordinates

1 M2 1

e M71/2
Mw? — TI(w) Tw?2 — M~1/2TI(w)M~1/2

D(w)
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Many-body vibrational eigenfrequencies

Formal solution: phonon Green's function in Cartesian coordinates

1 1
D — — M71/2 M71/2
@) = Mo —Tiw) Tw? — M- 1/2(w)M-1/2
the quantity
M~/2 T (w) M~ /2 Mo ror ()
MM,

is the many-body dynamical matrix

The resonant frequencies are the solutions of the nonlinear equations
Qw) =w

where Q?(w) is an eigenvalue of M~ /2 TI(w) M~ 1/2

Feliciano Giustino
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Connection with density-functional perturbation theory

27,2\
Mo nar (W) = 97 O 3Tn " /dr er (1w, T, w) 4Wi0‘r ] — (static force)
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Connection with density-functional perturbation theory

27 7.
Hﬂa,n'a’(w) aT 87’K o /dl 6;1(7%71"“’) m — (Static force)

phonon energy

— frequency

dielectric function

insulator, long wavelength
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Connection with density-functional perturbation theory

We call adiabatic self-energy the Il evaluated using the static screening
(electrons adjust instantaneously to atomic displacements)

m* © 11 (w=0)
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Connection with density-functional perturbation theory

We call adiabatic self-energy the Il evaluated using the static screening
(electrons adjust instantaneously to atomic displacements)

m* © 11 (w=0)

After rearranging:

W = oot far 0 gy 4 [ 0 200l

I~ T
e 87—&& 87—&’0/

87’,m 87’,40/ 67—;-«1 87,40/
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Connection with density-functional perturbation theory

We call adiabatic self-energy the Il evaluated using the static screening
(electrons adjust instantaneously to atomic displacements)

m* & 11 (w=0)

After rearranging:

A s = 0?U,, dr m. (Ao (r)) H /dI‘ oV (r) @(ne(r))

OTwe OTwr o OTwe OTwr o OTwa OT e

!

replace with DFT electron density
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Connection with density-functional perturbation theory

We call adiabatic self-energy the Il evaluated using the static screening
(electrons adjust instantaneously to atomic displacements)

m* & 11 (w=0)

After rearranging:

M = 0 G g OVEO G0, / ar 27 0) ()
ka,k'al T e -
OTpa OTwra OTpa OTwr o OTwa  OTdlar
N v l
o war = O Or replace with DFT electron density

|

DFPT matrix of force constants
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Phonons beyond DFPT: Dyson's equation

Relation between adiabatic and non-adiabatic Green's functions

D l(w) = Muw?-TII(w)
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Phonons beyond DFPT: Dyson's equation

Relation between adiabatic and non-adiabatic Green's functions
D l(w) = Muw?-TII(w)
DA Hw) = Mw?-1I4
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Phonons beyond DFPT: Dyson's equation

Feliciano Giustino

Relation between adiabatic and non-adiabatic Green's functions

D l(w) = Muw?-TII(w)
DA’fl(w) = Mw?-TII*
~-D'(w)+ DY w) = Hw)-T*
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Phonons beyond DFPT: Dyson's equation

Relation between adiabatic and non-adiabatic Green's functions

D l(w) = Muw?-TII(w)
DA’fl(w) = Mw?-TII*
~-D ' w)+ DM Hw) = MO(w) -4
—_———

non-adiabatic self-energy 4
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Phonons beyond DFPT: Dyson's equation

Relation between adiabatic and non-adiabatic Green's functions

D l(w) = Muw?-TII(w)
DA’fl(w) = Mw?-TII*
~-D ' w)+ DM Hw) = MO(w) -4
—_———

non-adiabatic self-energy 4

Dyson’s equation for the phonon Green's function

D=D*+D*II"™D
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Phonons beyond DFPT: Dyson's equation

Adiabatic phonon Green's function from DFPT

(diagonal part in eigenmode representation)

A 1 1 2Wqu
un(w) = - = 73 2
W—Wqy WtwWwg W —wy,
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Phonons beyond DFPT: Dyson's equation

Adiabatic phonon Green's function from DFPT

(diagonal part in eigenmode representation)

A 1 1 2Wqu
un(w) = - = 73 2
W—Wqy WtwWwg W —wy,

Combine D with Dyson's equation to find the complete Green's function

2Weqy
qu(w) = 1

w? — wiy — 2quH§f(w)
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Phonons beyond DFPT: Quasiparticle approximation

Y

2 Wqy 2Qq,
2

2 NA 2 _ &2
w* = wg, — 2wy, (W) w® =g,

with Qqu = Qqu + Yqw
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Phonons beyond DFPT: Quasiparticle approximation

2 Wau 2Qq, LA .
“a > d with Qg = Qqu + iVqw

2 _ 2 NA 2 _ &2
w* = wg, — 2wy, (W) w® =g,

Frequency shift Qqv ~ wqr + Re Hgf(wqy)
valid for Ila,‘,\(wq,,)\ < Wqu
Line broadening g, ~ Im Hgf‘(wa,)
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Phonons beyond DFPT: Quasiparticle approximation

2 Wqv 2 qu/

5 with qu = qu + iﬁ/qz/

2 NA 2 _ &2
w* = wg, — 2wy, (W) w® =g,

Frequency shift Qqv ~ wqr + Re Hgﬁ(wqy)

valid for |TIN/ (wqr )| < waw
. . NA
Line broadening g, ~ ImII ;' (wqy)

Wqv Q qr
3
&
Q Im I1g,
E
w
—
Relly,
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Phonon self-energy in practice

fmk-l— - fnk fmk+ - fnk
HNA = o mnl/ k mnv k [ . n -
o =% Z g )9y (k, Q) et —Enk— ity — T Emiera—Enk

This is Eq. (145) of FG, RMP2017
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Phonon self-energy in practice

HNVA - mnv k q ;knm/ k7 q [ fmk+q_fnk T fmk+q — fnk
4 h Z g ( >g ( ) 5mk+q_5nk_hwqy_1n 5mk+q_5nk

o For (fimk+q— fnk) to be nonvanishing, n and m should be occupied/empty
e Can be large only for metals, semimetals, degenerate semiconductors

e Very small effect in wide-gap insulators

This is Eq. (145) of FG, RMP2017
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Examples of non-adiabatic phonons

Feliciano Giustino

Non-adiabatic Kohn-anomaly in graphene

Unperturbed Adiabatic

1,589

1,588

T 1587
BZ: Brillouin zone s
® Dirac points £
Pl + K points <
iabati — Fermi surface E
Ngn adlabatllc & 1,586
- Real space
4
Cunz 1585
Lo C atoms
4

1,584

Electron concentration (10'2¢m=2)

Figures from Pisana et al, Nat. Mater. 6, 198 (2007)
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Examples of non-adiabatic phonons

Non-adiabatic phonons in B-doped diamond

l T
. Ge=2ke experiment present theory
i /\ 170 i | L present theory _
0 p ¢ holes "
5 electrons — 160 adiab
2 L o
= %
n=[14-102! £
-1 L =, 150 HF E
05L T 05X & undoped
Electron crystal momentum E
é I undoped 4
5160 8 > .
'
£ 120 = X’adial) : .
B . :
’ L)
§ 80 ArF°  present & T
"; 0 n=14-102 1 theory
s undoped ') X(%,0,0) T(0) X(%,0,0) T(0) X (2£,0,0)
= pe
a0 Phonon momentum

L r X
Phonon momentum

Figures from Caruso et al, Phys. Rev. Lett. 119, 017001 (2017)
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Phonon lifetimes from electron-phonon interactions

1 2 Z/ gmnzx k q)gmnu<k q)(fmk+q fnk) 5(‘€mk+q — &nk — hwqy)

Top equation is Eq. (146) of FG, RMP2017
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Phonon lifetimes from electron-phonon interactions

1 2 Z/ gmnzx k q)gmm/(k q)(fmk+q fnk) 5(€mk+q — &nk — hwa,>

!

| G (K, ) |2 overscreening approximation

Top equation is Eq. (146) of FG, RMP2017
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Phonon lifetimes from electron-phonon interactions

1 2 Z/ gmnzx k 4 gmnu<k q)(fmk+q fnk) 5(‘€mk+q — &nk — hwqy)

!

| G (K, ) |2 overscreening approximation

9"(a)g"(a) ~ e(q)|g(q)[?

Top equation is Eq. (146) of FG, RMP2017
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Phonon lifetimes from electron-phonon interactions

1 2 Z/ gmnzx k q)gmnu<k q)(fmk+q fnk) 5(‘€mk+q — &nk — hwa,>

!

| G (K, ) |2 overscreening approximation

9"(a)g"(a) ~ e(q)|g(q)[?

The phonon self-energy in EPW is still overscreened and needs correction: use with caution

Top equation is Eq. (146) of FG, RMP2017
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Consequences of overscreening

Overscreening of the phonon linewidths in MgB;

Yag (meV)

Vag (meV)

10

| | 0
M r AT
lgl [
Figure from Marini, Phys. Rev. B 107, 024305 (2023)
see also discussion in Berges et al, arXiv:2212.11806 (2023)
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Take-home messages

e Field theory provides a rigorous and systematic framework to study electron-phonon physics
e The Fan-Migdal self-energy yields the electron mass enhancement and lifetimes

e The non-adiabatic phonon self-energy yields frequency shift and phonon lifetimes
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