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• Introduction to electron-phonon interactions

• How phonons influence electrons

• How electrons influence phonons

Lecture Summary
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Manifestations of electron-phonon interactions
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Lattice Vibrations Electrons

Mutual interactions between electrons and vibrations
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∑
i,κ
Zκv(ri, τκ)
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∑

κ>κ′
ZκZκ′v(τκ, τκ′) +

∑
i>j

v(ri, rj)

]
Ψ = EtotΨ

ri electron, τκ nucleus, v(r, r′) =
e2

4πε0|r− r′|

Many-body Schrödinger equation for electrons and nuclei
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Ψ = EtotΨ

ri electron, τκ nucleus, v(r, r′) =
e2

4πε0|r− r′|

• Electrons and vibrations must be described on the same footing

• The many-body Schrödinger equation is impractical for calculations or EPIs

Many-body Schrödinger equation for electrons and nuclei
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Many-electron wavefunction as a linear combination of Slater determinants

Ψ(r1, r2, · · · ) =
∑
mn

Amn ĉ
†
mĉn|0KS〉+

∑
mnpq

Bmnpq ĉ
†
mĉ
†
nĉpĉq|0KS〉+ · · ·

Field operators
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∫
dr ψ̂†(r)V (r)ψ̂(r)

Field operators

ψ̂†(r)
def
=
∑

m
ψ∗m(r) ĉ†m ψ̂(r)
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Ĥ = T̂e + T̂n + Ûen + Ûee + Ûnn

n̂e(r) = ψ̂†(r)ψ̂(r)

Electron-nucleus interaction Ûen =

∫
dr dr′ n̂e(r)n̂n(r′)v(r, r′)

Electron-electron interaction Ûee =
1

2

∫
dr dr′ n̂e(r) [n̂e(r

′)− δ(r− r′)] v(r, r′)

Hamiltonian in field-theoretic formulation
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Ground state of N -electron system Ĥ|N〉 = EN |N〉

s-th excited state of N+1-electron system Ĥ|N + 1, s〉 = EN+1,s|N + 1, s〉

Excitation energy εs = EN+1,s − EN

Heisenberg time evolution ψ̂(x, t) = eiĤt/~ ψ̂(x) e−iĤt/~

Time evolution of field operators and Dyson orbitals

Feliciano Giustino 09 of 43



Ground state of N -electron system Ĥ|N〉 = EN |N〉
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Time evolution of field operators and Dyson orbitals

Feliciano Giustino 09 of 43



Ground state of N -electron system Ĥ|N〉 = EN |N〉
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fs(x) Dyson orbital

Time evolution of field operators and Dyson orbitals
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G(xt,x′t′) = − i
~
〈N | T̂ ψ̂(xt) ψ̂†(x′t′)|N〉

Time-ordered

Green’s function

Wick’s time-ordering operator

The Green’s function at zero temperature
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Consider t > t′ (electron added to ground state)

G(xt,x′t′) = − i
~
〈N | ψ̂(xt) ψ̂†(x′t′)|N〉

= − i
~
〈N | eiĤt/~ ψ̂(x) e−iĤt/~ eiĤt

′/~ ψ̂†(x′) e−iĤt
′/~|N〉

= − i
~
〈N | ψ̂(x) e−i(Ĥ−EN )(t−t′)/~ ψ̂†(x′)|N〉

= − i
~
∑

s
fs(x)f ∗s (x′)e−iεs(t−t

′)/~

The Green’s function at zero temperature
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Carry out the same operation for t < t′ and Fourier transform

G(x,x′, ω) =
∑

s

fs(x)f ∗s (x′)

~ω − εs ∓ i0+
∓ occ/unocc

The spectral function

Feliciano Giustino 12 of 43



Carry out the same operation for t < t′ and Fourier transform

G(x,x′, ω) =
∑

s

fs(x)f ∗s (x′)

~ω − εs ∓ i0+
∓ occ/unocc

The poles of the Green’s function represent the electron

addition/removal energies of the interacting many-body system

The spectral function

Feliciano Giustino 12 of 43



Carry out the same operation for t < t′ and Fourier transform

G(x,x′, ω) =
∑

s

fs(x)f ∗s (x′)

~ω − εs ∓ i0+
∓ occ/unocc

The poles of the Green’s function represent the electron

addition/removal energies of the interacting many-body system

From the Green’s function we can obtain the spectral (density) function

A(x, ω) =
1

π
|ImG(x,x, ω)| =

∑
s
|fs(x)|2 δ(~ω − εs)

The spectral function

Feliciano Giustino 12 of 43



Carry out the same operation for t < t′ and Fourier transform

G(x,x′, ω) =
∑

s

fs(x)f ∗s (x′)

~ω − εs ∓ i0+
∓ occ/unocc

The poles of the Green’s function represent the electron

addition/removal energies of the interacting many-body system

From the Green’s function we can obtain the spectral (density) function

A(x, ω) =
1

π
|ImG(x,x, ω)| =

∑
s
|fs(x)|2 δ(~ω − εs)

The spectral function is the many-body (local) density of states

The spectral function

Feliciano Giustino 12 of 43



Example: a single complex pole εs = ε− iΓ

The spectral function: Broadening
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The spectral function: Coherent and incoherent structures
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A(k, ω) =
1

π
|ImG(k, ω)|

energy

DFT density of states

many-body DOS

quasiparticle shift

quasiparticle broadening

boson energy

The spectral function: Coherent and incoherent structures
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Heisenberg time evolution

ψ̂(x, t) = eiĤt/~ ψ̂(x) e−iĤt/~

Equation of motion for field operators

i~
∂

∂t
ψ̂(xt) =

[
ψ̂(x, t), Ĥ

]

=

[
− ~2

2me

∇2 +

∫
dr′v(r, r′) n̂(r′t)

]
ψ̂(xt)

How to calculate the Green’s function
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∫
dr′v(r, r′) n̂(r′t)

]
ψ̂(xt)

total charge, electrons & nuclei

Equation of motion for Green’s function[
i~

∂

∂t1
+

~2

2me
∇2

1

]
G(12) +

i

~

∫
d3 v(13) 〈T̂ n̂(3)ψ(1)ψ†(2) 〉 = δ(12)

How to calculate the Green’s function
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Heisenberg time evolution

ψ̂(x, t) = eiĤt/~ ψ̂(x) e−iĤt/~

Equation of motion for field operators

i~
∂

∂t
ψ̂(xt) =

[
ψ̂(x, t), Ĥ

]
=

[
− ~2

2me

∇2 +

∫
dr′v(r, r′) n̂(r′t)

]
ψ̂(xt)

total charge, electrons & nuclei

Equation of motion for Green’s function[
i~

∂

∂t1
+

~2

2me
∇2

1

]
G(12) +

i

~

∫
d3 v(13) 〈T̂ n̂(3)ψ(1)ψ†(2) 〉 = δ(12)

4 field operators

Hartree+Fock+2-particle Green’s function

How to calculate the Green’s function
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[
i~

∂

∂t1
+

~2

2me

∇2
1 − Vtot(1)

]
G(12)−

∫
d3 Σ(13)G(32) = δ(12)

Vtot(1) =

∫
d2 v(12)〈n̂(2)〉

2-particle Green’s function

rewritten using self-energy Σ

Dyson equation
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d3 Σ(13)G(32) = δ(12)

Vtot(1) =

∫
d2 v(12)〈n̂(2)〉

2-particle Green’s function

rewritten using self-energy Σ

Sources of electron-phonon interaction

Express the Green’s function in terms of Dyson’s orbitals[
− ~2

2me
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]
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Electron self-energy from Hedin-Baym’s equations

Σ(12) = i~
∫
d(34)G(13) Γ(324)W (41+)

Green’s function

Vertex

Screened Coulomb interaction

How to calculate the electron-phonon self-energy
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Electron self-energy from Hedin-Baym’s equations

Σ(12) = i~
∫
d(34)G(13) Γ(324)W (41+)

Green’s function

Vertex

Screened Coulomb interaction

W = We +Wph

We(12) =

∫
d3 ε−1e (13)v(32)

Reduces to the standard GW method + screening from nuclei

How to calculate the electron-phonon self-energy

Feliciano Giustino 17 of 43



Figure from FG, RMP2017

Standard GW self-energy
(we will ignore this from now on)

Diagrammatic representation of the self-energy
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Fan-Migdal self-energy using Kohn-Sham states and DFPT phonons

ΣFM
nk (ω) =

1

~
∑
mν

∫
dq

ΩBZ

|gmnν(k,q)|2

×
[

1− fmk+q + nqν

ω−εmk+q/~− ωqν + iη
+

fmk+q + nqν

ω−εmk+q/~ + ωqν + iη

]

Fan-Migdal self-energy

Feliciano Giustino 19 of 43
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Figure from Mou et al, Phys. Rev. B 91, 140502(R) (2015)

v = v0/2.4

Example from experiments: Velocity renormalization in MgB2
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Spectral function from the self-energy

A(k, ω) = − 1

π
Im
∑
n

1

~ω−εnk−Σnk(ω)

Quasiparticle approximation: assume simple poles in the complex plane

Σnk(ω) = Σnk(z) +
1

~
∂ReΣnk

∂ω

∣∣∣∣
ω=z/~

(~ω − z) + · · ·

Quasiparticle shift and broadening
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π
Im
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Quasiparticle approximation: assume simple poles in the complex plane

Σnk(ω) = Σnk(z) +
1

~
∂ReΣnk

∂ω

∣∣∣∣
ω=z/~

(~ω − z) + · · ·

Quasiparticle shift and broadening
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Replace the Taylor expansion inside the spectral function and rearrange:

A(k, ω) =
∑
n

Znk
1

π

Γnk

(~ω−Enk)2 + Γ2
nk

Enk = εnk + Re Σnk(Enk/~) quasiparticle energy

Γnk = Znk Im Σnk(Enk/~) quasiparticle broadening

Znk =
1

1− 1

~
∂ReΣnk(ω)

∂ω

∣∣∣∣
ω=Enk/~

quasiparticle strength

Quasiparticle shift and broadening
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Take k-derivatives of the quasiparticle energy Enk to find mass renormalization†

M∗
nk = (1 + λnk)m∗nk

†These expressions are for the electron gas; more complex expressions are needed in other cases

The mass enhancement parameter
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Take k-derivatives of the quasiparticle energy Enk to find mass renormalization†

M∗
nk = (1 + λnk)m∗nk

λnk is the mass enhancement parameter

λnk = −1

~
∂ ReΣnk(ω)

∂ω

∣∣∣∣
ω=Enk/~

†These expressions are for the electron gas; more complex expressions are needed in other cases

The mass enhancement parameter
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τnk =
~

2Γnk

=
~

2 |ZnkIm Σnk(Enk/~)|

Common approximation: replace Enk by εnk and set Znk = 1

Electron lifetimes
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τnk =
~

2Γnk

=
~

2 |ZnkIm Σnk(Enk/~)|

Common approximation: replace Enk by εnk and set Znk = 1

1

τnk

=
2π

~
∑
mν

∫
dq

ΩBZ

|gnmν(k,q)|2

× [(1− fmk+q + nqν)δ(εnk − ~ωqν −εmk+q) phonon emission

+ (fmk+q + nqν)δ(εnk + ~ωqν −εmk+q)] phonon absorption

Identical to Fermi Golden rule formula

Electron lifetimes
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Figure adapted from Schlipf et al, Phys. Rev. Lett. 121, 086402 (2018)

Example: Mass enhancement and lifetimes in MAPbI3
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Lattice Vibrations Electrons

Mutual interactions between electrons and vibrations
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Key quantity to study phonons in a many-body framework:

displacement-displacement correlation function

Dκκ′(tt′) = − i
~
〈T̂ ∆τ̂κ(t) ∆τ̂>κ′ (t′)〉

3×3 matrices in the Cartesian coordinates

Time-evolution of atomic displacements

Feliciano Giustino 28 of 43



Key quantity to study phonons in a many-body framework:

displacement-displacement correlation function

Dκκ′(tt′) = − i
~
〈T̂ ∆τ̂κ(t) ∆τ̂>κ′ (t′)〉

3×3 matrices in the Cartesian coordinates

Heisenberg time evolution of atomic displacements

i~
d

dt
∆τ̂κ(t) = [∆τ̂κ(t), Ĥ]
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Key quantity to study phonons in a many-body framework:

displacement-displacement correlation function

Dκκ′(tt′) = − i
~
〈T̂ ∆τ̂κ(t) ∆τ̂>κ′ (t′)〉

3×3 matrices in the Cartesian coordinates

Heisenberg time evolution of atomic displacements

i~
d

dt
∆τ̂κ(t) = [∆τ̂κ(t), Ĥ]

Make it look like Newton’s equation by taking 2nd derivative

Mκ
d2∆τ̂κ
dt2

= −Mκ

~2
[[∆τ̂κ, Ĥ], Ĥ]︸ ︷︷ ︸

dimensions of force

Time-evolution of atomic displacements
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Equation of motion for the displacement correlation function

Mκ
∂2

∂t2
Dκκ′(tt′) =

− I δκκ′δ(tt′)−
∑

κ′′

∫
dt′′ Πκκ′′(tt′′) Dκ′′κ′(t′′t′)

Many-body phonon self-energy
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phonon self-energy
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∫
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Equation of motion for the displacement correlation function

Mκ
∂2

∂t2
Dκκ′(tt′) = − I δκκ′δ(tt′)−

∑
κ′′

∫
dt′′ Πκκ′′(tt′′) Dκ′′κ′(t′′t′)︸ ︷︷ ︸
phonon self-energy

Πκα,κ′α′(ω) =
∂2

∂τκα ∂τκ′α′

∫
dr ε−1e (τκ, r, ω)

e2ZκZκ′

4πε0|r− τκ′ |
− (static force)

Πκκ′(ω) contains the force constants resulting from the Coulomb interaction between nuclei,

screened by the electronic dielectric matrix εe(r, r
′, ω)

Many-body phonon self-energy
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D =



D11 D12 . . . D1N

D21 D22 . . . D2N

...
...

. . .
...

DN1 DN2 . . . DNN


Π =



Π11 Π12 . . . Π1N

Π21 Π22 . . . Π2N

...
...

. . .
...

ΠN1 ΠN2 . . . ΠNN


M =



M1I 0 . . . 0

0 M2I . . . 0

...
...

. . .
...

0 0 . . . MN I



Many-body vibrational eigenfrequencies
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

Equation of motion for the displacement-displacement

correlation function in matrix form and in frequency domain

Mω2 D(ω) = I + Π(ω) D(ω)

Many-body vibrational eigenfrequencies
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Formal solution: phonon Green’s function in Cartesian coordinates

D(ω) =
1

Mω2 −Π(ω)

= M−1/2 1

Iω2 −M−1/2Π(ω)M−1/2 M−1/2

the quantity

M−1/2 Π(ω) M−1/2 −−−→ Πκα,κ′α′(ω)√
MκMκ′

is the many-body dynamical matrix

The resonant frequencies are the solutions of the nonlinear equations

Ω(ω) = ω

where Ω2(ω) is an eigenvalue of M−1/2 Π(ω) M−1/2

Many-body vibrational eigenfrequencies
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Πκα,κ′α′(ω) =
∂2

∂τκα∂τκ′α′

∫
dr ε−1e (τκ, r, ω)

e2ZκZκ′

4πε0|r− τκ′ |
− (static force)

Connection with density-functional perturbation theory
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Πκα,κ′α′(ω) =
∂2

∂τκα∂τκ′α′

∫
dr ε−1e (τκ, r, ω)

e2ZκZκ′

4πε0|r− τκ′ |
− (static force)
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b
an

d
ga

p

p
h

on
on

en
er

gy
frequency

d
ie

le
ct

ri
c

fu
n

ct
io

n

Connection with density-functional perturbation theory

Feliciano Giustino 32 of 43



We call adiabatic self-energy the Π evaluated using the static screening

(electrons adjust instantaneously to atomic displacements)

ΠA def
= Π (ω=0)

Connection with density-functional perturbation theory
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We call adiabatic self-energy the Π evaluated using the static screening

(electrons adjust instantaneously to atomic displacements)

ΠA def
= Π (ω=0)

After rearranging:

ΠA
κα,κ′α′ =

∂2 Unn

∂τκα ∂τκ′α′
+

∫
dr

∂2V en(r)

∂τκα ∂τκ′α′
〈n̂e(r)〉+

∫
dr
∂V en(r)

∂τκα

∂〈n̂e(r)〉
∂τκ′α′
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(electrons adjust instantaneously to atomic displacements)
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∫
dr
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∂〈n̂e(r)〉
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ΠA
κα,κ′α′ =

∂2EDFT
tot

∂τκα ∂τκ′α′

DFPT matrix of force constants

Connection with density-functional perturbation theory
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Relation between adiabatic and non-adiabatic Green’s functions

D−1(ω) = Mω2 −Π(ω)

DA,−1(ω) = Mω2 −ΠA

−D−1(ω) + DA,−1(ω) = Π(ω)−ΠA

Phonons beyond DFPT: Dyson’s equation
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DA,−1(ω) = Mω2 −ΠA

−D−1(ω) + DA,−1(ω) = Π(ω)−ΠA︸ ︷︷ ︸
non-adiabatic self-energy ΠNA

Dyson’s equation for the phonon Green’s function

D = DA + DA ΠNA D
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Adiabatic phonon Green’s function from DFPT

(diagonal part in eigenmode representation)

DA
qν(ω) =

1

ω − ωqν

− 1

ω + ωqν

=
2ωqν

ω2 − ω2
qν

Phonons beyond DFPT: Dyson’s equation
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Adiabatic phonon Green’s function from DFPT

(diagonal part in eigenmode representation)

DA
qν(ω) =

1

ω − ωqν

− 1

ω + ωqν

=
2ωqν

ω2 − ω2
qν

Combine DA with Dyson’s equation to find the complete Green’s function

Dqν(ω) =
2ωqν

ω2 − ω2
qν − 2ωqνΠ

NA
qν (ω)
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2ωqν

ω2 − ω2
qν − 2ωqνΠNA

qν (ω)

2 Ω̃qν

ω2 − Ω̃2
qν

with Ω̃qν = Ωqν + iγqν
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2ωqν

ω2 − ω2
qν − 2ωqνΠNA

qν (ω)

2 Ω̃qν

ω2 − Ω̃2
qν

with Ω̃qν = Ωqν + iγqν

Frequency shift Ωqν ' ωqν + Re ΠNA
qν (ωqν)

Line broadening γqν ' Im ΠNA
qν (ωqν)

valid for |ΠNA
qν (ωqν)| � ωqν
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2ωqν

ω2 − ω2
qν − 2ωqνΠNA

qν (ω)

2 Ω̃qν

ω2 − Ω̃2
qν

with Ω̃qν = Ωqν + iγqν

Frequency shift Ωqν ' ωqν + Re ΠNA
qν (ωqν)

Line broadening γqν ' Im ΠNA
qν (ωqν)

valid for |ΠNA
qν (ωqν)| � ωqν

Ωqνωqν

Re Πqν

Im Πqν

ω

Im
D

q
ν
(ω

)
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ΠNA
qν =

2

~
∑
mn

∫
dk

ΩBZ

gb
mnν(k,q)g∗mnν(k,q)

[
fmk+q−fnk

εmk+q−εnk−~ωqν−iη
− fmk+q−fnk

εmk+q−εnk

]

• For (fmk+q−fnk) to be nonvanishing, n and m should be occupied/empty

• Can be large only for metals, semimetals, degenerate semiconductors

• Very small effect in wide-gap insulators

This is Eq. (145) of FG, RMP2017

Phonon self-energy in practice
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Non-adiabatic Kohn-anomaly in graphene

Figures from Pisana et al, Nat. Mater. 6, 198 (2007)

Examples of non-adiabatic phonons
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Non-adiabatic phonons in B-doped diamond

Figures from Caruso et al, Phys. Rev. Lett. 119, 017001 (2017)

Examples of non-adiabatic phonons
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τ−1
qν =

2π

~
2
∑
mn

∫
dk

ΩBZ

gb
mnν(k,q)g∗mnν(k,q)(fmk+q − fnk) δ(εmk+q − εnk − ~ωqν)

Top equation is Eq. (146) of FG, RMP2017

Phonon lifetimes from electron-phonon interactions
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|gmnν(k,q)|2 overscreening approximation

gb(q)g∗(q) ' ε(q)|g(q)|2

Top equation is Eq. (146) of FG, RMP2017
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τ−1
qν =

2π

~
2
∑
mn

∫
dk

ΩBZ

gb
mnν(k,q)g∗mnν(k,q)(fmk+q − fnk) δ(εmk+q − εnk − ~ωqν)

|gmnν(k,q)|2 overscreening approximation

gb(q)g∗(q) ' ε(q)|g(q)|2

The phonon self-energy in EPW is still overscreened and needs correction: use with caution

Top equation is Eq. (146) of FG, RMP2017
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Overscreening of the phonon linewidths in MgB2

Figure from Marini, Phys. Rev. B 107, 024305 (2023)

see also discussion in Berges et al, arXiv:2212.11806 (2023)

Consequences of overscreening

Feliciano Giustino 41 of 43



• Field theory provides a rigorous and systematic framework to study electron-phonon physics

• The Fan-Migdal self-energy yields the electron mass enhancement and lifetimes

• The non-adiabatic phonon self-energy yields frequency shift and phonon lifetimes

Take-home messages
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