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Lecture Summary

Superconductivity milestones

BCS theory of superconductivity

McMillan-Allen-Dynes formula for critical temperature

Nambu-Gor'kov formalism and Migdal-Eliashberg theory

Density functional theory for superconductors

Examples from calculations
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BCS Theory

k’ =k -k -k
N Kk
NN\

K/ Nk

Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957)
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BCS Theory
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BCS Theory

superconducting gap paring potential

Kx q=k -k ,-¥ !
\ NASNSAAS / K= § / ( mk+Q> Vnk,karqukJrq
\VAVRVBVEVAYE, 'n -
Kk / '\ K QBZ 2/{JBT

2Emik+q
Enk = \/(enk - eF)2 + ‘Ank|2 A(T)
Energy | 0
2A(T7) quasiparticle
E i excitation energy \
T

. T
e describes in detail the phenomenology of superconductivity

e is a descriptive theory, material-independent — 2Aq = 3.53kpT,
DOS

e does not account for the retardation of the e-ph interaction

Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957)
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How can T be calculated beyond BCS?



McMillan-Allen-Dynes Formula

T, =

B ) -
Wiog 1.04(1 4+ A) (Lecture Mon.1) m

1.2 P N1+ 0.62)) 4
Coulomb e-ph
pseudopotential  coupling strength

A= Np <<Z Igmgil(:q)l2 >>
v FS

McMillan Phys. Rev. 167, 331(1968); Allen and Dynes, PRB 12, 905 (1975).
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McMillan-Allen-Dynes Formula

»~
_ Wiog —LO4(1+ ) (Lecture Mon.1) m

T. =
©T 12 PN (1 0.62))
Coulomb e-ph
pseudopotential  coupling strength
v(k, q)]?
e can be easily calculated (e.g., QE, Abinit) > hwaqy FS

e works reasonably well for isotropic superconductors
e requires dense k- and g-meshes to converge A
e fails for multiband and/or anisotropic superconductors

e approximates the Coulomb interaction through ¥

McMillan Phys. Rev. 167, 331(1968); Allen and Dynes, PRB 12, 905 (1975).
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Nambu-Gor'kov Formalism

A generalized 2x2 matrix Green's functions Gnk(T) is used to describe the propagation of electron
quasiparticles and of superconducting Cooper pairs on an equal footing.

imaginary time j 17 Wick's time-ordering operator
Gnk(T

) = (T (7)1 (0)

field operator nk =

two-component [ Ckt }

Cn—k|
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A generalized 2x2 matrix Green's functions Gnk(T) is used to describe the propagation of electron
quasiparticles and of superconducting Cooper pairs on an equal footing.

imaginary time j 17 Wick's time-ordering operator
Gnk(T

) = (T (7)1 (0)
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field operator nk =
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Nambu-Gor'kov Formalism

(Tt ()01 (0)) (Tt (7)Encs (0))

D) == el () (O) (Tdh i ()enm1a (0)
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Nambu-Gor'kov Formalism

(Tt ()01 (0)) (Tt (7)Encs (0))

D) == el () (O) (Tdh i ()enm1a (0)

e Diagonal elements are the normal state Green's functions and describe single-particle electronic
excitations.
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Nambu-Gor'kov Formalism

(Tt ()01 (0)) (Tt (7)Encs (0))

D) == el () (O) (Tdh i ()enm1a (0)

e Diagonal elements are the normal state Green's functions and describe single-particle electronic
excitations.

e Off-diagonal elements are the anomalous Green's functions and describe Cooper pairs amplitudes.

G,x(7) is periodic in 7 and can be expanded in a Fourier series:

Go(T) =T Z e_i‘“”énk(iwj)

1wy

where iw; =4(2j 4+ 1)7T (j integer) are Matsubara frequencies and T is the temperature.

N N Gnk(le) Fnk(le)
G (iw;) = { Fr(iwg)  —G_pk(—iw;)
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Migdal-Eliashberg Theory

dressed phonon propagator screened Coulomb interaction
paring self-energy l l
Daqy (iw; —iw;r) Vak,mi+q (1w; —iw;1)
2==
4 Ry
& . Lecture Tue.2
Enk(le) = gnmu(qa k) Imnv (ka q) + —————————— ( )

Gmk+q(iwj/) Gkarq(iwj’)
1 N “ w

e-ph matrix elements . . , .
. e interacting Green's function
iw; =1i(2j + 1)nT

Matsubara frequencies Fan—MigdaI self energy GW self—energy
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Migdal-Eliashberg Theory

dressed phonon propagator screened Coulomb interaction
paring self-energy l l
Daqy (iw; —iw;r) Vak,mi+q (1w; —iw;1)
2==
4 Ry
& . Lecture Tue.2
Enk(le) = gnmu(qa k) Imnv (kv q) + —————————— ( )

Gmk+q(iwj/) Gkarq(iwj’)
1 N “ w

e-ph matrix elements . . , .
. e interacting Green's function
iw; =1i(2j + 1)nT

Matsubara frequencies Fan—MigdaI self energy GW self—energy

Migdal’s theorem

E-ph vertex corrections are neglected assuming that the neglected terms
are of the order of (me/M)l/2 & wp/€p.
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Migdal-Eliashberg Approximation

Yok (iwj) = =T Z/—TgGmk+q(zw7 )73

[Z | (K, @)|* Doy (i —iw;1) + Vit micrq iy i)
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Migdal-Eliashberg Approximation

Sk (iwj) = =T Z/*T3Gmk+q(lwy )73

[Z |g7?1nl/ (k7 Q)| qu(le *ij') + Vnk,mk—i—q(le *Z(,dj/)

)
bare phonon 1 . 00 20
propagator Do qu(iw;) = /0 dw (iw;)? — w? §(w—wqw)

i i 2w
anisotropic e-ph |3, . (wj) = N / dw——2 | 25
’ ¥ w Grmnw (K, @)[“0(w—wqu)
coupling strength remiETa ; 0 J2 5 [9mnv qv
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Migdal-Eliashberg Theory

Gk (iwj) obeys the Dyson's equation in Matsubara space:

Goulivy) = Gyl liw;) — Spliw;)
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Migdal-Eliashberg Theory

Gk (iwj) obeys the Dyson's equation in Matsubara space:
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Migdal-Eliashberg Theory

Gk (iwj) obeys the Dyson's equation in Matsubara space:

Grulivy) = Goiliw;) — Swcliv;)

b

non-interacting A1 . TN N
Green's function 07”k(w}j) = ;o = (e = er)Ts

(

an(iw]') = in [1 — an(iwj)} 0 + X,,,k(iwj)%g =+ A,,,,k(iw]')Z”k(iw]')f'l

mass renormalization ~ energy superconducting
function shift gap function
Pauli . 10:| A_|:01:| . [1 0:|
To = = T3 =
matrices [ 1 Lo 0 -1
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Migdal-Eliashberg Theory

A [zt + (e — ) + xoulin) (A litog) Zoe i)
Gnk(iwj) =

@"k(iwj) [Ank(iwj)an(iwj)J [iw]'an(iwj) — (enk — €F) — Xnk(iwj)

Onk(iw;) = [wj Znk (iw;)] + [(€nk — €r) + Xk ()] + [Znk (iw;) Apic (iw;)]*

e Diagonal elements are the normal state Green's functions Gk (iw;) and describe
single-particle electronic excitations in the normal state.

e Off-diagonal elements are the anomalous Green's functions F,,x(iw;) and describe
Cooper pairs amplitudes is the superconducting state.
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Migdal-Eliashberg Theory

a (iww;) = _’L'w]‘an(iw]‘)f'o + [(enx — €r) + Xnk (iw;j)] T3 + Apk (iw;) Zpk (iw; )T
e O(iw;)

Ok (iw;) = [wj Znk (iw;)]* + [(enk — &) + Xnk (iw;))* + [Zik (iw;) A (ie;)]?
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Migdal-Eliashberg Theory

a . _ iijnk(iwj)f'o + [(Gnk — GF) + Xnk(iwj)} T3 + Ank(iwlj)an(iwj)ﬁ
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Migdal-Eliashberg Theory
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Migdal-Eliashberg Theory

a (iww;) = _’L'w]‘an(iw]‘)f'o + [(enx — €r) + Xnk (iw;j)] T3 + Apk (iw;) Zpk (iw; )T
e O(iw;)

Ok (iw;) = [wj Znk (iw;)]* + [(enk — &) + Xnk (iw;))* + [Zik (iw;) A (ie;)]?

Sk k(iw;) =-T Z/ TgGmk+q 1w ) T3 X [Ank,mk+q(Wj —wjr) + Vak mk4q (iwj —iw;)]

E K(iw;) = TZ/ dq Ank,mk+q(Wj—wjr) — NF.Vn-k,mk-l-q(iwj_iwj’)
QBZ @karq(le’)
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Migdal-Eliashberg Theory

a . _ iijnk(iwj)f'o + [(Gnk — GF) + Xnk(iwj)} T3 + Ank(iwlj)an(iwj)ﬁ
(i) = = Ok (iw;)

Ok (iw;) = [wj Znk (iw;)]* + [(enk — &) + Xnk (iw;))* + [Zik (iw;) A (ie;)]?

Sk k(iw;) =-T Z/ TgGmk+q 1w ) T3 X [Ank,mk+q(Wj —wjr) + Vak mk4q (iwj —iw;)]

E K(iw;) = TZ/ dq Ank,mk+q(Wj—wjr) — NF.Vn-k,mk-l-q(iwj_iwj’)
QBZ ekarq(le’)

x {iwjr Zmx+q(iwj)To + [(€mk+q — €F) + Xmk+a(iw))] 73 — Amictrq(iwj1) Zmk+q(iw) )71}

Enk(iw]') = in []. — an(in)] 7A'0 + Xnk(iw]')’f'g + Ank(iwj)an(iwj)ﬁ

Equating the scalar coefficients of the Pauli matrices leads to the anisotropic Migdal-Eliashberg equations.
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Anisotropic Migdal-Eliashberg Equations on Imaginary Axis: FBW

dq wjr Zmitq(iwjr) Ak mkq(wj—w;jr)
7z, J =14 — j qliwj/ ,mk+q(Wj —Wj
k(i) N Z/QBZ O mktq(iwj) Np

Xnk ij =T Z/ 6mk+q GF) + ka+q<%-)g ) )‘nk,mk+q(wj —wj/)
QBZ

g Omktq(iw;) Np

d Zm Am bW 1 )\n m j — Wy . .
Znse(iewy) A (iw;) = Ty / L Eraerg ) taliy) | dmemiraliy =) _ Vinkemic g (102 — ;)

o~ Ormik-+q(iw)) Np
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dq wjr Zmitq(iwjr) Ak mkq(wj—w;jr)
7z, J =14 — j qliwj/ ,mk+q(Wj —Wj
k(i) N Z/QBZ O mktq(iwj) Np

Xnk ij =T Z/ 6mk+q GF) + ka+q<%-)g ) )‘nk,mk+q(wj —wj/)
QBZ

g Omktq(iw;) Np

d Zm Am bW 1 )\n m j — Wy . .
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Anisotropic Migdal-Eliashberg Equations on Imaginary Axis: FBW

dq wjr Zmitq(iwjr) Ak mkq(wj—w;jr)
7z, J =14 — j qliwj/ ,mk+q(Wj —Wj
k(i) N Z/QBZ O mktq(iwj) Np

Xnk ij =T Z/ 6'm,k+(31 GF) + ka+q<iOJj/) )\nk’mk+q(wj' —(,dj/)
QBZ

o~ Omictq(iw;) Nr

d Zm Am bW 1 )\n m j — Wy . .
Znse(iewy) A (iw;) = Ty / L Eraerg ) taliy) | dmemiraliy =) _ Vinkemic g (102 — ;)

o~ Ormik-+q(iw)) Np

€mk+q — 6F) + kaJrq(ZWJ )
=1 2TZ/QBZ k (zw )
m +a J’

e only the off-diagonal contributions of the Coulomb self-energy are retained in order to avoid
double counting of Coulomb effects
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Anisotropic Migdal-Eliashberg Equations on Imaginary Axis: FSR

T d y Ank.m .
Znie(iwy) = 1+ ™ Z/Qq Wi k, k+]<\1](wj Wi )5(€mk+q —ep)
Wi g 2BZ \/w?-,—l—Amkqu(zwj/) F
’7TT mk+ (iw i ) )\nk7mk+ (w i —w '/) . .
an(zwj)Ank Lo.)] Z/ BZ 4 £ ](:[F J J - Vnkymk+q(zwj—zwj/)
myj’ \/w +Amk+q(zw7 )

X 5(€mk+q — GF)

e all quantities are evaluated around the Fermi surface — x,i(iw;) vanishes when integrated on
the Fermi surface because it is an odd function of w;

e the electron density of states in the vicinity of the Fermi level is assumed to be constant

e the dynamically screened Coulomb interaction NgV,k mk+q(iw;—iw; ) is embedded into the
semiempirical pseudopotential 1
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Anisotropic Migdal-Eliashberg Equations on Imaginary Axis: FSR

i1

wj

Znx(iwj) = Ank,mk-+q(Wj —wj )0 (€mktq — €F)

’mk+q(7(’u.] )

ijF Z/QBZ \/w +A

7TT Ay, Wiy N
Z e (1w ) A e (iw;) Z/ kera (W) Mkemkrq(W; —wjr) — ] 6 (€mktq — €F)
mj’ BZ \/w +Amk+q(zw7 )
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i1

wj

Znx(iwj) = Ank,mk-+q(Wj —wj )0 (€mktq — €F)

’mk+q(7(’u.] )

ijF Z/QBZ \/w +A

7TT JAN Wi %
Znkc(iw; ) Ape (iw; ) Z/ kralivy) {)‘nk,mk+q(wj_wj’ﬂfﬂc] d(Emk+q — €F)
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Anisotropic Migdal-Eliashberg Equations on Imaginary Axis: FSR

Znk(iwj) = i

Ank,mk+q(Wj —wj)0(€mktq — €F)

w;NF Z/QBZ \/w FA? e qiwr)

7TT JAN Wi %
Znkc(iw; ) Ape (iw; ) Z/ kralivy) {)‘nk,mk+q(wj_wj’ﬂfﬂc] d(Emk+q — €F)
o Qpz \/w +A7nk+q(7’w7 /)

anisotropic e-ph N > 2w 2 _
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Anisotropic Migdal-Eliashberg Equations on Imaginary Axis: FSR

Znk(iwj) = i

Ank,mk+q(Wj —wj)0(€mktq — €F)

wJNF Z/QBZ \/w A2, (iw)

7TT Ay, Wy N
Znkc(iw; ) Ape (iw; ) Z/ kta(fiy) {)‘nk,mk+q(wj_wj’ﬂfﬂc] O(Emk+q — €F)
myj’ BZ \/w +Amk+q(zw7 )

( 1

anisotropic e-ph N o0 2w B B
coumng oty Psmcsal@)|= N 37 [ 2% amm G @)

Poncé et al, Comput. Phys. Commun. 209, 116 (2016)
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7TT Ay, Wy N
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Anisotropic Migdal-Eliashberg Equations on Imaginary Axis: FSR

Znk(iwj) = o

Ank,mk+q(Wj —wj)0(€mktq — €F)

w;NF Z/QBZ \/w FA? e qiwr)

7TT m Wi o
Znkc(iw; ) Ape (iw; ) Z/Q kta(fiy) {)‘nk,mk+q(wj_wj’ﬂfﬂc] O(Emk+q — €F)
mj’ BZ \/w +Amk+q(zw.7')

( 1

anisotropic e-ph N o0 2w B B
coumng oty Psmcsal@)|= N 37 [ 2% amm G @)

Poncé et al, Comput. Phys. Commun. 209, 116 (2016)

Coulomb u = He
pseudopotential 1+ pelog(wel /wpn)

Morel and Anderson, Phys. Rev. 125, 1263 (1962)
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Anisotropic Migdal-Eliashberg Equations on Imaginary Axis: FSR

Znk(iwj) = o

Ank,mk+q(Wj —wj)0(€mktq — €F)

w;NF Z/QBZ \/w FA? e qiwr)

7TT m W *
Znkc(iw; ) Ape (iw; ) Z/Q kralivy) {)‘nk,mk+q(wj_wj’ﬂfﬂc] d(Emk+q — €F)
mj’ BZ \/w +Amk+q(zw.7')

( 1

anisotropic e-ph N o0 2w B B
coumng oty Psmcsal@)|= N 37 [ 2% amm G @)

Poncé et al, Comput. Phys. Commun. 209, 116 (2016)

Coulomb * He
= = Nr{(V,
pseudopotential e = 1 + e log(wel /wpn) fe r{(Vatmicta))es

Morel and Anderson, Phys. Rev. 125, 1263 (1962)
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Anisotropic Migdal-Eliashberg Equations on Imaginary Axis: FSR

Znk(iwj) = o

Ank,mk+q(Wj —wj)0(€mktq — €F)

w;NF Z/QBZ \/w FA? e qiwr)

7TT m Wi o

Znkc(iw; ) Ape (iw; ) Z/ kta(fiy) {)‘nk,mk+q(wj_wj’ﬂfﬂc] O(Emk+q — €F)
Qpz \/w + A2 (iw;)

myj’ mk+q J

( 1

anisotropic e-ph N o0 2w B B
coumng oty Psmcsal@)|= N 37 [ 2% amm G @)

Poncé et al, Comput. Phys. Commun. 209, 116 (2016)

(
Coulomb He
. ,U,: = He = NF<<Vnk,mk+q>>FS
pseudopotential 1+ e log(wel /wpn)
Morel and Anderson, Phys. Rev. 125, 1263 (1962) Schlipf et al, Comput. Phys. Commun. 247, 106856 (2020)
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Anisotropic Migdal-Eliashberg Equations on Imaginary Axis: FSR

i1

wj

Znx(iwj) = Ank,mk-+q(Wj —wj )0 (€mktq — €F)

mk+q (ij )

ijF Z/QBZ \/w +A2

7TT A, Wy N
Zpi(iw; ) A (iw;) Z / lerq (i) [Anke,mictq(w; —w;r) = ] 6 (€mictq — €x)
my’ OBz \/"J +Amk+q(“~"ﬂ /)
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Anisotropic Migdal-Eliashberg Equations on Imaginary Axis: FSR

Znk(iwj) = i

Ank,mk+q(Wj —wj)0(€mktq — €F)

ijF Z/QBZ \/w +A2

mk+q (Zw] )

7TT A, Wy N
Zpi(iw; ) A (iw;) Z / lerq (i) [Anke,mictq(w; —w;r) = ] 6 (€mictq — €x)
my’ OBz \/"J +Amk+q(“~"ﬂ /)

e The coupled nonlinear equations need to be solved self-consistently at each temperature T’
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Anisotropic Migdal-Eliashberg Equations on Imaginary Axis: FSR

Znk(iwj) = i

Ank,mk+q(Wj —wj)0(€mktq — €F)

ijF Z/QBZ \/w +A2

mk+q (ij )

7TT Ay, Wy N
Znk(iw; ) Api (iw; ) Z / kera (i) [Ank,miktq(wj —wjr) = p1e] 0(€murq — €r)
my’ OBz \/"J +Amk+q(“~"ﬂ /)

e The coupled nonlinear equations need to be solved self-consistently at each temperature T’

e The equations must be evaluated on dense electron k- and phonon g-meshes to properly describe
anisotropic effects
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Anisotropic Migdal-Eliashberg Equations on Imaginary Axis: FSR

Znk(iwj) = i

Ank,mk+q(Wj —wj)0(€mktq — €F)

ijF Z/QBZ \/w +A2

mk+q (ij )

7TT Ay, Wy N
Znk(iw; ) Api (iw; ) Z / kera (i) [Ank,miktq(wj —wjr) = p1e] 0(€murq — €r)
mj’ sz \/"J +Amk+q(“"'ﬂ ')

e The coupled nonlinear equations need to be solved self-consistently at each temperature T’

e The equations must be evaluated on dense electron k- and phonon g-meshes to properly describe
anisotropic effects

e The sum over Matsubara frequencies must be truncated (a typical cutoff of the order of 1 eV)
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Anisotropic Migdal-Eliashberg Equations on Imaginary Axis: FSR

Znk(iwj) = i

Ank,mk+q(Wj —wj)0(€mktq — €F)

ijF Z/QBZ \/w +A2

mk+q (”ij )

7TT Ay, Wy N
Znk(iw; ) Api (iw; ) Z / kera (i) [Ank,miktq(wj —wjr) = p1e] 0(€murq — €r)
mj’ sz \/"J +Amk+q(“‘"ﬂ ')

The coupled nonlinear equations need to be solved self-consistently at each temperature T’

e The equations must be evaluated on dense electron k- and phonon g-meshes to properly describe
anisotropic effects

e The sum over Matsubara frequencies must be truncated (a typical cutoff of the order of 1 eV)

Znx and A, are only meaningful for nk at or near the Fermi surface
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Anisotropic Migdal-Eliashberg Equations on Real Axis

e The Migdal-Eliasberg equations on the imaginary frequency axis are computationally efficient
(sums over a finite number of Matsubara frequencies) and they are adequate for calculating
the T, and A, (iw;).

Leavens and Ritchie, Solid State Commun. 53, 137 (1985); Marsiglio, Schossmann, and Carbotte, Phys. Rev. B 37, 4965 (1988).
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e The Migdal-Eliasberg equations on the imaginary frequency axis are computationally efficient
(sums over a finite number of Matsubara frequencies) and they are adequate for calculating
the T, and A, (iw;).

e The Migdal-Eliashberg equations need to be solved on the real energy axis to extract
information about the spectral properties (e.g., the quasi particle density of states or the
single particle excitation spectrum).

Leavens and Ritchie, Solid State Commun. 53, 137 (1985); Marsiglio, Schossmann, and Carbotte, Phys. Rev. B 37, 4965 (1988).
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Anisotropic Migdal-Eliashberg Equations on Real Axis

e The Migdal-Eliasberg equations on the imaginary frequency axis are computationally efficient
(sums over a finite number of Matsubara frequencies) and they are adequate for calculating
the T, and A, (iw;).

e The Migdal-Eliashberg equations need to be solved on the real energy axis to extract
information about the spectral properties (e.g., the quasi particle density of states or the
single particle excitation spectrum).

e Direct evaluation of the Migdal-Eliashberg equations on the real energy axis is in principle
possible but very demanding computationally since it involves the evaluation of many
principal value integrals.

Leavens and Ritchie, Solid State Commun. 53, 137 (1985); Marsiglio, Schossmann, and Carbotte, Phys. Rev. B 37, 4965 (1988).
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Anisotropic Migdal-Eliashberg Equations on Real Axis

e The Migdal-Eliasberg equations on the imaginary frequency axis are computationally efficient
(sums over a finite number of Matsubara frequencies) and they are adequate for calculating
the T, and A, (iw;).

e The Migdal-Eliashberg equations need to be solved on the real energy axis to extract

information about the spectral properties (e.g., the quasi particle density of states or the
single particle excitation spectrum).

e Direct evaluation of the Migdal-Eliashberg equations on the real energy axis is in principle
possible but very demanding computationally since it involves the evaluation of many
principal value integrals.

e Solutions on the real energy axis can be obtained by analytic continuation of the solutions
along the imaginary frequency axis using Padé approximants (very light computationally) or
an iterative procedure (very heavy computationally).

Leavens and Ritchie, Solid State Commun. 53, 137 (1985); Marsiglio, Schossmann, and Carbotte, Phys. Rev. B 37, 4965 (1988).
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Excitation Spectrum of a Superconductor

e The single-particle Green's function on real axis is given by:

G _ Wan(w)f'o + (enk - 61:‘)723 + Ank(w)an(w)%l
nk(w) = 2 2
[wZni(W)]” = (enk — €7)? = [Zni(w) Ak (w)]
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Excitation Spectrum of a Superconductor

e The single-particle Green's function on real axis is given by:

A o Wan(w)f'o + (enk - 61:‘)723 + Ank(w)an(w)%l

Grk(w) = 2 3 2
[WZnie(W)]” = (ene = €7)? = [Zni(w) A (w)]

e The poles of the diagonal components of Gnk(w) give the
elemental excitations of the superconductor

Roxana Margine, Binghamton University - SUNY 20 of 30



Excitation Spectrum of a Superconductor

e The single-particle Green's function on real axis is given by:

A _ Wan(w)f'o + (enk - 61:‘)723 + Ank(w)an(w)%l

G (w 2 2
K =z ) = (e = 0)? = Zone(0) Do)

e The poles of the diagonal components of Gnk(w) give the
elemental excitations of the superconductor
Zn nk =
G}l}c(w) - 2 < k(u)) i (6 < GF) 2
[WZni(W)]” = (enk — €7)? = [Znic(w) Anic(w)]
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Excitation Spectrum of a Superconductor

e The single-particle Green's function on real axis is given by:

A _ wz’rtk(w)%O + (enk - 61:‘)723 + Ank(w)an(w)%l

G (w 2 2
() [wZnk(w)]” = (€nk — €7)? — [Znk (W) Ank(w)]

e The poles of the diagonal components of Gnk(w) give the
elemental excitations of the superconductor

G}l}c(w) = D) Wan(w) ha (Gnk — GF) 2
[wZni(W)]” — (enk — €r)? = [Zni(w) A (w)]

e The pole positions are:

B2 = Gy A2 ()
nk Z»?Lk(Enk) nk\+=n
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Excitation Spectrum of a Superconductor

e The single-particle Green's function on real axis is given by:

A _ Wan(w)f'o + (enk - 61:‘)723 + Ank(w)an(w)%l
Grk(w) = 3 2 2
[WZnie(W)]” = (ene = €7)? = [Zni(w) A (w)]
e The poles of the diagonal components of Gnk(w) give the
elemental excitations of the superconductor

wan(w) + (Gnk — GF)

GH (w) = 5 2
) [WZnie(W)]” = (enic = €r)? = [Znk (W) Ank(w)]

e The pole positions are:

B2 = Gy A2 ()
nk Z»?Lk(Enk) nk\+=n

ReE,x quasiparticle energy renormalized by the
superconducting pairing

ImFE,x quasiparticle inverse lifetime due to the
superconducting pairing
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Excitation Spectrum of a Superconductor

e The single-particle Green's function on real axis is given by:

. _ wZp(w)To + (enk — €r) T3 + Api (W) Zni (W) 71
Grk(w) = 2 3 2
[WZnie(W)]” = (ene = €7)? = [Zni(w) A (w)]
e The poles of the diagonal components of Gnk(w) give the
elemental excitations of the superconductor

wan(w) + (Gnk — GF)

GH (w) = 5 2
) [WZnie(W)]” = (enic = €r)? = [Znk (W) Ank(w)]

e The pole positions are:

B2 = Gy A2 ()
nk Z»?Lk(Enk) nk\+=n

ReE,x quasiparticle energy renormalized by the
superconducting pairing

ImFE,x quasiparticle inverse lifetime due to the
superconducting pairing
Roxana Margine, Binghamton University - SUNY

At Fermi level: E,x = ReA,x(Enx)

This identity defines the leading edge
A, of the superconducting gap:
Ank = ReAnk(Ank)

binding energy of electrons
in a Cooper pair
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Excitation Spectrum of a Superconductor

e The single-particle Green's function on real axis is given by: At Fermi level: E,x = ReA,x(Enx)

Ank(w) = WZnk(w)To + (€nk — €r)T3 + Apk(W) Znk (W)T1 This identity defines the leading edge
[wan(w)]2 — (énk —€r)? — [an(w)Ank(w)]2 A,x of the superconducting gap:
Ank = ReAnk(Ank)

e The poles of the diagonal components of Gnk(w) give the
elemental excitations of the superconductor binding energy of electrons

WZpk(w) + (€nk — €r) in a Cooper pair

G}z}{(w) = 2 2 2 T T T T T
[WZpk(w)]” — (€nk — €r)? — [Znk(w)Apk(w)] O & F k t ’ } 0.6 ]
e The pole positions are: % 5 # } MgB-
(enk — €r)? £
B}y = ZTLQT + A2 (Bo) = b
nk( nk) < 3F L E
ReE,x quasiparticle energy renormalized by the T :t t L : P E E e
. e o SN B TR R P NS
superconducting pairing 0 10 20 30 40 50
ImFE, quasiparticle inverse lifetime due to the T (K)
superconducting pairing Margine and Giustino, Phys. Rev. B 87, 024505 (2013)
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Superconducting Quasiparticle Density of States and Spectral Function

e Superconducting quasiparticle density of states:

Nnqu(w) 1 DO
TF = —;/ dep ImGLL (W)

— o0

Margine and Giustino, Phys. Rev. B 87, 024505 (2013)
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Superconducting Quasiparticle Density of States and Spectral Function

e Superconducting quasiparticle density of states:

Nnqu(w) 1 DO
TF = —;/ dep ImGLL (W)

— 00

e In the BCS limit Z,x = 1, and integrating over €,
and averaging over the Fermi surface leads to:

> [ M= pe [y fur= a0

Margine and Giustino, Phys. Rev. B 87, 024505 (2013)
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Superconducting Quasiparticle Density of States and Spectral Function

e Superconducting quasiparticle density of states:

Nnqu(w) 1 DO
TF = —;/ dep ImGLL (W)

— 00

e In the BCS limit Z,x = 1, and integrating over €,
and averaging over the Fermi surface leads to:

> /Q Aok = B e -2 )

2_15K i

0 1 1 1 e 1 1 1
-9 -6 -3 0 3 6 9

o (meV)
Margine and Giustino, Phys. Rev. B 87, 024505 (2013)
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Superconducting Quasiparticle Density of States and Spectral Function

e Superconducting quasiparticle density of states:

Nnqu(w) 1 DO
TF = —;/ dep ImGLL (W)

— 00

e In the BCS limit Z,x = 1, and integrating over €,
and averaging over the Fermi surface leads to:

> /Q Aok = B e -2 )

2_15K i

0 1 1 1 e 1 1 1
-9 -6 -3 0 3 6 9

o (meV)
Margine and Giustino, Phys. Rev. B 87, 024505 (2013)
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e Spectral function:
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Superconducting Quasiparticle Density of States and Spectral Function

e Superconducting quasiparticle density of states:

Nnkﬂs(w) 1 & 1
et o denanGlie) Ape(w) = ——TnGLL(w)

e In the BCS limit Z,x = 1, and integrating over €,
and averaging over the Fermi surface leads to:

ka%k)%M )

T T T T
2L 15K

e Spectral function:

E (meV)

o 1 1 1 et 1 1 1
-9 -6 -3 0 3 6 9

o (meV)
Margine and Giustino, Phys. Rev. B 87, 024505 (2013)

CaCg normal state

Sanna et al, Phys. Rev. B 85, 184514 (2012)
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Superconducting Quasiparticle Density of States and Spectral Function

e Superconducting quasiparticle density of states: e Spectral function:
Ny, s(w) I 11 1
N n ). dendmGudw) k() = =~ TGl ()

e In the BCS limit Z,x = 1, and integrating over €,
and averaging over the Fermi surface leads to:

ka%k)%M )

2_15K i

E (meV)

CaCg superconducting state

o 1 1 1 et 1 1 1
-9 -6 -3 0 3 6 9

o (meV)
Margine and Giustino, Phys. Rev. B 87, 024505 (2013) Sanna et al, Phys. Rev. B 85, 184514 (2012)
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Migdal-Eliashberg Theory

Wi
Znk (1w J Ank.m —w;ir)0(€m —€
i) =14 Y [o Ty ey s~
7TT Ay, Wwj N
Zwlitog) A lit) = 5= D / keallr) 3w —wp)— 1] Slemicrq — €r)

mj’ BZ \/w +Am,k+q(zwj )

e has predictive power, material-dependent

e accounts for the retardation of the e-ph interaction

e works for multiband and/or anisotropic superconductors

e generally approximates the Coulomb interaction through p*

e requires dense k- and g-meshes
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Density Functional Theory for Superconductors (SCDFT)

Z accounts for kernel IC accounts for
e-ph interactions e-ph and e-e interactions
i dq K A FE
superconduc.:tlng e Ak = —Z A — Z q Knk,mk+qLmk+q tanh mk+q
gap function — Qpz, 2E k+q 2kgT

quasiparticle B = \/(€nk — €F)2 T |Ank‘2

excitation energy

Liiders et al, Phys. Rev. B 72, 024545 (2005); Marques et al, Phys. Rev. B 72, 024546 (2005);
Sanna, Pellegrini and Gross, Phys. Rev. Lett. 125, 057001 (2020)
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Density Functional Theory for Superconductors (SCDFT)

Z accounts for kernel IC accounts for
e-ph interactions e-ph and e-e interactions
i dq K A FE
superconduFtlng e A = —Z A — Z/ q Ank,mk+qLmk+q tanh mk+q
gap function — Qpz, 2E k+q 2kgT

quasiparticle B = \/(€nk — €F)2 T |Ank‘2

e has predictive power, material-dependent

excitation energy

e accounts for retardation effects through the XC functionals
e works for multiband and/or anisotropic superconductors

e treats e-ph and e-e interactions on equal footing

e requires development of new functionals for e-ph interactions

e requires dense k- and g-meshes
Liiders et al, Phys. Rev. B 72, 024545 (2005); Marques et al, Phys. Rev. B 72, 024546 (2005);
Sanna, Pellegrini and Gross, Phys. Rev. Lett. 125, 057001 (2020)
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Examples from calculations



Supeconductivity in LiB: FSR

r M K I'A L H A 00 0.1 00 04 08

Kolmogorov and Curtarolo, Phys. Rev. B 73, 180501(R) (2006); Kafle et al, Phys. Rev. Materials (under review).
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Supeconductivity in LiB: FSR

— Total
Lis
—Bp,
e
345
0S
T 8
;7»:06(1
1 61 J
S \ ; s
(] Z T o El [5)
E ! : =L E¢r 1
€ 4ol 3 : . 44 / - <
: : - 2 1
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Supeconductivity in Li-Mg-B phases
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Superconductivity in 2H-NbSey: FBW
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Superconductivity in 2H-NbSey: FBW
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Superconductivity in 2H-NbSey: FBW
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Superconductivity in 2H-NbSey: FBW vs. FSR
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Take-home Messages

e \We can obtain measurable superconducting properties with anisotropic resolution using
the Migdal-Eliashberg theory

e The solutions of the anisotropic Migdal-Eliashberg equations invariably require a fine
sampling of the electron-phonon matrix elements across the Brillouin zone
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