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• Carrier transport

• Quantum theory of mobility

• Boltzmann transport equation

• Technical details

• Applications to semiconductors and metals

• Ionized impurity scattering
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• lattice (phonon) scattering

• ionized impurity scattering

• alloy scattering

• defects scattering

Carrier transport: experimental evidences
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Figure from S. M. Sze, Physics of Semiconductor Device, Wiley (2007)

Carrier transport: experimental evidences
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Calculated evolution of the Fermi level of Si as a function of temperature and impurity concentration.
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Figure from S. M. Sze, Physics of Semiconductor Device, Wiley (2007)

Carrier transport: experimental evidences
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Figure from S. M. Sze, Physics of Semiconductor Device, Wiley (2007)

Carrier transport: experimental evidences
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Current density

J(r1, t1) =
−e~2

2m
lim

r2→r1
(∇2 −∇1)G<(r1, r2; t1, t1)

G<(r1, r2; t1, t2) ≡
i

~

〈
ψ̂†H(r2, t2)ψ̂H(r1, t1)

〉

Quantum theory of mobility
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Current density

J(r1, t1) =
−e~2

2m
lim

r2→r1
(∇2 −∇1)G<(r1, r2; t1, t1)

G<(r1, r2; t1, t2) ≡
i

~

〈
ψ̂†H(r2, t2)ψ̂H(r1, t1)

〉

ψ̂H(r, t) ≡T
[
e
i
~

∫ t
t0

dt′Ĥ(t′)
]
ψ̂(r)T

[
e
−i
~

∫ t
t0

dt′Ĥ(t′)
]

〈
Ô
〉
≡

1

Z
tr
[
e−βĤ(t0)Ô

]
← thermodynamical average

Z ≡tr
[
e−βĤ(t0)

]
← partition function

Quantum theory of mobility
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Current density

J(r1, t1) =
−e~2

2m
lim

r2→r1
(∇2 −∇1)G<(r1, r2; t1, t1)

G<(r1, r2; t1, t2) ≡
i

~

〈
ψ̂†H(r2, t2)ψ̂H(r1, t1)

〉

Keldysh-Schwinger contour formalism

G(r1, r2; z1, z2) =
−i
~

1

Z
tr

{
TC
[
e
−i
~

∫
γ dz Ĥ(z)

[ψ̂(r1)]z1 [ψ̂†(r2)]z2

]}
Ĥ(z) =Ĥ0 + Ĥint + Ĥext(z)

Quantum theory of mobility
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Perturbative expansion of the GF in powers of Ĥint and Ĥext(z)

G(r1, r2; z1, z2) =G0(r1, r2; z1, z2)+

∞∑
n,m=1

(−i/~)n+m

n!m!

∫
γ

dz′1 . . .

× 1

Z
tr
[
TCe

−i
~

∫
γ
dz [Ĥ0]z

[
Ĥint

]
z′1
. . . Ĥext(z

′′
m)
[
ψ̂(r1)

]
z1

[
ψ̂†(r2)

]
z2

]
G0(r1, r2; z1, z2) =

−i
~

1

Z0
tr
[
TCe

−i
~

∫
γ
dz [Ĥ0]z

[
ψ̂(r1)

]
z1

[
ψ̂†(r2)

]
z2

]
Express Ĥ in ψ̂ → Wick’s theorem to write G as products of G0 and then solve the expansion with
Feynman diagram → Dyson’s eq:

G(1, 2) =G0(1, 2) +

∫
γ

d3

∫
γ

d4G0(1, 3)Σ[G](3, 4)G(4, 2)

1 ≡(r1, z1)

Quantum theory of mobility
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Using Langreth rules, G−10 , explicit Ĥ0 and evaluating Dyson at
equal time → G< in the limit t0 → −∞:

i~
∂

∂t
G<(r1, r2; t, t) = [h0(r1,−i~∇1)− h0(r2,+i~∇2)]G<(r1, r2; t, t)

+

∫
d3r3

[
Σδ(r1, r3; t)G<(r3, r2; t, t)−G<(r1, r3; t, t)Σδ(r3, r2; t)

]
+

∫ t

−∞
dt′
∫

d3r3

[
Σ>(r1, r3; t, t′)G<(r3, r2; t′, t)

+G<(r1, r3; t, t′)Σ>(r3, r2; t′, t)

−Σ<(r1, r3; t, t′)G>(r3, r2; t′, t)−G>(r1, r3; t, t′)Σ<(r3, r2; t′, t)

]

• Unperturbed time-evolution of G< in static V (r)

• Local time self-energy

• Internal dynamical correlations (collisions, scattering) S. Poncé et al.,
Rep. Prog. Phys. 83, 036501 (2020)

Kadanoff-Baym equation of motion
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We consider electrons in a solid and choose:

h0(r,−i~∇) =
−~2∇2

2m
+ Vlat+Hxc(r)

→ [h0(r1,−i~∇1)− h0(r2,+i~∇2)]G<(r1, r2; t, t) = 0

By expanding the Bloch WF in plane waves and taking the diagonal
elements we have:∫

d3r3

[
Σδ(r1, r3; t)G<(r3, r2; t, t)−G<(r1, r3; t, t)Σδ(r3, r2; t)

]
≈ −eE(t) · 1

~
∂f<nk
∂k

(t, t)

where

∓ i

~
f>,<nk (t, t′) ≡

∫
d3r1

∫
d3r2 ϕ

∗
nk(r1)G>,<(r1, r2; t, t′)ϕnk(r2)

S. Poncé et al.,
Rep. Prog. Phys. 83, 036501 (2020)

Boltzmann transport equation (AC)
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∂f<nk
∂t

(t, t)−eE(t) · 1

~
∂f<nk
∂k

(t, t) = −Γ
(co)
nk (t)

where the collision rate is defined as:

Γ
(co)
nk (t)≡

∫ t

−∞
dt′
[
Γ>nk(t, t′)f<nk(t′, t) + f<nk(t, t′)Γ>nk(t′, t)

−Γ<nk(t, t′)f>nk(t′, t)− f>nk(t, t′)Γ<nk(t′, t)
]

and

∓i~Γ>,<nk (t, t′)≡
∫

d3r1

∫
d3r2 ϕ

∗
nk(r1)Σ>,<(r1, r2; t, t′)ϕnk(r2)

S. Poncé et al.,
Rep. Prog. Phys. 83, 036501 (2020)

Boltzmann transport equation (AC)
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For time-independent E (DC) we can do a FT:

−eE · 1

~
∂fnk
∂k

=−
∫

dω

2π

[
f<nk(ω)Γ>nk(ω)− f>nk(ω)Γ<nk(ω)

]
fnk≡

∫
dω

2π
f<nk(ω) ← occupation function

Approximate the self-energy:

− eE · 1

~
∂fnk
∂k

=
2π

~
∑
m,ν

∫
d3q

ΩBZ
|gmnν(k,q)|2

×
[
fnk(1− fmk+q)δ(εnk − εmk+q + ~ωqν)nqν

+ fnk(1− fmk+q)δ(εnk − εmk+q − ~ωqν)(nqν+1)

− (1− fnk)fmk+qδ(εmk+q − εnk + ~ωqν)nqν

− (1− fnk)fmk+qδ(εmk+q− εnk− ~ωqν)(nqν+1)
]

S. Poncé et al.,
Rep. Prog. Phys. 83, 036501 (2020)

Boltzmann transport equation
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gmnν(k,q) = 〈umk+q|∆qνvSCF
|unk〉uc

∆qνvSCF =
∑

καp
e−iq·(r−Rp)

√
~

2Mκωqν
eκα,ν(q)

∂ V
SCF

(r)

∂τκαp

Lattice-periodic part of wavefunction

Variation of the Kohn-Sham potential

Zero-point amplitude

Phonon polarization

Displacement of a single ion

Incommensurate modulation

κ Atom in the unit cell
α Cartesian direction
p Unit cell in the equivalent supercell

(Lecture Tue.1)

F. Giustino,
Rev. Mod. Phys. 89, 015003 (2017)

The electron-phonon matrix element
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Macroscopic average of the current density is

JM(E) =
−e~2

2m

1

V

∫
d3r lim

r2→r1

(∇2 −∇1)G<(r1, r2; t, t;E)

=
−e
Vuc

∑
n

∫
d3k

ΩBZ
vnkfnk(E)

For weak E, we can use the linear response of the current density to define
the conductivity :

σαβ ≡
∂JM,α
∂Eβ

∣∣∣∣
E=0

=
−e
Vuc

∑
n

∫
d3k

ΩBZ
vαnk∂Eβfnk

where ∂Eβfnk = (∂fnk/∂Eβ)|E=0.

The carrier drift mobility is µd
αβ ≡

σαβ
enc S. Poncé et al.,

Rep. Prog. Phys. 83, 036501 (2020)

Linearized Boltzmann transport equation
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µdαβ =
−e
Vucnc

∑
n

∫
d3k

ΩBZ
vαnk∂Eβ fnk

where

∂Eβ fnk = evβnk
∂f0nk
∂εnk

τnk +
2πτnk

~

∑
mν

∫
d3q

ΩBZ
|gmnν(k,q)|2

×
[
(nqν+1−f0nk)δ(εnk−εmk+q+~ωqν)+(nqν+f0nk)δ(εnk−εmk+q−~ωqν)

]
∂Eβ fmk+q

where the scattering rate is:

τ−1
nk ≡

2π

~

∑
mν

∫
d3q

ΩBZ
|gmnν(k,q)|2

[
(nqν + 1− f0mk+q)

× δ(εnk − εmk+q − ~ωqν) + (nqν + f0mk+q)δ(εnk − εmk+q + ~ωqν)
]

S. Poncé et al.,
Rep. Prog. Phys. 83, 036501 (2020)

Drift mobility
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µHαβγ =
−e
Vucnc

∑
n

∫
d3k

ΩBZ
vαnk∂Eβ fnk(Bγ)

BTE:[
1−

e

~
τnk(vnk×B)·∇k

]
∂Eβ fnk(Bγ) = evβnk

∂f0nk
∂εnk

τnk+
2πτnk

~

∑
mν

∫
d3q

ΩBZ
|gmnν(k,q)|2

×
[
(nqν+1−f0nk)δ(εnk−εmk+q+~ωqν)+(nqν+f0nk)δ(εnk−εmk+q−~ωqν)

]
∂Eβ fmk+q(Bγ)

Hall factor:

µHαβγ =rHαβγµ
d
αβ

rHαβγ ≡
∑
δε

(µdαδ)
−1 µHδεγ (µdεβ)−1

Bγ
, F. Macheda et al.,

Phys. Rev. B 98, 201201 (2018)

Hall mobility bfieldz = 1.0d-10

Samuel Poncé, EPFL 18 of 37



µHαβγ =
−e
Vucnc

∑
n

∫
d3k

ΩBZ
vαnk∂Eβ fnk(Bγ)

BTE:[
1−

e

~
τnk(vnk ×B) · ∇k

]
∂Eβ fnk(Bγ) = evβnk

∂f0nk
∂εnk

τnk

Linked with the imaginary part of the electron-phonon self-energy:

τnk =
1

2=Σnk

S. Poncé et al.,
Phys. Rev. B 97, 121201 (2018)

Self energy relaxation time approximation scattering serta = .true.

Samuel Poncé, EPFL 19 of 37



EPW relies on Maximally Localized Wannier Function to interpolate electron-phonon matrix elements.

S. Poncé et al., Comp. Phys. Commun. 209, 116 (2016)

Electron-phonon interpolation
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Dν(Γ,q) =
1

~Nw

[
2ρVuc~ωqν

∑
nm

|gmnν(Γ,q)|2
]1/2

0

2

4

6

D
(

,q
) 

(e
V

/B
o
h
r)

L X U,K

S. Poncé et al., arXiv:2105.04192 (2021)

Deformation potential of c-BN
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gmnν(k,q) =gSmnν(k,q) + gLmnν(k,q)

gLmnν(k,q) ≈gL,Dmnν(k,q)+ · · ·

gL,Dmnν(k,q) =i
4π

Vuc

e2

4πε0

∑
κ

[
~

2Np′Mκωqν

] 1
2 ∑

G 6=−q

×
(G + q) · Z∗κ · eκqν

(G + q) · ε∞ · (G + q)
e−i(G+q)·τκ

× 〈Ψmk+q|ei(q+G)·r|Ψnk〉,

0

2

4

6

D
(

,q
) 

(e
V

/B
o
h
r)

L X U,K

S. Poncé et al., arXiv:2105.04192 (2021)

C. Verdi et al., Phys. Rev. Lett. 115, 176401 (2015)
J. Sjakste et al., Phys. Rev. B 92, 054307 (2015)

Long-range interaction: Fröhlich dipole lpolar = .true.

Samuel Poncé, EPFL 22 of 37



gmnν(k,q) =gSmnν(k,q) + gLmnν(k,q)

gLmnν(k,q) ≈gL,Dmnν(k,q)+ · · ·

gL,Dmnν(k,q) =i
4π

Vuc

e2

4πε0

∑
κ

[
~

2Np′Mκωqν

] 1
2 ∑

G 6=−q

×
(G + q) · Z∗κ · eκqν

(G + q) · ε∞ · (G + q)
e−i(G+q)·τκ

× 〈Ψmk+q|ei(q+G)·r|Ψnk〉,

0

1

2

D
(

,q
) 

(e
V

/b
o
h
r)

D(DD) + G(eD)

L X U,K

TA
TA

TA

TA

LA

LA LA

S. Poncé et al., arXiv:2105.04192 (2021)

C. Verdi et al., Phys. Rev. Lett. 115, 176401 (2015)
J. Sjakste et al., Phys. Rev. B 92, 054307 (2015)

Long-range interaction: Fröhlich dipole lpolar = .true.
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gmnν(k,q) =gSmnν(k,q) + gLmnν(k,q)

gLmnν(k,q) ≈gL,Dmnν(k,q) +gL,Qmnν(k,q)+ · · ·

gL,Dmnν(k,q) =i
4π

Vuc

e2

4πε0

∑
κ

[
~

2Np′Mκωqν

] 1
2 ∑

G 6=−q

×
(G + q) · Z∗κ · eκqν

(G + q) · ε∞ · (G + q)
e−i(G+q)·τκ

×〈Ψmk+q|ei(q+G)·r|Ψnk〉,

gL,Qmnν(k,q) =
4π

Vuc

e2

4πε0

∑
κ

[
~

2Np′Mκωqν

] 1
2 ∑
G 6=−q

×
(G + q) · (G + q) · eκqν · Q̃mnκ(k,q)

(G + q) · ε∞ · (G + q)
e−i(G+q)·τκ

0

1

2

D
(

,q
) 

(e
V

/b
o
h
r)

D(DD) + G(eD)

D(DD) + G(eD+eQ)

L X U,K

TA
TA

TA

TA

LA

LA LA

S. Poncé et al., arXiv:2105.04192 (2021)

C. Verdi et al., Phys. Rev. Lett. 115, 176401 (2015)
J. Sjakste et al., Phys. Rev. B 92, 054307 (2015)

G. Brunin et al., Phys. Rev. Lett. 125, 136601 (2020)
V.A. Jhalani et al., Phys. Rev. Lett. 125, 136602 (2020)

Long-range interaction: dynamic quadrupole quadrupole.fmt
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DL,D+Q
κα,κ′β (q) =

eiq·(τκ−τκ′ )e
−q·ε∞·q

4Λ2

q · ε∞ · q

[
q · Z∗κα · q · Z∗κ′β

+
1

4
q · q ·Qκα · q · q ·Qκ′β +

i

2
q · Z∗κα · q · q ·Qκ′β

−
i

2
q · q ·Qκα · q · Z∗κ′β

]

0

1

2

D
(

,q
) 

(e
V

/b
o
h
r)

D(DD) + G(eD)

D(DD) + G(eD+eQ)
D(DD+DQ+QQ) + G(eD+eQ)

L X U,K

TA
TA

TA

TA

LA

LA LA

S. Poncé et al., arXiv:2105.04192 (2021)M. Royo et al., Phys. Rev. Lett. 125, 217602 (2020)

Long-range interaction: dynamical matrix
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Mobility convergece with coarse BZ grids
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Slower convergence of Wannier function when:

• CBM/VBM not at a high symmetry point

• SOC is used

• conduction manifold only is Wannierized

• Ex: CB of silicon with SOC
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S. Poncé et al., arXiv:2105.04192 (2021)

Convergence of Wannier functions
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τ−1nk =
2π

~
∑
mν

∫
d3q

ΩBZ
|gmnν(k,q)|2

×
[
(nqν + 1− f0mk+q)δ(εnk − εmk+q − ~ωqν)

+(nqν + f0mk+q)δ(εnk − εmk+q + ~ωqν)
]
.

Adaptative broadening:

ηnk(qν) =
~√
12

√√√√∑
α

[(
vqνν − vnnk+q

)
· Gα

Nα

]2
,

where the phonon velocity is:

vqµνβ =
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2ωqν
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Samuel Poncé, EPFL 31 of 37



0 60 120 170
0.00

0.03

0.06

91 %

85 %

0

1

2

3
Diamond

0 20 40 55 70
0.0

0.1

0.2

0.3

0.4

70 %

60 %

0

1

2

3

4

5

6
Si

0 10 20 30 40

(meV) 

0.0

0.5

1.0

1.5

2.0

5 %

21 %

0

2

4

6

8

10

12

1
3

/2
k B
T

(T
H

z)
 

GaAs

0 40 80 120
0.0

0.1

0.2

0.3

58 %

78 %

0

2

4

6

8

10

12

14
3C-SiC

0 20 40 55 70

(meV) 

0.0

0.5

1.0

27 %

44 %

0

3

6

9

12

15

18
AlP

0 10 20 30 40 50
0.0

0.5

1.0

1.5

63 %

30 %

0

2

4

6

8

10

12

14

1
3

/2
k B
T

(T
H

z)
 

GaP

0 40 80 120 160
0.0

0.1

0.2

0.3

0.4

1
3

/2
k B
T
/

 

91 %

90 %

0

3

6

9

12
c-BN

0 25 50

(meV) 

0.0

0.5

1.0

1.5

20 %
26 %

0

3

6

9

12
AlAs

0 25 50

(meV) 

0.0

0.5

1.0

1
3

/2
k B
T
/

 

53 %

28 %

0

3

6

9

12
AlSb

0 20 40 60

(meV) 

0

5

10

15

5 %

51 %

0

50

100

150

200
SrO

electron

hole Acoustic scattering dominates

Optical scattering dominates
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Examples of mobility with T done with EPW
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Semi-empirical Brooks-Herring model for the hole of silicon:

µi =
27/2ε2s(kBT )3/2

π3/2e3
√
m∗d niG(b)

[
cm2

Vs

]
,

where G(b) = ln(b+ 1)− b/(b+ 1), b = 24πm∗dεs(kBT )2/e2h2n′, and n′ = nh(2− nh/ni).
Here m∗d = 0.55m0 is the silicon hole density-of-state effective mass.

H. Brooks, Phys. Rev. 83, 879 (1951)

S. S. Li et al., Solid-State Electronics 20, 609 (1977)

Brooks-Herring model for impurity scattering
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Because the electron mass is anisotropic in silicon, we used the Long-Norton model:

µLN
i =

7.3 · 1017T 3/2

niG(b)

[
cm2

Vs

]
,

The mobility total phonon (µl) and impurity (µi) mobility is:

µ = µl

[
1 +X2{ci(X) cos(X) + sin(X)(si(X)− π

2
)}
]

X2 = 6µl/µi and ci(X) and si(X) are the cosine and sine integrals.

P. Norton et al., Phys. Rev. B 8, 5632 (1973)

Brooks-Herring model for impurity scattering
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Electron and hole mobility in silicon (EPW)
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Brooks-Herring model for impurity scattering
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